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Abstract. A function f is called a local irregularity vertex coloring if (i) I : V(G) —
{1,2,---,k} as vertex irregular k-labeling and w : V(G) — N, for every uwv € E(G),w(u) # w(v)
where w(u) = Xyen(l(v) and (i) maxz(l) = min{max{l};

l;vertex irregular labeling}. The chromatic number of local irregularity vertex coloring of G,
denoted by x1is(G), is the minimum cardinality of the largest label over all such local irregularity
vertex coloring. In this article, we study the local irregularity vertex coloring of related wheel
graphs and we have found the exact value of their chromatic number local irregularity, namely
web graph, helm graph, close helm graph, gear graph, fan graph, sun let graph, and double
wheel graph.

Introduction

Let G = (V, E) be a graph of order n and size m having no isolated vertices. For v € V(G),
d(v) denoted the degree of v in G. Amurugam [4] defined local antimagic labeling if for any
two adjacent vertices u and v, w(u) # w(v), where w(u) = ¥e € E(u)f(e), and E(u) is the set
of edges incident to w. Futhermore Amurugam [4] written as x;,(G) is the minimum number
of colors taken over all colorings of G induced by local antimagic labeling of G. Slamin [5]
was presented the distance irregular labeling of graphs. The distance irregularity strength of
G, denoted by dis(G), is the minumum cardinality of the largest label k over all such irregular
assignments. Kristiana, et.al [3] have modified the two definitions above to be local irregularity
vertex coloring.

Definition 1 [3] Suppose | : V(G) — {1,2,---,k} is called vertex irreqular k-labeling and
w: V(G) = N where w(u) = Xyen )l (v), 1 is called local irregularity vertex coloring, if

i. maz(l) = min{max{l;}; l;, vertex irregular labeling}

it. for every uwv € E(G),w(u) # w(v).

Definition 2 [3] The chromatic number local irregular denoted by xis(G), is minimum of
cardinality local irreqularity vertex coloring.

Observation 1 [3] Let graph G with each two vertex adjacent have a different degree of the
vertez, then the maz(l;) > 2
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Lemma 1 /3] Let G simple and connected graph, xi;s(G) > x(G)

Proposition 1 [3] Let W,, be a wheel graph. Forn > 4, the chromatic number local irreqular is

[ 3, forn even
Xiis(Wn) = { 4, forn odd

The Results
We will find the exact value the chromatic number local irregular, namely web graph, helm
graph, close helm graph, gear graph, fan graph, sun let graph anda double wheel graph.

Theorem 1 Let Wb, be a web graph. For n > 3, the chromatic number local irreqular is

5 form=4,6
Xiis(Whlla=m < = P, 8 5 cdh >4 n gven
7,  forn>7T,n odd

Proof: The vertex set is V(Wb,) = {z} U {z;;;j = 1,2,3,1 < i < n} and the edge set
is E(Wbp) = {zmy 1 < i < n} U{zure;l < 0 < np U {z2i73} U {213713541);1 < 4 <
n — 1} U{z1171n} U {Z2i92i41); 1 £ % < n — 1} U {y2192,}. The order and size of graph
Wb, respectively are |V (Wby,)| = 3n + 1 and |[E(Wb,)| = bn. Thus, the minimum degree
of graph Wb, is §(Wb,,) =1 and the maximum degree of graph Wb,, is A(Wb,,) = n. Based on
Obsevation 1 and definition of webs graph, maz(l;(WWb)) = 2. This proof can be divided into
three cases in the following.

Case 1: For n =4,6

For the proof x;;s(Wb,) = 5; n = 4,6, based on Lemma 1, the lower bound is x;;s(Wb,) =
5 > x(Wb,) = 3. However, we can not reach the sharpest lower bound. In order to prove the
upper bound of the chromatic number local irregular of web graph define [ : V(Wb,,) — {1,2}
in following. The vertex irregular 2-labeling uses the formula as follows:

) =2
e 1, forj=1,1<i<mjorj=2,1<i<n,iodd;orj=3, 1<i<n
Ti)T\ 2, forj=2, 1<i<n, iodd
Hence, max(l) = 2 and the labeling gives vertex-weight as follows:
w(r) =n
forj=3, 1<i<mn, 7odd
for j=3, 1<i<n, 7even
forj=2, 1<t<mn, ieven
, forj=1,1<7<mn,iodd
, forj=1,1<7<n,teven;orj=2,1<i<n, iodd
Clearly |w(V (Wb,))| = 5, so the upper bound is x;;s(Wby,) < 5. Hence, x;s(Wb,) = 5.
Case 2: Forn =5, n> 7, n even
For the proof x;s(Wb,) = 6; n = 5, n > 7, n even, based on Lemma 1, the lower bound
is x1s(Wbn) = 6 > x(Whby,) = 3. However, we can not reach the sharpest lower bound. In
order to prove the upper bound of the chromatic number local irregular of web graph define
[:V(Wb,) — {1,2} in following.
(i) forn =5
The vertex irregular 2-labeling uses the formula as follows:

l(x)=1

w(zj;) =

O Ok N =
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Figure 1. vertex coloring local irregularity of website graph, x;;is(Wbi) = 6

e 1, forj=1,i0dd,1<i<4orj=1li=norj=2 1<i<4orj=3 2<i<4
)= 2, forj=1,deven,1<i<dorj=2 i=50rj=3,i=1,5

Hence, max(l) = 2 and the labeling gives vertex-weight as follows:

w(z)="7
, 10BN < < 4
, Torl=—ISa— 5

e/ — o) — 2 s
Tor YR, = 1. daoill MRS 5
o le="1l, = B 5 o j =2, i = I

w(zj;) =

2N AN R

(ii) forn > 7, nis even
The vertex irregular 2-labeling uses the formula as follows:

l(x)=1

k(5. = 1, forj=1,orj=2 1<i<mn,ioddorj=3, 1<:<n
7712, forj=21<1i<n,ieven
w(z) =n
1, forj=3,1<i<n, iodd
2, forj=3,1<i<mn, ieven
w(zj;) =19 4, forj=2,1<i<n,ieven
5, forj=1,1<i<mn, iodd
6, forj=1,1<i<n,ieven;orj=2 1<i<mn,iodd

Clearly |w(V (Wby))| = 6, so the upper bound is x;;s(Wby) < 6. Hence, x;s(Wb,) = 6. Case
3: Forn > 7, n odd

For the proof x;s(Wb,) = 5, n > 7, n odd, based on Lemma 1, the lower bound is
Xiis(Wby) = 7 > x(Wby,) = 3. However, we can not reach the sharpest lower bound. In
order to prove the upper bound of the chromatic number local irregular of web graph define
[:V(Wb,) — {1,2} in following. The vertex irregular 2-labeling uses the formula as follows:

l(z)=1
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l(z) = 1, forj=1,1<i<myorj=2,1=1 2<i<mn,deven;orj=3, 2<i<n
12, forj=1,1<i<mnjorj=2, 2<i<n,iodd;orj=3 i=1,2

Hence, max(l) = 2 and the labeling gives vertex-weight as follows:
w(zx) = 73(";1) +1
, forj=3,i=1,2, 3<i<n, ieven
for =3, 3<i<mn, iodd
forj=1,2<i<n—1,40ddor j=2,i=n,2<i<n-—2,iodd
, forj=1i=1
, forj=1,i=norj=2,i=1,n-1
7, forj=1,2<i<n-—1,dievenor j=2, 2<i<n-—2,7even

Clearly |w(V(Wb,))| = 7, so the upper bound is x;;s(Wby) < 7. Hence, x1;5s(Wb,) = 7. The
proof is complete.

w(zj;) =

O UL = N

Theorem 2 Let H,, be a helm graph. For n > 3, the chromatic number local irregular is

S| 5% Jjorig COEe
Xiis(Hn) = { 6, forn odd

Proof: The vertex set is V(H,) = {z} U{zj;j = 1,2,1 < i < n} and the edge set is
E(Hp) = {zz1; : 1 <i <npU{z1m2;1 <8 S npU{Z1%1(541);1 << n— 1} U{z1171,}. The
order and size of graph H,,, respectively are |V (H,)| = 2n + 1 and |E(H,)| = 3n. Thus, the
minimum degree of graph Hy, is §(H,,) = 1 and the maximum degree of graph H,, is A(H,) = n.
Based on Obsevation 1 and definition of Helm graph, max(l;(H)) = 2. This proof can be divided
into two cases in the following.

Case 1: For n even

For the proof x;s(H,) = 5; n even, based on Lemma 1, the lower bound is xys(Hy) = 5 >
X(H,) = 3. However, we can not reach the sharpest lower bound. In order to prove the upper
bound of the chromatic number local irregular of helm graph define [ : V(H,) — {1,2} in
following. The vertex irregular 2-labeling uses the formula as follows:

g =

() = 1, forj=1,1<i<n,todd;orj=2, 1<:<n
i) = 2, & for j = 1,71 <9'<'n,"7 even

Hence, max(l) = 2 and the labeling gives vertex-weight as follows:

PE = 37”

for j =2, 1 <i<mn, iodd
for j =2, 1<i<n, ieven
, forj=1,1<i<mn, ieven
7, forj=1,1<i<mn, iodd

Clearly |w(V (Hy))| = 5, so the upper bound is x;s(Hy,) < 5. Hence, x1is(Hy) = 5.

