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Abstract

Locating dominating set (LDS) is one of the topics of graph theory.
A set D c V' of vertices in graph G is called a dominating set if every

vertex u € V' is either an element of D or adjacent to some element
of D [3]. The domination number is the minimum cardinality of

dominating set and denoted by y(G). Domination set D in graph
G =(V, E) is a locating dominating set if for each pair of distinct

vertices u and v in V(G)— D we have N(u)\ D = N(v) D, and
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Nw)N D=3, Nv)ND =, where N(u) is the neighboring set
of u. Locating domination number which is denoted by y;(G) is the

minimum cardinality of locating dominating set [4]. This research
aims to determine locating dominating set of some joint product of
graphs and its relation with its basis graphs. Simple graphs used here
are star graph, helm graph, triangular book graph and prism graph.

1. Introduction

Dominating set (DS) was studied mathematically for the first time in
1960s and rapidly increasing in 1970s. The set D < V' of vertices in graph

G = (V, E) is called a DS if each vertex v € V' is either an element of D or

adjacent to an element of .S [3]. Domination number of G is the minimum
cardinality of a DS in G, and denoted by y(G). One of the applications of
DS that we can see in our daily life is at chess game. At the chess game, we

determine minimum number of queen’s movement to cover all the positions.

After DS was developed, other theories developed include independent
dominating set (IDS), total dominating set (TDS), and then in 1987 locating
dominating set (LDS) was introduced by Slater [4]. LDS is DS with
additional condition. DS D in graph G = (V, E) is an LDS if for each

pair of distinct vertices u and v in ¥V(G)— D, we have neighbor of u, v
intersection with dominator D not having the same value and non-empty;
denoted by N(u)N D = N(v)ND, Nu)ND=#3 and N(v) D = O,
where N(u) is the neighboring set of u. Locating domination number which
is denoted by v;(G) is the minimum cardinality of LDS [4]. Slater et al.
[9-12] firstly studied the concept of LDS, an LDS of order y; (G) is called a

Y1.(G)-set. Some studies about domination number can be seen in [13-15].

In this paper, we determine the upper bound of locating domination
number y;(G) of the joint product of graphs. The definition of the joint
product of graphs is taken from [5]. The joint product of graphs G and H
which is denoted by G = G + H is the graph with V(G) =V(G)UV(H)
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and E(G)=EG)UEH)U{uv|u e V(G), v e V(H)}. The joint product
of graphs is produced by connecting each vertex on G with each one of H.

2. Result

In this section, we have eight theorems about upper bounds of LDS of
some joint product of graphs. The simple graphs used in this paper are

triangular book graphs (BT,), star graphs (S,), helm graphs (H,) and
prism graph (5 »).

Theorem 1. For u>4 and k>3 of H,+ Bty, vi(H, + Bty)

<u+k.

Proof. The joint product graph H, + Bt; is a connected graph with

vertex set and edge set, respectively. V(H, + Buty) = {a}U{x;; r=1,2
and s k..., 7} U {80, 2 U {y, #8= 1, ... .5} dhg

E(H, +Bty)={ax\; r =1, ., ulU{xlx?; r =1, .., u}
Ufapagass 7 =L o e — 1 U o} U By, }

U {b, iy " ind s =1, "8k HllRas 8 =il

U {ay ERrESR s, . . A, 20 — P ann=ni, |
U{gysr=12,s=1.,uand t =1, .., k}.

The cardinalities of H, + Bt are |V(H, +Bt;)|=2u+k+3 and
| E(H, + Bt;) = 2uk + Tu + 3k + 3|

We will show that y; (U, + Bt;) < u+k by choosing D = {x';
r=1.,u-1U{y;s=1..,k—-1}U{a b} as the dominator set of
H,+ Bty for u>4 and k=3 so that |D|=u+k, and the non-

dominator set of H,, + Bty is V=D ={x2;r=1,..,u—1}U{by, x\, x2, y; .
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Furthermore, we can determine the intersection between the neighborhood
N(v) with v € ¥(G) — D and the dominator set D as follows:

NB)ND ={xlsr =1, o u=13U{ygs =1, o, k=13U {a, i},
NCDND =1{ygs=1,., k=13U{a by, o, xh_1},

NGAND = Uy s =1 k=10U B r =1, oy u—1,
NGHND = {ygs=1. k-1}U (B},

NOOND ={b r =10, u-13U {a, b ).

