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Abstract: All graph in this paper is connected and simple graph. Let graph d(u,v) be a distance between any vertex u and v in
graph G = (V,E). A functiol: V(G) - {1,2,...,k}n is called vertex irregular k-labelling and w:V(G) - N where w(u) =
Y. v € Nw)l(v). If for every uv € E(G),w(u) # w(v) and maks(l) = min{maks{li}; I; , vertex irregular labelling} is called a
local irregularity vertex coloring. y/is(G) or chromatic number of local irregularity vertex coloring of graph (G) is the minimum
cardinality of the largest label over all such local irregularity vertex coloring. In this paper, we will study about local irregularity
vertex coloring of related grid graphs, and we have found the exact value of their chromatic number local irregularity, namely

ladder graph, triangular ladder graph, and H-graph.
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1. INTRODUCTION

Let G(V,E) be a connected and simple graphs with vertex
set V and edge set E. In this paper, we combine the two
concepts, namely combining the local antimagic vertex
coloring and the distance irregular labelling. So, we study a
new notion of coloring type of graph, namely a local
irregularity vertex coloring. This concept firstly was
introduced by Kristiana, et.al [3]. By the local irregularity
vertex coloring, we recall a bijection : V(G) — {1,2, ..., k} is
called vertex irregular k-labelling and w:V(G) —» N where
w(u) =Y v € Nw)l(v), | is called local irregularity vertex
coloring. A condition for w to be a local irregularity vertex
coloring, if maks(l) = min{maks{l;}; I; , vertex irregular
labelling} and for every uv € E(G),w(u) # w(v). The
chromatic number of local irregular denoted by ylis(G), is
minimum of cardinality local irregularity vertex coloring.

For ilustration local irregulairty vertex coloring and
chromatic number local irregularity is provided in Figure 1.

Fig. 1. Chromatic number local irregular, xlis(G) = 4

Lemma. Let G simple and connected graph,ylis(G) > y(G).

The last, Kristiana, et.al [3] have discovered the exact value
of the chromatic number local irregular of some graph,
namely path, cycle, complete, star, friendship, and related
wheel graphs.

2. RESULT

Theorem 2.1 Let G be a ladder graph (L,). For n = 2, the
chromatic number local irregular is ylis(L,,) = 4.

Proof. Let L, for n > 2 be a ladder. Then L, has the vertex
set V(L) = {x,yi:1 < i <n}, and the edge set E(L, ) =
X, Yivie: 1 <i<n—1} U {x;y;:1 < i < n}.Ifevery
vertex is labelled by 1, so we have w(x;) = l(x;_;) +
I )+ 1ly)=1+1+1=3 and w(x;,) =1(x)+
I(x;12) + l(y;41) = 1+ 14+ 1 = 3. It means a contradiction
with definition. Since, x;x;,; € E(L,),w(x;) # w(x;41).
Hence max(l) = 2.

Based on Lemma, the lower bound for the chromatic number
xlis(Ly,) = x(Ly,) = 2, so that ylis(L,, ) > 2.

Furthermore, the upper bound for the chromatic number
local irregular, we define [:V(L,) — {1,2} with vertex
irregular 2-labelling as follows :

for i odd
for i even

1) =43

I( )_{1, for i even
Yi) =12, foriodd

Hence, max(l) = 2 and the labelling provides vertex-weight
as follows:

for n odd
3, fori=even, 2<i<n-1
w(x;)=4 6, fori=odd, 2<i<n-1
4, fori=1landi=n
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3, fori=odd, 2<i<n-1
w(y;) =4 6, fori=even, 2<i<n-1
2, fori=1landi=n

for n even
4, fori=1
(x) = 3, fori=even 2<i<n-—1
WX =3¢, fori=odd, 2<i<n-—1
2, fori=n
2, fori=1
3, fori=even, 2<i<n-—1
wly) = 6, fori=odd, 2<i<n-—1

4, fori=n

For every uv € E(L,), takeany u = x; and v = x;, 4,
i=123,..n—1,w(x) # w(x;.), thenu = y; and
v=y,1 =123 .n-1, wl,) #w(,,,) and u = x;
andv=vy;,i=123,..n—1, w(x;) = w(y,).

Based on that, we have the set of vertices weight of the
ladder graph L, is W(L,) = {2,3,4,6}, so lw(V(L,))| = 4.
Hence, ylis(L,,) = 4.

