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Abstract—This study is a natural extension of k-proper
coloring of any simple and connected graph G. By an r-
dynamic coloring of a graph G, we mean a proper k-
coloring of graph G such that the neighbors of any vertex v
receive at least min{r, d(v)} different colors. The r-dynamic
chromatic number, written as y(G), is the minimumKk such
that graph G has an r-dynamic k-coloring. In this paper we
will study the r-dynamic chromatic number of the
coronation of path and several graph. We denote the
corona product of G and H by ¢ ©® H. We will obtain the r-
dynamic chromatic number of y, (B,®B,), x, (B,®C,,)and
x-(B,OW,) for m, n>3.

Keyword— r-dynamic chromatic number, path, corona
product.

. INTRODUCTION

An r-dynamic coloring of a graph G is a proper k-
coloring of graph G such that the neighbors of any vertex v
receive at least min{r, d(v)} different colors. The r-dynamic
chromatic number, introducedby Montgomery [4] written as
xr(G), is the minimum k such that graph G has an r-dynamic
k-coloring. The 1-dynamic chromatic number of a graph G
is x1(G) = x(G), well-known as the ordinary chromatic
number of G. The 2-dynamic chromatic number is simply
said to be a dynamic chromatic number, denoted byy2(G)=
yd(G),see Montgomery [4]. The r-dynamic chromatic
number has been studied by several authors, for instance
in[1], [5], [6], [7], [8], [10], [11].
The following observations are useful for our study,
proposed by Jahanbekam[11].
Observation  1.[10] Always x(G) = x,(G) < - <
Xa) (6. 1fr = A(G), then x,.(G) = xa)(G)
Observation 2.LetA(G) be the largest degree of graph G. It
holdsy, (G) = min{A(G),7} + 1.

WWv.ljaers.com

Given two simple graphs G and H, the corona product of G
and H, denoted by G © H, is a connected graph obtained by
taking a number of vertices |V(G)| copy of H, and making
the it" of V(G)adjacent to every vertex of the it" copy of
V(H), Furmanczyk[3]. The following example is P;®Cs.

Fig.1: Graph P, ©® C,

There have been many results already found, The first one
was showed by Akbari et.al [10].They found that for every
two natural number m and n, m, n> 2, the cartesian product
of Pmand Pnis y2(Pm(IPn) = 4 and if 3Jmn, theny2(Cm[ICn) =
3 and y2(CmICn) = 4. In [2], they then conjectured %, (G) <
x(G)+2 when G is regular, which remains open. Akbari

et.al. [9] alsoproved Montgomery’s conjecture for bipartite
regular graphs, as well as Lai, et.al. [5] provedthat ,(G) <

A(G) + 1 for A(G) >4 when no component is the 5-cycle. By
a greedy coloring algorithm, Jahanbekama [11] proved that
(G < rA(G)+ 1, and equality holds for A(G) > 2 if and
only if G is r-regular with diameter 2 and girth 5. They
improved the bound to x,(G) < A(G) + 2r — 2 when J(G)

>2r In nand (G)< A(G) + r when 3(G) > Inn.

1. THE RESULTS
We are ready to show our main theorems. There are
three theorems found in this study. Those deal with corona
product of graph Py with Pm, Cm, and Wn.
Theorem 1. Let G = B, © B,, be a corona graph of P, and
Pm. Forn, m > 2, the r-dynamic chromatic number is:
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3 , o r=1,2
@G =4{r+1 , 3<r<a-1
m+ 3 , r=A

Proof. The graph B, © B,, is a connected graph with vertex

setV(B,OB,) ={y,1<i<nju{x;l<isnl<

j <m}andedgesetE(R, OB,) = {y;ysp;1 <i<n-—

Julyxl<i<nl<j<m}u {xij,xi(j+1);1 <i<
n,1 <j<m—1}. The orderof graph B, © B,,

[V(B,®B,)| =n(m+ 1) and the size ofgraph B,OR,

|[E(R,©PB,)| =2mn — 1. Thus,A(B, O P,)) = m + 2.

By observation 2, x,P,OPR,) >
min{r,A(, ® P,)} + 1 = min{r,m + 2} + 1. To find the
exact value of r-dynamic chromatic number of B, © B,,, we
define two cases, namely for Xr:1,z(Pn ® B, )and
1B, OPR,).

Case 1. For y,_,,(B, © B,),define c1 :V (B, ® B,)>{L 2,
., K} where n>3, m > 3, by the following:

, lodd,1<i<n
Cl(yi)_{Z , leven,1<i<n
1 , ieven,jodd I<is<n1<j<m
Cl(xij)= 2 , lodd,]Odd,lSlel,lS]Sm
3, jeven,1<i<nl<j<m

It easy to see that c1 is mapci: V(B, © B,)>{1, 2, 3}, thus
it gives y,-,,(B, ©B,) = 3.

Case 2.