Based on the explanation above, the intersection between the
neighborhood N(v) with v € ¥(G)— D and the dominator set D are

different and are also not an empty set, so that we can say that the dominator

set D dominates all the vertices on H,, + Bt;, and fulfill the condition of
LDS. Thus, v;(H, + Bty ) <u + k for u > 4 and k > 3. O

Since y;(H,) =u [8] and y;(Bt,) = u [7], the relation between LDS
of H, + Bt; with its basic graph is vy (H, + Bt;) < vy (H,) + y1(Bt;,) for
u>4 and k£ > 3.

Theorem 2. For u>4 and k23 of H,+ Sy, vi(H,+S;)<
u+k+1.

Proof. The joint product graph H, + S; is a connected graph with
vertex set and edge set, respectively. V(H, + S;) = {a, b}U {x/;r=1,2
and s =1, ., ulU{y,;r=1,..,k} and E(H, +S;) = {axi; r=1,..,utU
Gl r =1, UGl s r =1 L u DU Y Udby,s r =1, .., k)
UfabtU{ay,;r =1, .., k}U{bxi; r=1,2ands =1, .., utU{x;y,;; r =1, 2,

s=1,.,uand=1,.., k}. The cardinalities of H, + Bt are |V (H, + S})|
=2u+k+3and|E(H, +S,)|=2uk +5u+ 2k + 1.
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We will show that y;(H, +S;)<u+k—-1 by choosing D =

(xir=1 ., u-13U{y;s=1..,k-1yU{b} as the dominator set of
H,+S; for u>4 and k>3 so that |D|=u+k—1, and the non-

dominator set of H, + Sy is V =D ={a, x., x2, y \U{x r =1, . u—1}.
Furthermore, we can determine the intersection between the neighborhood
N(v) with v € ¥(G) — D and the dominator set D as follows:

N@)ND={xr=1 ,u-1U{yg;s=1, .., k-13U{b},
NG OD =1{yg s = L k=B U {4, 5y, B},

NCHND =L Uy s =1, ., k-BUBLr=1,..,u—-1,
NG2ND = {5 =1, o, k-1 U {B),

N )ND ={xr =1, .., u—-1U{B}.
Based on the explanation above, the intersection between the
neighborhood N(v) with v € ¥(G) — D and dominator set D are different

and also not an empty set, so that we can say that the dominator set D

dominates all the vertices on H, + S; and fulfills the condition of LDS.
Thus, y;(H, +S;g)<u+k—1foru >4 and k > 3. O

Figure 1. Join product of H3 and Bt;.
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Figure 2. LDS of H, + Bt;.

Since v;(H,) =u [8] and y,(S,) = u [6], the relation between LDS
of H, +S) with its basic graph is y;(H, + S;) < v, (H,) +v.(S;) -1

for u > 4 and k£ > 3.

Theorem 3. For u > 2 and k >3 of Bt, + Sy, v (Bt, +S;)<u+k.

Proof. The joint product graph Bt, + S; is a connected graph with
vertex set and edge set, respectively. V(Bt, +S;)={a;r=12}U
{x;r=1.,ufU{ptU{y,;r=1,.., k} and E(Bt, +S;) = {aay} U {a,x,;
r=L2and s=1.,;ulU{by,;i=1, .., k}U{ab;r=1,2}U{a,y;r=1,2
and s = 1, .. SREERIEEGERANE N o/ 1B Sy - oSN NARS . .., ).
The cardinalities of Bf, +S;, are |V(Bt, +S;)|=u+k+3 and
| E(Bt, + Si)| = uk +3(u + k +1).