Case 2: For n odd

For the proof x;is(H,) = 6; n even, based on Lemma 1, the lower bound is xys(Hy) = 6 >
X(H,) = 3. However, we can not reach the sharpest lower bound. In order to prove the upper
bound of the chromatic number local irregular of helm graph define | : V(H,) — {1,2} in
following. The vertex irregular 2-labeling uses the formula as follows:

l(z) =2

Y

w(zj) =19 &

Ot N
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Figure 2. vertex coloring local irregularity of helm graph, x;s(Hg) = 6

) = 1, forj=1,i=1lorj=1,2<¢<n,ieven;orj=2, i—2
i) T 2, forj=1,i0dd,2<i<mnorj=2, i=2

Hence, max(l) = 2 and the labeling gives vertex-weight as follows:

w( s —3(n;1) 41
N fory, =28, 12 <§F< n, aeven
. for =M OB | K n, iaadldl
forj=1, 2<i<mn, iodd
c e T O
7, forj=1,2<i<n, ieven

Clearly |w(V(H,))| = 6, so the upper bound is x;s(H,) < 6. Hence, x;is(H,) = 6. The proof
is complete.

w(zj;) =

Y

S Ot N =

Theorem 3 Let C'H,, be a close helm graph. For n > 4, the chromatic number local irreqular

is
4, forn=4

Xnis(CH,) =% 5 for'n > 5 eveil
6, forn>5 odd

Proof: The vertexset is V(CH,,) = {z}U{z;;;7 = 1,2,1 <@ < n} and the edge set is E(CH,,) =
{zz1 0 1 <d <njU{aywe; 1 <@ <npU{rTG4); 1 <0 <n—1FU{@121, U {r2i79341); 1 <
i <n—1}U{z2129,}. The order and size of graph C'H,,, respectively are |V (CH,)| = 2n+1 and
|E(CH,,)| = 4n. Thus, the minimum degree of graph C'H,, is (CH,,) = 3 and the maximum
degree of graph CH,, is A(CH,) = n. Based on Obsevation 1 and definition of Helm graph,
mazx(l;(CH)) = 2. This proof can be divided into two cases in the following.

Case 1: Forn =4

For the proof x;;s(CH,) = 4; n = 4, based on Lemma 1, the lower bound is x;s(CH,) =4 >
x(CH,,) = 3. However, we can not reach the sharpest lower bound. In order to prove the upper
bound of the chromatic number local irregular of close helm graph define [ : V(CH,,) — {1,2}
in following. The vertex irregular 2-labeling uses the formula as follows:

l(z) =2
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l(z) = 1, forj=1,1<i<n,ioddjorj=2,1<i<n, ieven
712, forj=1,1<i<n,ieven;orj=2 1<i<mn, iodd
Hence, max(l) = 2 and the labeling gives vertex-weight as follows:
w(z) =6
for j =2, 1<i<mn, iodd
forj=1,1<i<mn, ieven

for j =2, 1<i<mn, ieven
7, forj=1,1<i<n, iodd

Clearly |w(V(CH,,))| = 4, so the upper bound is x;;s(CH,) < 4. Hence, x;;s(CH,) = 4.

Case 2: For n > 5, n even

For the proof x;s(CH,) = 5; n even, based on Lemma 1, the lower bound is x;;s(CH,) =5 >
x(CH,,) = 3. However, we can not reach the sharpest lower bound. In order to prove the upper
bound of the chromatic number local irregular of close helm graph define [ : V(CH,,) — {1,2}
in following. The vertex irregular 2-labeling uses the formula as follows:

l(x)=1

(e 1, forj=1,1<i<n,soddorj=2,1<i<n,ieven
Tig ™ 2, forj=1, 1<#<m,ievenory =2, 1<i<mn,iodd

3
4
w(zji) =4 ¢

Hence, max(l) = 2 and the labeling gives vertex-weight as follows:

)y %"—

3, forj=2,1<i<n, iodd
4, forj=1,1<i<mn, ieven
6, forj=2,1<1i<mn, ieven
7, forj=1,1<i<n, iodd

Clearly |w(V(CH,,))| = 5, so the upper bound is x;;s(CH,) < 5. Hence, x;;s(CH,) = 5.