Subcase 2.1 For y,.(P, ©PB,), 3 <r <A-—1,define ca:
VB, ©OB,)>{l, 2,.., k} where n > 3, m> 3, by the
following:

, iodd,1<i<n
cz(yi)—{z , ieven,1<i<n

c, (14, %15, %43) = 2,3,4,
form=3,r=3
Cz(x21,x22,x23) =13,4,
form=3,r=3
c;(x11,%12,%13) = 3,4,5,
form=3,r =4
2 (10,012, %13,%14) = 2,3,4,5,
form=4,r =4
c;(011,%12,%13,%14) =3,4,5,6,
form=4,r=5
It easy to see that c2 is a map c2: V(B,©B,)>{1, 2, ...,
r+1}, thus it givesy, (B, OPB,) =7 +1,3<r<A-1
Subcase 2.2 The last for y,(P, ©P,),r = A, define cs:
VB, ©B,)>{l, 2,.., k} where n > 3, m> 3, by the
following:

WWW\.ijaers.com

1, i=3t+1,t=20,1<i<n
c;(v;)=132 , i=3t+2,t=20,1<i<n
3 , i=3t=211<i<n

AAY

Fig.2: xs(P, ® P,) = 7withn=3, m=4,r=6

c3(011,%1,%43) = 4,5,6, form =3,r=5
c3(x 11,242, %43,%14) = 3,4,5,6,
form=4r =6
c; Gl A%, X o0, M= 4,5,6,7
form=4r=6
€3(x 01, X 92, %93, % 24, X 25) = 4,5,6,7,8
form=5r=7
It easy to see that cs is a map c3: V(B,© B,)~>{l, 2, ...,
m+3}, so it givesy, (B, ©® B,) =m + 3,7 = A.lt concludes
the proof

Theorem 2. Let G = B, ©®C,, be a corona graph of P, and
Cm. For n>3, m > 3, the r-dynamic chromatic number is:
3 , mevenorm=3k,k>1
Xr:l,z(G) ={

4 , moddorm=>5

4 , m=3kk>1

xr=3(6)={ 6 , m=5
5 , motherwise

r+1 , 4<r<A-1

)(T(G)=[
m+3 , r=A

Proof. The graph B, © C,, is connected graph with vertex
set V(B OC )—{yl,1<1<n}U{x”,ISiSn,lS
j <m} and edge set E(B, ®C,,) = {yy,;1<i<n-
Bufxxgaplsisnl<j<m-1}u
pxpl<isntu{yx;1<i<n1<j<m} The
order of graph B,®C,, is |V(B,©C,)| =n(m + 1) and
the size of graph

B, OC, is |E(B,©C,)| =2mn +n-—1,
thusA(B, © C,,) = m + 2. By Observation 2, we have
x-(B, © C,,) = min{r, AR, © C,,)} + 1 = min{r,m +
2} +1. To find the exact value of r-dynamic chromatic
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number of B, ®C,, we define three case, namely for
Xr=12(B, © Cp), x,=3(B, © C,,) and x,.(B, ©C,,).

Case 1.

Subcase 1.1 For Xr=12(B, © C,), define ¢4
VB, OC,)>{1, 2, .., k} where n> 3, mevenorm=
3k,k =1, by the following:

1, iodd,1<i<n
C4(yl')_{2 , ileven,1<i<n

1 , ieven,jodd 1<i<nl1<j<m-1
2 , iodd,jodd,1<i<nl1<j<m
Calxiy) = 3, jeven,I<i<ml<j<m
4 , ieven,l <i<n,j=m

It easy to see that c4 is a map cs:V(B, © C,,)>{1, 2,3}, s0
it givesy,—,,(B, ©C,) = 3,mevenorm= 3k, k >1
Subcase 1.2 For  x,-12(B, ®C,)define  cs:
VB, O©C,)>{l, 2, ..., k} where n> 3, ,m odd orm = 5,,
by the following:
1 , iodd,1<i<n
cs() 2{2 , leven,1<i<n
1 , ieven,jodd 1<is<nl1<j<m-—1
2 , iodd,jodd1<isnmi<j<m-1
¢s(xy) = 3 , jeven,1<i<nl1<j<m-1
4 , 1<i<nj=m
It easy to see that cs is a map cs: V(B, © C,,,)>{1, 2, 3, 4},
so it givesy,—;,(B, ©C,) =4,moddorm=75

Fig.3: x,(B, ®Cs) =4 withn=3,m=5r=2

Case 2.
Subcase 2.1 Fory,,(B,®C,),  define  cs:
VB, OC,)>{1,2, ..., k} wheren >3, m =3k,k > 1, by
the following:

1 , iodd,1<i<n
€0 _{2 ieven,1 <i<n

’

C6(xij)

1 , ievenj=3t+1t=20,1<i<n1<j<m
)2 , iodd,j=3t+1,t=201<i<nl<j<m
- 3, j=3t+2t201<i<nl1<j<m