We will show that y;(Bt, + S;) <u+k by choosing D = {a, b}
Ul r=1L.,u-1U{y;s=1,..,u—1} as the dominator set of
Bt, + S; for u 22 and k > 3 sothat | D| = u + k, and the non-dominator
set of Bt, + S, is V =D = {ay, x,,, y;}. Furthermore, we can determine
the intersection between the neighborhood N(v) with v € V(G)— D and

dominator set D as follows:
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N(ay)ND ={a, byUfx,;r =1 ou-11U{yss=1,.., k-1},
N(x,)ND ={a;, b}U{ys; s =1, ..., k — 1},

Ny )ND ={a;, b}U{x,; r=1,..,u—1}.

Based on the explanation above, the intersection between the
neighborhood N(v) with v € ¥(G) — D and dominator set D are different

and also not an empty set, so that we can say that the dominator set D
dominates all the vertices on H,, + S; and fulfills the condition of LDS.

Thus, y;(Bt, +S;)Su+k foru >2 and k > 3. O

Since y7(Bt,) =n [7] and y;(S,) = n [6], the relation between LDS
of Bt, +S; with its basic graph is y;(Bt, + S;) < yz(Bt,)+ v, (S;) for
u>?2 and k > 3.

Theorem 4. For u, k > 4 of H, + F; 5, y(H, + F o) <u+k+2.

Proof. The joint product graph H, + B , is a connected graph with
vertex set and edge set, respectively. V(H, + B, ;) = {a} U{xg; r =1,2
and s =1, Lufld{y;;7=12"%nd s=1,.,k}and E(H, +PF, ;)=
fax; r =1, up ULds2r=1 o udU el s r=1 . u -1 U{dx U
Dyt r =L k=BU I U 7 v 7 = Lo k= BU O£ 923U (107
r=1.,kfUf{el;r=1L2and s=1,.,u}U{ly;r=1,2s=1,..u4,
t=1,2and [ =1,..., k}. The cardinalities of H,, + P , are | V(H, + P ,)]|
=2u+k+1and | E(H, + B 5) | = 4uk + 3u + 5k.

We will show that y,(H, + P )| <u+k—2 by choosing D=

{x,l,; r=1,.,u-1}U {y}; s=1,.,k—-1} as the dominator set of

H, + B, for u, k>4 so that | D|=u+k—2, and the non-dominator

set of H, + F o is V-D = {a, x;,xg,yllc,y;%}U{x,g;rzl, o u—1}
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U {yf; s =1, ..., k —1}. Furthermore, we can determine the intersection
between the neighborhood N(v) with v € ¥ (G) — D and the dominator set

D as follows:
Na@)ND={xsr=1.,u-13U{lis=1, ., k-1},
NGDND ={ls =1, k=13U ), x4},
N(xrz)ﬂ D = {xl}U {yi; s=Lu.,k=1}r=1,.,u—1,
NCHND ={l s =1, k-1},
Ny )N D ={; 7=k .ou =1} U B, yiit),
N2 )D = {xl; o gl LL{yL ) s = 180 K - 1,
NOAYND ={x;r=1,.,u—1}.

Based on the explanation above, the intersection between the
neighborhood N(v) with v € V(G)— D and the dominator set D are

different and also not an empty set, so that we can say that the dominator

set D dominates all the vertices on H, + F; , and fulfills the condition of

LDS. Thus, y.(H, + P 2) < u+k—2 for u, k > 4. O

Since vy, (H,)=n [8] and v, (B, ,)=u [6], the relation between
LDS of H, + P, , with its basic graph is v, (H, + P ) < v.(H,)+
V(P o) —2 for u, k > 4.

Theorem 5. For u>2 and k >4 of Bt, + P 5, y(Bt, + P 7)<
u+k-1.

Proof. The joint product graph Br, + F; , is a connected graph with
vertex set and edge set, respectively. V(Bt, + P ;) ={a,;r=1,2}U

ar=1 . ufUlysss=12and r =1,.., k} and E(Bt, + B 5) = {aay}
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Ufaxg;r=1L2ands=1,..,ufU{yiyi;r=,2and s=1,..,k-1}U

v r=L2U000% r=1 ., BU{apr=1,2,5s=1,2 and =
L., kfU{x,y’5r=1,..,u,s =12 and ¢ =1, ..., k}. The cardinalities of
Bt, + P o are | V(Bt, + P 5) | =u+2k+2 and | E(Bt, + P ,) | = 2uk

+2u+ 7k +1.