Case 3: For n > 5, n odd

For the proof x;;s(CH,) = 6; n odd, based on Lemma 1, the lower bound is x;;s(CH,) = 6 >
x(CH,) = 3. However, we can not reach the sharpest lower bound. In order to prove the upper
bound of the chromatic number local irregular of close helm graph define [ : V(CH,,) — {1,2}
in following. The vertex irregular 2-labeling uses the formula as follows:

=]

w(zj;) =

forj=1,1<i<n—1,70ddor j=2, 1 <i<n,ieven

L,
Hwji) = 2, forj=1i=n,1<i<n-—1ljievenorj=2, 1<i<n,iodd
a

Hence, max(l) =

—N

nd the labeling gives vertex-weight as follows:

w(z) = 3(7;_1 +2
forj=2,2<:<n-—2, ¢o0dd
forj=1,1<it1<n-—-3,teven;or j =2, 1=1
forj=1,i=n—-2;orj=2,i=n
forj=1,i=n—1;orj=2,2<i<n-—2, ieven
forj=1,1<i<n-—3, iodd

Clearly |w(V(CH,))| = 6, so the upper bound is x;;s(CHy) < 6. Hence, x;is(CH,) = 6. The
proof is complete.

3
4
w(a:ji) = 5
6
7

Theorem 4 Let G, be a gear graph. For n > 4, the chromatic number local irreqular is
Xlis(Gn) =3
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(a) (b)

Figure 3. vertex coloring local irregularity: (a) gear graph, x;s(Gg) = 3; (b) fan graph,
Xiis(Fs) = 4

Proof: The vertex set is V(Gy) = {z}U{x;; 1 <i < 2n} and the edge setis E(Gy,) = {zz; : 1 <
i < 2n,i0dd} U {xixiy1;1 <1< 2n—1}U{x;xon}. The order and size of graph G,,, respectively
are |V(G,)| = 2n+ 1 and |E(Gy)| = 3n. Thus, the minimum degree of graph Gy, is 6(Gy) = 2
and the maximum degree of graph G,, is A(G,,) = n. Based on Obsevation 1 and definition of
gear graph, max(l;(G)) = 1. The degrees of the vertex gear graph, respectively are d(z) = 1,
d(xz;) = 3, i odd and d(z;) = 2, 7 even. This results in the different color in two an adjacent
vertex. Hence b(V(G,,)) = 3|, so the proof x;;s(Gp) = 3 is complete.

Theorem 5 Let F,, be a fan graph. For n > 4, the chromatic number local irreqular is
Xlis(Fn) =4

Proof: The vertex set is V(F,) = {z} U {z;;1 < i < n} and the edge set is E(F,) = {zx; :
1 <i < npU{xzgp);l <@ < n— 1} The order and size of graph F,, respectively are
|[V(F,)| =n+1and |E(F,)| = 2n— 1. Thus, the minimum degree of graph F,, is (F},) = 2 and
the maximum degree of graph F,, is A(F),) = n. Based on Obsevation 1 and definition of fan
graph, max(l;(H)) = 2. This proof can be divided into two cases in the following.

Case 1: For n even

For the proof xs(F,) = 4; n even, based on Lemma 1, the lower bound is ys(F,) = 4 >
X(F,) = 3. However, we can not reach the sharpest lower bound. In order to prove the upper
bound of the chromatic number local irregular of fan graph define [ : V (F,,) — {1,2} in following.
The vertex irregular 2-labeling uses the formula as follows:

i) —at

iy 1, fori=1,2,3(mod 4)
Y1) =1 2, fori=0(mod 4)

Hence, max(l) = 2 and the labeling gives vertex-weight as follows:

W—l—l, for n = 2(mod 4)
b for n = 0(mod 4)

2, fori=1,n
w(zj) =4 3, for2<i<n-—1,ieven
4, for2<i<n-—1, 7¢odd

Clearly |w(V (Fy,))| = 4, so the upper bound is xs(Fy) < 4. Hence, x;;s(F) = 4.
Case 2: For n odd
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For the proof ys(F,) = 4; n odd, based on Lemma 1, the lower bound is xs(F,) = 4 >
X(F,) = 3. However, we can not reach the sharpest lower bound. In order to prove the upper
bound of the chromatic number local irregular of fan graph define [ : V(F,,) — {1, 2} in following.
The vertex irregular 2-labeling uses the formula as follows:

l(x)=1

Uz:) = 1, fori=0,2,3(mod 4)
Y= 2, fori=1,i=1(mod 4)

Hence, max(l) = 2 and the labeling gives vertex-weight as follows:

5(n—3

ncl) 42 forn= 1(mod 4)
agllf” ) = 4
4 for n = 3(mod 4)

2, fori=1,n
witl;) = 3, demlssd<n — 1, i odl
4, for2<i<n-—1, ieven

Clearly |w(V(F,))| = 4, so the upper bound is xs(F,) < 4. Hence, x;is(F,) = 4. The proof is
complete.