4 , j=3t=21,1<i<nl1<j<m

WWv.ljaers.com

It easy to see that cs is map cs: V (B, © C,,)2>4{1, 2, 3,4}, s0
it givesy,—3(B, ®C,) = 4,m =3k, k > 1.
Subcase 2.2 For  x,—s(B, ®C,), define  cr
VB, OC,)>{L, 2, ..., k} where n > 3, m = 5, by the
following:
1 , iodd, 1 <i<n
C7(yi):{2 , ieven,1<i<n
c;(011,%12, %13, X14,%15) = 2,3,4,5,6
€7 (01, X 92, X 93, X 24, X25) = 1,3,4,5,6
It easy to see that c7 is amap ¢7: V(B, © C,,)>{1,2,3,4,5,
6}.Thus it given y,_,(B, ® Cs) = 6
Subcase 2.3 For  x,—s(B, ®C,), define  cs:
VB, ©C,)>1{l, 2,..., k} where n > 3, m otherwise, by the
following:
1 , iodd,1 <i<n
CS(yi)z{Z , leven,1<i<n
CB(xij)
(1 , devenj=4t+1,t=20,1<i<nl<j<m
|2 , ioddj=4t+1t>01<i<nl<j<m
:{ 3 , j=4t+2t=201<i<nl<j<m
| 4 , j=4t+3t=>1,1<i<nl<j<m
\ & o>t i<i<snidzm
It easy to see that cg is map cs: V (B, © C,,)>{L, 2,3,4,5},
so it givesy,—;(B, @ C,,) = 5
Case 3.
Subcase 3.1 Fory,(B, ®C,),4 <r <A - 1,define co:
VB, ©C,)2>{1, 2,..., k} where n > 3, m> 3, by the
following:
1 , iodd,1<i<n
C"(yi)z{Z , leven,1<i<n
Co(x11,%15,%13,X14,%15,%1¢) = 3,4,5,3,4,5,
form = 6,r =4
Co(X31,% 30, X33, X34, X35,X35) = 3,4,5,3,4,5,
form=6r =4
Cg(xn,xlz,x13,x14,x15,x16) =3,4,5,6,3,5,
form=6,r =5
Co(x11,%12,X14,X15,%16) = 3,4,5,6,7,3,
form=6,r =6
Co(X11,X 12, %13, X 14:%15,X16) = 3,4,5,6,7,8,
form=6,r=7
It easy to see that cg is a map co: V(B,© C,)>{1, 2, ...,
r+1}, soitgivesy, (P, ®C,) =r+1,4<r<A-1
Subcase 3.2The last for x,(B, ® C,,), 7 = A, define cio:
VB, OC,)>{1, 2,..., k} where n > 3, m> 3, by the
following:
1 , iodd,1<i<n
€100i) ={2 , leven,1 <i<n
C10(x11, %12, %13, %14, X 15,%16) = 4,5,6,7,8,9
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form = 6,r =8
C10(X11,X12,X 13, X 14, X 15, X 16, X17) = 4,5,6,7,8,9,10
form=7,r=9
C10(011,%12,X 13,0 14, X 15,X 16, X 17, X 15)
=4,5,6,7,8,9,10,11
form=8,r=10
It easy to see that ci0 is map cio: V(B, © C,,)>{L, 2, ...,
m+3}, so it given x,.(B, ® C5) = m + 3,7 = A.lt concludes
the proof.

Theorem 3. Let G = B, © W, be a corona graph of Pn and
Wn. For n>3, m > 3, the r-dynamic chromatic number is:

4 , meven
Xr=12,3 6) = {

5 , modd
5, m=3kk=>1
)(r=4(6)={ 7 o, Wi =5
6 , motherwise
5<r<A-1

r+ 1ls,
)(r(G)z{
m+4 , r=A

Proof. The graph B, © W, is a connected graph with vertex
set VB,OW,) ={ys1<i<njU{x;;;1<i<n1<
j<m}u{4; 1 <i<n} and edge set E(R,OW,) =
(VY 1<i<n—DBU{x xgal<i<nl<j<
m—1} Uflxjx,;1<i Sn}U{yL-xl-]-;l <is<nl<j<
mjufdx;;1<i<ni<j<mjuldy;1<i<n}.
The order of graph B, © W}, is |[V(B, © W,))| = mn + 2n)
and the size of graph B, © W, is |E(B, © W,,)| = 3mn +
2n — 1, thusA(B, OW,,) = m + 3.
By observation 2, we have the following
2B, O W, ) = minfr,A(B, OW,, )} + 1 = minfr,m +
3} +1. To find the exact value of r-dynamic chromatic
number of B, OW,,, we define three case, namely for
Xr=1,2,3(Pn O W), xr=4(B O W) and y,. (P, @ W],).
Case 1
Subcase 1.1 For  y,_;,3(B, ©Uj,), define cu
VB, OW,)>{l, 2, ..., k} where n> 3, m even by the
following:
cu(y) = {1 , 'iodd,l < i'S n
2 , ieven,1 <i<n
1 , ieven,1<i<n
cu(d) = {2 . iodd,1<i<n
3 , jodd,1<i<n1<j<m
Cll(xij):{él , jeven,1<i<nl1<j<m
It easy to see that ci11 is map c11: V(B, © W,)>{1,2,3,4},
SO it givesy,—;,35(B, O W,) =4, meven.

WWv.ljaers.com

Subcase 1.2 For  x,_;,3(B, OW,), define ci
VB, OW,)>{1, 2, ..., k} where n> 3, m odd by the
following:

_f1 , iodd,1<i<n
(%) = 2 ieven,1 <i<n
1 , ieven,1<i<n
Clz(Ai)={2 iodd,1<i<n
3, jodd,1<is<n1<j<m-1
Cip(x;)) =94 , jeven, l<is<nl<j<m-1
5, j=m,1<i<n

It easy to see that ci12 isa map ci2: V(B, © W,,)>{1, 23,4,
5}, so it givesy,—1,3(B, © U},,) = 5,m even.