Theorem 2.2 Let G be a triangular ladder graph (TL,,). For
n = 5, the chromatic number local irregular is

) 5forn=5
xlis(Thy) = {6 forn=6

Proof. Let TL, for n > 2 be a triangular ladder. Then TL,
has the vertex set V(TL,) = {x,y;:1<i<n}, and the
edge  set E(TL,)={xixi,yyu:l<is<n-1} U
xypl<i<nju {xy,q:1<i<n}. If every x€
V(TL,) is labelled by 1 and y € V(TL,,) is labelled by 2, for
1<i<n,so we have w(x;) =w(x;,). It means a
contradiction with definition. Since,
XiXi41 € E(TL,),w(x;) # w(x;;,). Hence max(l) = 3.
Based on Lemma, the lower bound for the chromatic number
xlis(TLy,) > x(TLy) = 3, so that ylis(TL, ) > 3.

Case l:forn =5

Furthermore, the upper bound for the chromatic number
local irregular, we define 1: V(TL,) — {1,2,3} with vertex
irregular 3-labelling as follows :

1, fori=1(mod3)
I(x;) =1 2, fori=2(mod3)
3, fori=0(mod3)

1, fori=2(mod3)
I(y))=1 2, fori=0(mod3)
3, fori=1(mod3)

Hence, max(l) = 3 and the labelling provides vertex-weight
as follows:

2,fori=n
6,fori=1
w(x;) =17 fori=2
8, fori=3
9,fori=4
2,fori=1
6,fori=n
w(y;) =17 fori=4
8,fori=2
9,fori=3

For everyuv € E(TL,), takeany u = x; and v = x;,4,
i=123,..n—1,w(x;) # w(x;41), then u = y; and
v=Yi1, t=123,..n—-1, wly,) #w(y;,) and u = x;
andv=y;,i=123,..n—1, w(x;) #w(y;), and the last,
take u=x; and v=y,.,, i=123,.n—1, w(x) #
w(y;,1). Based on that, we have the set of vertices weight of
the triangular ladder graph TL,, is W(TL,,) = {2,6,7,8,9}, so
lw(V(TL,))| = 5. Hence, ylis(TL,) = 5.

Case 2: for n = 6,n = 1(mod 3)

Furthermore, the upper bound for the chromatic number
local irregular, we define [: V(TL,) — {1,2,3} with vertex
irregular 3-labelling as follows :

1, fori=1(mod 3)
I(x;) =1 2, fori=2(mod3)
3, fori=0 (mod 3)

ly)=2, for1<i<n

Hence, max(l) = 3 and the labelling provides vertex-weight
as follows:

(5 fori=n
6,fori=1
w(x;) =<7 fori=0(mod3),n=>3
8, fori=2(mod3),n =2
9,fori=1(mod3),n=>4%

3,fori=1
6,fori=n
w(y;) =17 fori=2(mod3),n=2
8, fori=1(mod3),n=4
9,fori=0(mod3),n=3

For everyuv € E(TL,), takeanyu = x; and v = x;,4,
i=123,..n—1,w(x) # w(x;,), then u = y; and
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v=yi1, 1 =123.n-1, wl,) #w(y,,,) and u = x;
andv=y;,i=123,..n—1, w(x;) # w(y,), and the last,
take u=x; and v=y;,4, i=123,.n—-1, w(x) #
w(y;,1). Based on that, we have the set of vertices weight of
the triangular ladder graph TL,, is W(TL,)) = {3,5,6,7,8,9},
so lw(V(TL,))| = 6 Hence, xlis(TL,,) = 6.

Case 3: forn = 6,n = 0(mod 3)

Furthermore, the upper bound for the chromatic number
local irregular, we define l:V(TL,) — {1,2,3} with vertex
irregular 3-labelling as follows :

1, fori=1(mod3)
I(x;)) =1 2, fori=2(mod3)
3, fori=0 (mod 3)

ly)=3, for1<i<n
Hence, max(l) = 3 and the labelling provides vertex-weight
as follows:

5fori=n
8 fori=1
w(x;)) =1 9, fori=0(mod3),n=3
10, for i = 2 (mod 3),n = 2
11, for i =1 (mod 3),n > 4

4,fori=1
8, fori=n
w(y;) =1 9, fori=2(mod3),n=>2
10, for i =1 (mod 3),n = 4
11, for i = 0 (mod 3),n =3

For every uv € E(TL,,), takeany u = x; and v = x;, 4,
i=123,..n—1,w(x) # w(x;.1), thenu = y; and
v=y,1 =123 .n-1, wl,) #w(y,,) and u = x;
andv=y;,i=123,..n—1, w(x;) # w(y,), and the last,
take u=x; and v=y;,,, i=123,.n—-1, w(x) #
w(y;,1). Based on that, we have the set of vertices weight of
the triangular ladder graph TL, is
W(TL,) = {4,5,8,9,10,11}, so |w(V(TL,))| =6. Hence,
xlis(TL,) = 6.