We will show that y;(Bt, + B 5)<u+k—1 by choosing D =

{x;r=1.,u-1}U {yi; s=1,.,k—-1}U{a} as the dominator set of

Bt, + P, for u>2 and k >4 so that |D|=u+k—1, and the non-

dominator set of B, + P, is V=D ={ay, x,, v, yi U2, s =
1, ..., k —1}. Furthermore, we can determine the intersection between

the neighborhood N(v) with v € V(G)— D and the dominator set D as

follows:
N@)ND={x;r=1.,u-3U{Ls=1 .., k-1}U{q)}
Nx)ND={ s =1, .., k-1}U{q)},
NOOND = x5 7 =1, o u— 13U {ay, v, viak,
NODND ={x;r=1,. ., u-BUN Ulals=1, .., k-1,

NORYND ={x;r =1, .., u—-1}U{q ).

Based on the explanation above, the intersection between the
neighborhood N(v) with v € ¥(G)— D and the dominator set D are

different and also not an empty set, so that we can say that the dominator set

D dominates all the vertices on Bt, + Py , and fulfills the condition of LDS.

Thus, yz(Bt, + P o) <u+k—1foru>2and k 2 4. O

Since yr(Bt,) =u [7] and yy (B, ) =u [6], the relation between
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LDS of Bt, + B, , with its basic graph is vy, (BT, + F; ) <y, (Bt,) +
V(P 2)—1 for u>2 and k > 4.

Theorem 6. For u, k >3 of S, + S, vr (S, +Sg)<u+k—1.

Proof. The joint product graph S, + S, is a connected graph with
vertex set and edge set, respectively. V (S, + S;)={a, b}U{x,; r—1, ..., u}
U{ysr=1..,k} and E(S, +Sg)={ax;r=1 .., ufU{by;r=1,.., k}U
{abyUfay,; r =1, ., k}U{bx,; r =1, ., ufU{x, v i=1,..,uands =
1, ..., k}. The cardinalities of S, +S; are |V (S, +S;)| =u+k+2 and
| E(S, + Sg)| = uk +2(u + k) + 1.

We will show that y;(S, +Sg)<u+k—-1 by choosing D =
{x;r=1L.,u-1U{yss=1.,k-1}U{p} as the dominator set of
S, + Sy for u, k 23 so that | D|=u+k —1, and the non-dominator set
of S,+S; is ¥ -D = {a, x,, y;}. Furthermore, we can determine the
intersection between the neighborhood N(v) with v € V(G) — D and the

dominator set D as follows:
N@ND=fx;r=1.u—-1U{p;s=1.,k—13U b},
Nx,)ND ={ygs =1 ... k—1}U b},
Ny )ND={x;r=1,..,u-1}U{b}.

Based on the explanation above, the intersection between the
neighborhood N(v) with v e ¥(G)— D and the dominator set D are

different and also not an empty set, so that we can say that the dominator set
D dominates all the vertices on S,, + S and fulfills the condition of LDS.

Thus, y7(S, + S;) <u+ k-1 for u, k > 3. O

Since v7(S,) = u [6], the relation between LDS of S, + S, with its
basic graphis v (S, + S;) < v(S,) + v (S;)—1 for u, k > 3.
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Theorem 7. For u>3 and k>4 of S, + B2, y.(S, + B 7)<
u+k-—2.

Proof. The joint product graph S, + F; » is a connected graph with

vertex set and edge set, respectively. V(S, + B, ) ={a} U {x,; r =1, ..., u}
U{yi;r=1L2ands=1,.., k} and E(S, + Peo)=dax,;r=1,..,upU
iviepr=L2ands=1,...k-1UD{yi: r=1,2}U {y}yf; r=1,.., kU
{ayl;r=1,2 and s=1,...k}U{x. ) ;r=1.,u,s=12andt=1,.., k}.
The cardinalities of S, + P, are |V(S, + P o)|=u+2k+1 and
| E(S, + B 2)| = 2uk + u + 5k.