Case 2

Subcase 2.1  For  x,_,(B, OW,,), define  ci3:
VB, OW,)>{1,2, .., k} wheren>3 m =3k, k >1by
the following:

{1 , iodd,1<i<n
c13(%) = 2 ieven,l <i<n
1 , ieven,I<i<n

c13(4;) ={2 , lodd,1<i<n

C13(xij)
3, j=3t+1,t=20,1<i<n,1<j<m
=<4 , j=3t+2,t=>20,1<i<nl1<j<m
5 , j=3t=21L1<i<nl1<j<m

It easy to see that c13 is a map c13: V (B, © W,,)>{1, 23,4,
5}, so it given x,_,(B,OW,) =5m =3k, k > 1.
Subcase 2.2 For  y,_,(B, OW,,), define  cua:
VB, OW,)>{l, 2, ..., k} where n > 3, m =5 by the
following:

(1 , iodd,I<i<n
c14(y) = 2 ieven,l <i <n
1 , ieven,1<i<n
C14(Ai)={2 iodd,1<i<n

C14(X31, %15, X13, X14, X15) = 3,4,5,6,7
It easy to see that c14 is amap cu4: V (B, © W,,)>{1,2,3,4,
5,6, 7}, so it gives x,_,(B,OW,,) =7,m =5.
Subcase 23  For  x,_,(B, OW,,), define  cis:
VB, ©OW,,)>{1,2,..,k} where n >3, m otherwise by the
following:
1 , iodd,1<i<n
ClS(yi):{Z ieven,1 <i<n
1 , ieven,1<i<n
c15(41) ={2 , iodd,1<i<n
Cls(xij)
3, j=3t+1,t=201<i<nl<j<m-1
4 , j=3t+2t=01<i<nl<j<m-1
5, j=3t=211<i<ni<j<m-1
6 , j=m1<i<n
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1 2

Figd:.y,(P, OW,) = 6withn= 3, m=4,r=6
It easy to see that ci5 is map cis: V(B, © W,,)>{1, 2, 3, 4,
5, 6}, so it givesy,_, (B, ® W,,) = 6, m otherwise.
Case 3.
Subcase 3.1 For y,. (P, OW,)5<r<A—1,define cis
VB, 0w, )>{1, 2, .., k} where n >3, m > 3 by the
following:
() :{1 , 'iodd,l < i'S n
2 ieven,1 <i<n
€16 (Ai) = {21 ge ﬁﬁff’llfz Lssnn
C16(X11,X12,X 13, X 14, X 15, X 16,X17) = 3,4,5,3,4,5, 6,
form=7r=5
€160 11, %12, X 13%14, X 15,X 16X 17) = 3,4,5,6,7,4,5,
form=7r=6
C16(x11'le'x13'x14'x15'x16'x17) =3,4,5,6,7,8,5,
form=7r=7
C16 (%11, %12, X 13, X 14, X 15, X 16, X17) = 3,4,5,6,7,8,9,
form=7,r =8
It easy to see that ci6 is @ map ci6: V(B, © W,,)>{1, 2, ...,
r+1}, soitgivesy,(B,OW,) =r+1,5<r<A-1.
Subcase 3.2 For y,.(B, OW,),r = A, define  ci7
VB, 0w, )>{1 2.., k} where n > 3, m >3 by the
following:
1 , i=3t+1,t=20,1<i<n
c;()=32 , i=3t+2,t=20,1<i<n

3, i=3tt=>1,]1 <uig=inl
1 5Li=4+3,t>01<i<n
2 Ni=4,t=1,llEi<n

@) =)3  i—4r+1,c201<i<n
4 , i=4t+2,t=20,1<i<n
1711, X 19, X 13, X 14, %15, X16) = 4,5,6,7,8,9,
form =6,r =9
€17 (X 31, X 29, X 23, X 24, X 25,X2¢) = 5,6,7,8,9,10,
form=6r=9
€17 (11,20 15,013,X14,X15) = 4,5,6,7,8,
form =5,r =8
C17(X 31, % 20, X3, X 24,%25) =5,6,7,8,9,
form =571 =8
€17 (011, X12,%13,X14) = 4,5,6,7,
form=4r=7
C17(X21,% 22, %23, X24) = 5,6,7,8,
form=4,r=7

WWW\.ijaers.com

It easy to see that ci7 is map ci17: V(B, O W, )~> {1, 2, ...,
m+4}, soitgivesy,(B,OW,) =m +4,r=>A.
It concludes the proof.

1. CONCLUSION

We have found some r-dynamic chromatic number of
corona product of graphs, namelyy,(P,OP,) =
1 EB,0C,)=yx,B,OW,) =r+1,ford <r<A-1.
andy, (2, ©PR,) = x,(R,OC,) =m+3, forr =A. All
numbers attaina best lower bound. For the characterization
of the lower bound of y, (G ® H) for any connected graphs
G and H, we have notfound any result yet, thus we propose
the following open problem.