Theorem 6 Let SL, be a sun let graph. For n > 4, the chromatic number local irreqular is

_ YROREfor I evedd
Xiis(Hn) = { 5, formn odd

Proof: The vertex set is V(SL,) = {z;;;5 = 1,2,1 < i < n} and the edge set is
E(SL,) = {z1ize;1 < i < n}U {mlixl(iﬂ);l < i < n-—1}U{z112z1,}. The order and size
of graph SL,, respectively are |V (SLy)| = 2n and |E(SLy)| = 2n. Thus, the minimum degree
of graph SL,, is §(SL,) = 1 and the maximum degree of graph SL,, is A(SL,) = 3. Based on
Obsevation 1 and definition of sun let graph, maxz(l;(SL)) = 2. This proof can be divided into
two cases in the following.

Case 1: For n even

For the proof x;s(SL,) = 3; n even, based on Lemma 1, the lower bound is x;s(SL,) = 3 >
X(SLy) = 3. In order to prove the upper bound of the chromatic number local irregular of
sun let graph define [ : V(SL,,) — {1,2} in following. The vertex irregular 2-labeling uses the
formula as follows:

1z B 1, forj=1,1<i<mjorj=2 1<i<mn, iodd
Ting 2, forj=2 1<i<mn, ieven

Hence, max(l) = 2 and the labeling gives vertex-weight as follows:

1, forj=2 1<i<n
w(zj) =4 3, forj=1,1<i<n, iodd
4, forj=1,1<i<n, ieven

Clearly |w(V(SLy))| = 4, so the upper bound is xs(SLy) < 4. Hence, x:5(SLy) = 4.

Case 2: For n odd

For the proof x;is(SLy,) = 5; n odd, based on Lemma 1, the lower bound is x;s(SLy,) = 5 >
X(SL,) = 3. However, we can not reach the sharpest lower bound. In order to prove the upper
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bound of the chromatic number local irregular of sun let graph define [ : V(SL,) — {1,2} in
following. The vertex irregular 2-labeling uses the formula as follows:

(z;) = 1, forj=1,1<i<n-ljorj=2,3<i<n-1
T2, forj=1,i=norj=2 i=12n

Hence, max(l) = 2 and the labeling gives vertex-weight as follows:

forj=2,1<i<n-1
HOLJm= 27 jn="T1

forj=1, 2<i<n, io0dd
forj=1,2<i:<n-—1,1even
, MHOT 7 =l W — ldmp — 1

w(zji) =

O W N =

Clearly |w(V(SLy))| = 5, so the upper bound is xs(SLyn) < 5. Hence, x1is(SLy) = 5. The
proof is complete.

Theorem 7 Let DW,, be a double wheel graph. Forn > 4, the chromatic number local irregular

is
3, formn even

Xiis(DWn) = { 4,  forn odd

Proof: The vertex set is V(DW,) = {z,z;,y;;1 < i < 2n,1 < j < n} and the edge set
is E(DW,,) = {zz;1 < ¢ < 2n}U {z;y;;1 < & < 2n,1even,1 < j < n} U {XjX(H_l);l <i<
2n — 1} U {x1Xon} U {yj¥G+1);1 < i < n—1} U {y1yn}. The order and size of graph DW,,
respectively are |V (DW,)| = 3n+ 1 and |E(DW,,)| = 6n. Thus, the minimum degree of graph
DW,, is 6(DW,) = 2 and the maximum degree of graph DW,, is A(DW,,) = 2n. a double
wheel graph is a graph consisting of two cycles of size n where both cycles are connected to
one center. This shows the double wheel graph is identical with the wheel graph so that the

chromatic number local irregular of the double wheel graph is as same as the wheel graph.

Conclusion
In this paper we have studied local irregularity vertex coloring of related wheel graph. We
have concluded the exact value of the chromatic number local irregular of realted wheel graph,

namely Xlis(an)a Xlis(Hn)a Xlis(CHn)a Xlis(Gn)a Xlis(Fn)a Xlis(SLn)a and Xlis(DWn>- Hence
the following problem arises naturally.

Open Problem 1 Determine lower and upper bound of the vertex coloring local irreqularity of
graph operation including cartesian, comb product, corona and others?
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