We will show that y,(S, +F 2)<u+k—2 by choosing D =

X r=1,""% — 1} U {yi; s=1,.,k=1} as the dominator set of
Sy + Pn for u>3 and k>4 so that |D|=u+k -2, and the non-

dominator set of S, + P 5 is V —D ={a, x,, v, ylUOZ s =1, . k—1}.

Furthermore, we can determine the intersection between the neighborhood
N(v) with v € ¥(G) — D and the dominator set D as follows:

N@ND={x;r=1.,u-BU{s=1., k-1,
Nax)ND={pls=1.., k-1,

NOWDND ={x;r =1 ., u- 13U vi),
NOHND=fxsr=1.ou-BUOs=1 ., k-1,

NORND ={x;r=1,.,u—-1}.

Based on the explanation above, the intersection between the
neighborhood N(v) with v € ¥(G)— D and the dominator set D are

different and also not an empty set, so that we can say that the dominator
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set D dominates all the vertices on S, + F , and fulfills the condition of

LDS. Thus, v, (S, + P ) <u+k—2 foru >3 and k > 4. O

Since v (S,) = u and y; (P, ) = u [6], the relation between LDS of
Sy + P with its basic graph is v (S, + Pk,z) <yr(S,)+ YL(Pk,Z) -2
for u > 2 and k > 4.

Theorem 8. For u >3 and k>4 of B, o+ P 2, vr(B, 2+ Fr2) <
u+k—2.

Proof. The joint product graph F, 5 + F , is a connected graph with
vertex set and edge set, respectively. V(B , + P ;) = {xg; r =1,2 and
s, up Uy =1, 2 andgsy="1," k) andy E(F, 5 +'B; ;) = {x;x5yy;
r=1,2and s=1,.,u—QU{&X;r=120U {2 r=1, ., 0t UHT Vo
r=1,2and s=1.,k-BU{O{ v i=120U{y?i=1,.., m}U{x}ylk;
i=1,2,j=1,.,nk=12and!=1,.., k}. The cardinalities of P,oo+F o
are | V(Pu’z + Pk,z) | =2(u + k) and | E(Pu’z + Pk,z) | = 4uk + 3u + 3k.

We will show that vy, (B, , + P o) <u+k~2 by choosing D =

{xi; r=1.,u-1}U {ybln; s=1,.,k—-1} as the dominator set of

P, o+ P o for u>3 and k >4 so that |D|=u+k -2, and the non-
dominator set of B, 5 + F; 5 is V-D={xl, x2, v,y U2 r =1, u—1}

U{ yr2 ;7=1,..., k—1}. Furthermore, we can determine the intersection
between the neighborhood N(v) with v € ¥(G) — D and the dominator set

D as follows:
N(x,) N D 4, SRl v B, . W1},

N(yllc) ND = {y11> yllc—l} U {xllf; p—— T 1}’
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N(xi)ﬂ D = {y;; s=1,.,m-1},
N(y,%)ﬂ D = {xi; r=1.,u—1}
NGAOND =4k r=1 ., u-13U{yl s =1, ., k—1},
NOHND = s r =1, u=1JU s =1 k=1

Based on the explanation above, the intersection between the

neighborhood N(v) with v € ¥(G)— D and the dominator set D are

different and also not an empty set, so that we can say that the dominator

set D dominates all the vertices on F, 5 + F} , and fulfills the condition of

LDS. Thus, v, (P, 5 + P p) <u+k—2 for u >3 and k > 4. O

Since (P, ») = u [6], the relation between LDS of P, , + P , with
its basic graph is v, (B, » + P 2) < vr(B,2) + v (P 2) =2 for u > 3 and
k > 4.

3. Concluding Remarks

In this paper, we have determined upper bound of locating domination
number of some joint product of graphs G + H. But, it still gives the

following open problem:

Open problem 1. For a connected graph G, determine y;(G) in any of

the operation graphs.
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