Open Problem 1. Given that any connected graphs G and
H. Determine the sharp lower bound of y,.(G © H).
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3

,bsrracf—ﬂ:is study is a natural extension of k-proper
coloring of any simple and connected graph G. By an r-
dynamic coloring of a graph G, we mean a proper k-
coloring of graph G such that the neighbors of any vertex v
receive at least min{r, d(v)} different colors. The r-dynamic
chromatic number, written as y(G), is the minimumk such
that graph G has an r-dynamic k-coloring. In this paper we
will study the r-dynamic chromatic number of the
coronation of path and several graph. We denote the
corona product of G and H by G © H. We will obtain the r-
dynamic c'hr“a tic number of x.(B,®P,), x,(B,OC,)and
xr(B,OW,,) for m, n>3.

Keyword— r-dynamic chromatic number, path, corona
product.

L INTRODUCTION

An r-dynamic coloring of a graph G is a proper k-
coloring of graph G such that the neighbors of any vertex v
receive at least min{r, d(v)} different colors. The r-dynamic
chromatic number, introducedby Montgomery [4] written as
%r(G), is the minimum & such that graph G has an r-dynamic
k-coloring. The /-dynamic chromatic number of a graph G
is 11(G) = y(G), well-known as the ordinary chromatic
number of G. The 2-dynamic chromatic number is simply
said to be a dynamic chmmalicnuntler, denoted byy2(G)=
1a(G)see Montgomery [4]. The r-dynamic chromatic
number has been studied by several authors, for instance
@ 1. (51, [6]. [7]. [8]. [10], [11].
The following observations are useful for our study,
proposed by Jahanbekam[11].
Observation  1.[10] Always x(6) = y,(G) < - <
Xn(s)(c)- If rnﬂ(GJ, then x,.(G) = xﬂm)((})
Observation 2.LetA(G) be the largest degree of graph G. It
holdsy, () = min{A(G),r} + 1.

www.ijaers.com

Given two simple graphs G and H, the corona product of G
and H, denoted by G © H,is a connected graph obtained by
taking a number of vertices IV(G)l copy of H, and making
the i'" of V(G)adjacent to every vertex of the i™ copy of
V(H), Furmanczyk[3]. The following example is P, ®C,.

Fig.1: Graph P, ® C4

There have been many results already found, The first one
was showed by Akbari etal [10] They found that for every
two natural number m and n, m, n= 2, the cartesian product
of Pyand Puis %2(Pn1Py) = 4 and if 3lmn, thenyz(C,, (a =
3 and 2(Cw'ICa) = 4. In [2], they then conjectured y,(G) =
%G)+2 when G is regular, which remains open. Akbari
etal. [9] alsoproved Montgomery’s conjecture for bip&fite
regular graphs, as well as Lai, et.al. [5] provedthat j,(

A(G) + 1 for A(G) 24 when no component is the S-cycle.

a edy coloring algorithm, Jahanbekama [11] proved that
%AG) = rA(Gr 1, and equality holds for A(G) > 2 if and
only if G is r-regular with diameter 2 and girth 5. They
improved the band to % {G) = A(G) + 2r — 2 when #(G)

>2r In n and x,(G)= A(G) + r when 8(G) “>r2 In n.
II. THE RESULTS
We are ready to show our main theorems. There are
three theorems found in this study. Those deal with corona
product of graph Py with P, Cnand Win.
Theorem 1. Let G = B, © B, be a corona graph of P, and
P Forn, m =2, the r-dynamic chromatic number is:
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3 r=1,2
nG)=4{r+1 , 3 <r<A-1
m+ 3 , r=A

Proof. The graph B, © P, is a connected graph with vertex
setV(B, OP,)={y,1<i< n}U{x”-BE i<nl<

Jj =m}and cdgesetE(Pn OR) ={yyi+l=sisn-
1} Ulixplsisnl<j< m} Ulx; Xyl <i<
n,1<j<m-—1}. The oderof graph B, @ B, is
IV(B,©®PB,)| =n(m+ 1) and the size of graph B, © B,, is
|[E(B,©B,)| =2mn — 1. Thus, A(B, ® P, ) = m + 2.

By observation 2, (P,, OR,) =
min{r, A(B, ® B,)} + 1 = min{r,m + 2} + 1. To find the
exact value of r-dynamic chromatic number of B, ©® P, , we
define two cases, nanely for y,_,,(P, ®P,)and
X,-(P“@Pm)k 1
Case 1. For y,_,,(P, © B,),define ¢, :V (B, ® B, )>{1.2,
... k} where n=3, m = 3, by the followiﬂ:

1 , iodd,]1<i=n
ey = [2 . gheven, 1 < ii n
1 , ievenjoddl<is<nl<j<m
cilxy) = 2 , iodd,joddl<sis=nl<j<m
3, jeven,l<isml<j<m
It easy to see that ¢1 is mapci: V(B, © B, ) {1, 2, 3}, thus
it gives y,-,.(P, ®B,) = 3.
Case 2.
Subcase 2.1 - x,(P,OPB.), 3 <r <A—1,define ca:
V(B,OB)>{1, 2., k} where n = 3, m= 3, by the
following:
1 , iedd,1=i=n
() = [2 ] icvcn,lé ESS n
€y (X4, %15, %13) = 2,3,4,
form=3r =3
ey (251,250, %23) = 1,3, 4,
form=3r=3
szxu,xlz,xm): 3,4,5,
form=3r =4

cz(x 11X 12, X 13, X 14) =12,3,4,5,

form = 4,r =4
¢ (011, %1202 13,%14) =3,4,5,6,
form=4,r=5

It easy to see that ¢; is a map e W(B,OQ B )>{1 2, ...,
r#1}, thus it gives y, (B, OB) =r+1,3<r<A-1
Subcase 22 Th st for y,.(B, ©B,),r = A, define cs:
V(B,OPB)>1{1, 2., k} where n = 3, m= 3, by the
following:

www.ijaers.com

T, I=3+tLt=01<i<n
() =12 , i=3t+2,t>0,1<i<n
3, i=3tt=1,1<i<n

Fig2: x¢(P; @B) =7 withn=3,m=4,r=6

c3(ryy, R %,3) =4,5,6,form=3,r=5
cg(x 11-% L2,;'«13,;1[1‘,) =3,45,6,
form=4,r =6
3 e 0 2 t) =, 5, 6,7

form=4,r==6
C3 821» X22:%33:% 240 ¥25) = 4,5,6,7,8
form=5r=7
It easy to see that ¢3 is a map e V(P, @B )=>{l, 2, ...,
m+3}, so it givesx. (B, © B,) =m + 3,r = Alt concludes
the proof
Theorem 2. Let G = B, ©C,, be a corona graph of P, and
Cw. For nz3, m = 3, the r-dynamic chromatic number is:
3, mevenorm=3k k=1

Xr=1.z(G) = {

4 , moddorm=75

4 , m=3k k=1
x,=3(6)={ 6 , m=5
5 , motherwise

r+1 , 4<r<A-1
x,(G)=

m+3 , r=A

Proof. The graph B, ® C,, is connected graph with vertex
set V(B,OC)={y:;1<isnuf{x;;l1<i<nl<
eset E(B,OC) ={yy,nl<i<n-
DU {xyxay;l<isnl<jsm-1}u

{ogity, - TF< T nfu{yx;l<i<nl<j<m}. The
order of graph B,®C,, is |[V(B,©C,)| =n(m+1) and
the size of graph

J =m} and

B OC, is |E(B,®C,)|=2mn+n—1,
thusA(B, ® C,,,) = m + 2.By Observation 2, we have
% (B, O} = minlr, AR, © C,,))} + 1 = minlr,m +

2} +1. To find the exact value of r-dynamic chromatic
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number of B, ®C,,, we define three case, namely for
Xr=12B © C), x7=3(B, © Cpp) and x,. (B, O Cpp).

Case 1.
Subcase 1.1 Xre12(B© Cp), define ¢4
V(B, ©C,)>{l, 2, .., k} where n= 3, mevenorm=
3k, k =1, by the following:
, lodd,1=i=n
(.'4[}1!-)=[2 , leven,l <=i<n
, levenjodd lsisnlsj=m-—1
, todd,jodd,I=si=nl1<j=m
Calxyy) = 3, jeven,lS=isnl<j<m
4 , deven,l £iZn,j=m
It easy to see that c4 is a map ca: V(B @ C,,)>{1.2, 3},s0
it givesyy—1 2B @Cp) = 3,mevenorm= 3k, k =1
Subcase 1.2 For Xre12 B, © C,)define cs:
V(B ©Cy)=>1{1, 2, ..., k} where n=23, , moddorm= 75,
by the following:
, fodd,1=i=n
Cs(.Vi)=[2 b 1 even, IEEg=<"1i
, leven,jodd lSisnl<js=m-1
2 , iodd,jodd 1sisnl1<jsm-1
cs(xy) = 3, jeenl<isnl=sjs=m-1
4 , 1<isnj=m
It easy to see that cs is a map ¢s: V(P, © C,)>{1,2, 3,4},
so it givesy, -, ,(B, ©C,,) =4, moddorm=5

Fig3: x,(B,O®C) =4 withn =3, m=5,r=2

Case 2.

Subcase 21 For y,-3(P,© C,), define c6:
V(B ®C)=>1{1, 2 .., k} where n 23, m =3k,k = 1, by
the following:

, lodd.1<i<sn
Lé{y‘-)_[Z , leven, 1 <i<n

Cﬁ(xi;')

1, ieven,j=3t+Lt=0,1<isnl<j=m
2, Ludd;—3t+1t>01£ =nl<sjsm
= 3, j=3t+2tg0l<i<nl<j<m
nl<j

I'.
4 , j=3tt=1,1<i<n,

www.ijaers.com

It easy to see that cs is map c6: V (B, © C,.)>{1,2,3,4},s0
it givesy,_3(B, ©C,) =4,m =3k, k = 1.