Case 4: forn = 6,n = 2(mod 3)

Furthermore, the upper bound for the chromatic number
local irregular, we define I:V(TL,) — {1,2,3} with vertex
irregular 3-labelling as follows :

1, fori=1(mod3)
I(x;) =1 2, fori=2(mod3)
3, fori=0(mod3)

Ily) =3, for1<i<n

Hence, max(l) = 3 and the labelling provides vertex-weight
as follows:

4,fori=n
8 fori=1
w(x;) =< 9,fori=0(mod3),n=3
10, fori =2 (mod 3),n = 2
11,fori =1 (mod 3),n = 4

4,fori=1
6,fori=n
w(y;) =14 9, fori=2(mod3),n=>2
10, fori =1 (mod 3),n = 4
\11, for i = 0 (mod 3),n >3

For every uv € E(TL,), takeany u = x; and v = x;,4,
i=123,..n—1,w(x;) # w(x;,), then u = y; and
V=Y, t=123,..n—-1, wl;) #w(y,) and u = x;
andv=y;,i=123,..n—1, w(x;) # w(y;), and the last,
take u=x; and v=y;,, i=123,..n—1, w(x) #
w(y;,1). Based on that, we have the set of vertices weight of
the triangular ladder graph TL, is
W(TL,) = {4,6,8,9,10,11}, so |w(V(TL,))| = 6. Hence,
xlis(TL,) = 6.

Theorem 2.3 Let G be a H graph (H,). For n > 2, the
chromatic number local irregular is ylis(H,,) = 4.

Proof. V(H,)={x,y:1<i<2n}u {z:1<j<2n},
and the edge set E(H, )= {xxu 1, YV 1<i<2n—
1} U{ijj+1:1 <j<n} U{xizj:l <i=j<2n}u
izl <i=j<2n}. If every x e V(H,),y € V(H,),z €
V(H,)is labelled by 1, so we have w(x;) = 1(x;_{) +
1(x;q1) + l(zj) =14+1+4+1=3 and w(x,,) =1(x)+
1(x;45) + U(zj41) =1+ 1+ 1 = 3. It means a contradiction
with definition. Since, x;x;.; € E(H,),w(x;) # w(x;;11).
Hence max(l) = 2.

Based on Lemma, the lower bound for the chromatic number
xlis(H,,) > x(Hy,) = 2, so that xlis(H, ) > 2.

Furthermore, the upper bound for the chromatic number

local irregular, we define [:V(H,) — {1,2} with vertex
irregular 2-labelling as follows :

1, foriodd
l(xi)_{Z, for i even

1, foriodd
Iy = {2, for i even

_ (1, forjeven
Iz = {2, for j odd

Hence, max(l) = 2 and the labelling provides vertex-weight
as follows:
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4, fori=1
(x) = 3, fori=even, 2<i<2n-1
WX =36, fori=odd, 2<i<2n-1
2, fori=n
4, fori=1

3, fori=even, 2<i<n-—1
wly) = 6, fori=odd, 2<i<n-—1
2, fori=n

_(3,forjodd,j=123,..,2n
wz) = {6,forj even,j =1,2,3,...,21n
For every uv € E(H,), takeany u = x; and v = x;, 4,
i=123,..2n, w(x;) # w(x;.1), then u = y; and
v=y1, 0 =123, ..2n w(y) = w(y,,,) also take
u=z and v=yz,, (=123..2n, w(zj) =3 w(zj+1).
Then u=x; and v=gz, 1<i=j<2n, w(x)#*
w(z;),and the last, take u = y; and v = z;, 1 < i = j < 2,
w(y)) # w(z). Based on that, we have the set of vertices
weight of the H graph is W(H,) =1{2,3,4,6}, so
lw(V (H,))| = 4. Hence, ylis(H,) = 4.

3. CONCLUSION

In this paper, we have studied local irregularity vertex
coloring of ladder graph, triangular ladder graph, and H
graph. We have concluded the exact value of the chromatic
number local irregular of ladder graph, namely ylis(L,,) = 4,
the chromatic number local irregular of triangular ladder
graph, namely for n = 5 is ylis(TL,) = 5 and for n = 6 is is
xlis(TL,,) = 6 and the chromatic number local irregular of H
graph, namely ylis(H,) = 4. Hence the following problem
arises naturally.
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