Subcase 22 For  y,-3(B, ©C,,) define o7
VB, OC,)>{1, 2, ... k} where n = 3, m = 5, by the

following:
1 , ioddl=i<n
C"'(y")_{Z , leven, 1 <i=<n
57&11rx12rx13rx14rx15) =123,456
n Cy(le,xzz,ng,x24,xzs)= 1,3,4,56

It easy to see that c7 is a map ¢7: V(B, © C,,,) >{1,2,3,4,5,
6}.Thus it given y,_,(P, @ C) =6
Subcase 23 For Xrea(B, ©C,,), define cg:
V(B ©C)>1{1, 2., k} where n = 3, m otherwise, by the
following:
, lodd,l <=i<n
CE(ny:[Z B ievszl,l <i<n

Ca(xij)

(1 , leven,j=4t+1t=01<is=nl<sjsm

2 , ioddj=4t+1t=20,1<i<nl<sj<m
.-:{ I, ;—4t+2t>.1<;<:n,1<:;<1m
4 , j=4t+3,t=21l1=sisnl<sj=m
gl 5. j-ac>ii<isni<jzm
It easy to see that cg is map cs: V(B, © C,,)>{1,2,3,4,5},
50 it givesy, -3 (B, @C,) =5
Case 3.
Subcase 3.1 r;(,,(Pn OC,,),4 <1 <A-1,define c9:
VB, BOC)>1{], 2 > 3, mz 3, by the
following:

... k} where n

, flodd,1<i<n
C‘-’(yi)‘[z L ieven,l<i<n

Cg(ﬂf11;x12,x13;x14;x15;x]_5) =3,4,5,3,4,5,

n form =61 =4
cg(x31,x32,x33,x34,x35,x35) =3,4,53,4,5,
form=6r=4

Co (Bt > %13, % 14, %15, X0g) = 3, 45,6,3,5,
form=6r=>=5
Co(x 11, %12, X14,X 15, X16) = 3,4,5,6,7,3,
form=6r==6
o LRI 2 5 AT s e e Ji= 3, 4,5,6,7,8,
form=6,r=7
It easy to see that co is a map co: V(P, O C,,)>{L, 2, ..,
r+1}, soitgivesy,(P,OC,) =r + 1,4 <r<A-1
Subcase 32The at for x,(B,©C,), 7= A, define cio:
VB, OC)2>1{l, 2,...., k} where n = 3, mz 3, by the
following:
, lodd,1<i<n
l‘:m(y")=[2 , dfeven,1 <i <n

C1o (x111x121x131x1.41x151x 15) =4,567,89
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form=6r=8
Cro(x 110X 12, X 13X 140 X 15, X 16, 17) = 4,5,6,7,8,9,10
form=7,r=9

€10 (011, X112, % 13, 14, 15, %16, X 17, X 1)
=4,5,6,7,8,9,10,11
form=8,r=10
It easy to see that ¢yp is map ejp: V(B, ® Cmv{l, 2, ..
m#3}, so it given x,. (B, ® €5) = m + 3,r = Alt concludes
the proof.

1
Theorem 3. Let G = P, ©W,, be a corona graph of P, and

Wi For n=3, m =3, the r-dynamic chromatic number is:

4 , meven
Xr=]..2.3{6) =[
5 , modd
5, m=3k=>=1
xr=4(6') = . 1= 5
6 , motherwise

5=sr=A-1

r+1 ,
Ir(c):[
m+4 , r=A

Proof. The graph B, ® W], is a connected graph with vertex
set VB,OW ) ={y:1<sis=njufx;sl<i<nls<
jEsm}u{d;1<i<n} and edgeaet E(B,OW,) =
iyl sisn-DUlgrgelsisnisjs
m-1}ulryrml<i<mu{yx;1<ifnl1<j<
mju{Axli<isni<jsmjulay;1<i<n.
The order of graph B, O W, is |[V(B, © W,,,)| = mn + 2n)
and the size of graph B, O W, is |E(B, © W,,)| = 3mn +
2n - 1.thusA(B, O W) = m + 3.

By observation 2, we have the following

X% (P, O ) 2 mintr, AR, OW,, )} + 1 = min{r,m +

3} +1. To find the exact value of r-dynamic chromatic
number of P, © W, , we define three case, namely for
Xre122(B,QW,), x,—y(B, OW,) and y, (B, @ W,,).
Case 1

Subcase 1.1 F Xre123(By © W), define  c1)
VB, OW,)=>1{1, 2. ... k} where n= 3, m even by the
following:

c (y_)=[1 9 .iadd,léi.ﬁn
11%5% 2 | ieven,|l <i =<n
1 , ieven, 1 <i=n
cutd={; iodf@ <i<n
_[3 , jodd,lsisnl<j<m
€11 (%) = 4 , jeven,l=isnl1<j<m
It easy to see that c11 is map cii: V(B, © Wy, )=>{1,2,3,4},
S0 it givesy,_, 25 (F, @ W, ) =4,meven.
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Subcase 1.2 F(n Xre123P, @W,), define  ci
V(B, O W,)>1{1, 2, .., k} where n= 3, m odd by the
following:
1, iodd,1<i=<n
ClZ{ny:[Z ieven,l <i <n
€12 (A1) = [; i E‘QZ',’HIE- Ls:gnn
3, jodd,1=i=nl=sj=m-1
C(x) =494 , jeven,1sisnl<jsm-1
5, j=m,1<i<n
It easy to see that c12 is amap c12: V(B, © W, )>{1,2,3,4,
5}, soitgivesy,—122(B, @ W,) = 5meven.
Case 2
Subcase 21 For Xr=4(B, © W), define C13:
VB, OW, )21 2, .., k} wheren =23, m =3k, k =1by
the following:

l:_13(}’!_):[1 . _iodd,lSi.En
2 , ieven,l <i<n
1 , feven,l <i<m
€13 (4) =[2 iodd,1<i<n
€13(xy;)
3, j=3t+1Lt=z0F<i<nl<;j<m
=44 , j=3t+2,t=z0,lsis=nl=sj=m
5 , j=3tzLllsisnli<jsm
It easy to see that c13 is amap ci13: V(B © W,)=>{1,2,3,4,
5}, soit given y,_,(B,OW,) =5m =3k, k = 1.
Subcase 2.2 nF(]l' Xrea (B, © W), define Cla:
VB, OW, )>{l, 2, .., k} where n 2 3, m =5 by the
following:

(1, iodd1<i<n
c14(¥;) = 3 ieven,l <i <n

1 , ieven,1<i<n
€14 (4;) —[2 iodd,1<i<n

g €34(X 11, %15, X135, X34, %15) = 3,4,5,6,7

easy to see that c14 is amap c14: V(B, @ W, )>{1,2,3,4,
5,6, 7}, s0 it gives y s (B, OW,) =7,m =5.

Subcase 23 Fm‘ Xres (B, @ W), define C15e
V(B O W, )>{12, ...k} where n = 3, m otherwise by the
following:

i _[1 , lodd.1=i<=n
cis(V) = 2 ieven,l <i <n

1, feven,1<i<n
€15 (47 _[2 , ftodd,l1=i=n

Cls(xi;']
3, j=3t+Lt=01<isnl<j<m-1
4 , j=3t+2t=01<i<nl<j<m-1
5, j=3tt=zlL1<isnl<j<m-1
6 , j=ml<i<n
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R R

2 I
Figd:y,(P, OW,) = 6withn=3, m=4,r=6
It easy to see that c1s is map c1s: V(B @ W, )>{1,2, 3,4,
5,6}, s0it givcsxr=4(Pn O] Wm) = 6, m otherwise.
Case 3.
Subease 3.1 For (Pn OW,)5<r<A-1,define cis
V(B OW,)>1{l, 2, ..., k} where n = 3, m = 3 by the
following:
1, iodd,1<i=n
c16(¥) = {2 , leven,l <i=n

(A _[1 , leven, 1 <i<n
€164 =12 | fodd,1<i<n
C16(X 112205, X33, X4, X 2% 6. %17) = 3,4,5,3,4,5,6,

form=7,r=5
160 11X 12, ¥ 13%14. %15, X 16:%17) = 3,4,5,6,7,4,5,
n form=7r=6
C16(X11,X 12, % 13, X 14,X 15, X 16, %17) = 3,4,5,6,7,8,5,
form=7r=7

1800 X s X s Xns, X R ) = 304N5 6, 7,8, 9,
form=7,r=8
It easy to see that c16 is a map c16: V(B, O W, )> {1, 2, ...,
rt1}, soitgivesy, (B, OW,) =r+1,5<r<A-1.
Subcase 32 For y.(B, OW,),r= A, define c17
V(B OW,, )>{1, 2,..., k} where n = 3, m =3 by the
following:
1, i=3t+1,t=01<i<n
ci;(y)=32 , i=3t+2,t=0,1<i<n
3 , i=3t=1l1<i<n
1 , i=4t+3t=01=<i<n
2, i=4tzl1l<i=n
w)TY13 | j-ar+1,t>01<i<n
4 , i=4t+2,t=201<i<n
17X 11,%12,% 13, ¥14: X 15, X 16) = 4.5.6,7,8,9,
n form=6,r=9
C17 (%00, X 00, XM RO Xo0) = 5,64, 8,9, 10}
n form=6r=9
1700, 207,20 Mg, X 38)- =4, 5,6,7, 8,
n form=5r=8
€17 (621, % 22, X 23, X 24, X25) = 5,6,7,8,9,
form=5r=8
C17(X 11,219,213, %14) = 4,5,6,7,
form=4r=7
C17(021, %22, X23,%24) = 5,6,7,8,
form=4,r=7
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It easy to see that c17 is map c17: V(B, © W,,)=>{l, 2, ...,
mid}, soitgivesy,(B,LOW,) =m +4,r=A.
It concludes the proof.

III. CONCLUSION

We have found some r-dynamic chromatic number of
corona product of graphs, namelyy,(B,OPR,)=
POC)=xPOW,)=r+1ford <r<A-1
andy, (B, © Pm)xr('Pn OC,)=m+3, forr = A. Al
numbers attaina best lower bound. For the characterization
of the lower bound of ¥, (G ® H) forany connected graphs
G and H, we have notfound any result yet, thus we propose
the following open problem.

Open Problem 1. Given that any connected graphs G and
H. Determine the sharp lower bound of xr(G ® H).
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