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A simple graph G = (V, E) is said to be an H-covering if every edge of G belongs to at least one subgraph isomorphic to H. A
bijection f: VUE — {1,2,3,...,[V| + |E|} is an (a,d)-H-antimagic total labeling of G if, for all subgraphs H' isomorphic to H,
the sum of labels of all vertices and edges in H " form an arithmetic sequence {a,a+d,...,(k—1)d} wherea > 0,d > 0 are two fixed
integers and k is the number of all subgraphs of G isomorphic to H. The labeling f is called super if the smallest possible labels
appear on the vertices. A graph that admits (super) (a, d)-H-antimagic total labeling is called (super) (a,d)-H-antimagic. For a
special d = 0, the (super) (a,0)-H-antimagic total labeling is called H-(super)magic labeling. A graph that admits such a labeling

is called H-(super)magic. The m-shadow of graph G, D,,(G), is a graph obtained by taking m copies of G, namely, G;,G,,...,G,,,

and then joining every vertex u in G;, i € {1,2,...

,m — 1}, to the neighbors of the corresponding vertex v in G;, ;. In this paper we

studied the H-supermagic labelings of D, (G) where G are paths and cycles.

1. Introduction

Graph theory is a branch of discrete mathematics that has
been grown rapidly. There are many applications of graph
theory in other fields such as computer science, physics,
chemistry, biology, engineering, and sociology [1]. A graph
G is a pair of two sets, i.e., V(G) and E(G). These two sets,
respectively, represent a vertex set of G and an edge set of
G. The number of vertices in G is denoted by [V(G)| and
the number of edges in G is denoted by |E(G)|. Other basic
terminologies about graph theory that are not mentioned in
this paper can be seen in [2]. Note that all graphs considered
in this paper are simple, finite, and undirected. By notation
[a, b] with a, b integers we mean {x € N | a < x < b}.

One of important topics in graph theory is graph labeling.
A graph labeling can be defined as a mapping from some
set of graph elements to a set of positive integers. A graph
labeling whose domain is vertex set or edge set is called a
vertex labeling or an edge labeling, respectively. Moreover,

if domain is both vertex set and edge set, then we call such
labelings as a total labeling.

An edge-covering of a graph G is a collection of subgraphs
H,,H,, ..., H; such that every edge of G belongs to at least
one of subgraphs H;, i € [1,k]. In this case, G is said to be
an (H,, H,, ..., Hy)-(edge) covering. If every subgraph H; is
isomorphic to a given graph H, then G is said to be an H-
covering.

For a graph G admitting an H-covering, an (a,d)-H-
antimagic total labeling of G is a bijection f: V(G)UE(G) —
{L,2,...,]IV(G)| + |IE(G)|} such that, for all subgraphs H'
isomorphic to H, the H'—weightwt(H’), which is defined
by wt(H') = Y ey fO) + Yoeper f(wv), forms an
arithmetic sequence {a,a + d,...,(k — 1)d} where a > 0,
d > 0 are two fixed integers and k is the number of all
subgraphs of G isomorphic to H. The labeling f is called
super if the smallest possible labels appear on the vertices. A
graph that admits (super) (a,d)-H-antimagic total labeling
is called (super)(a,d)-H-antimagic. For a special d = 0,
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the (super) (a,0)-H-antimagic total labeling is called H-
(super)magic labeling. A graph that admits H-(super)magic
labeling is called H-(super)magic.

The notion of super (g, d)-H-antimagic total labeling was
firstly introduced by Inayah, Salman, and Simanjuntak [3].
In 2013, Inayah et al. [4] studied super (a,d)-H-antimagic
total labeling of a shackle graph shack(H, v, k). Dafik et al.
[5] introduced a generalized shackle of graph denoted by
gshack(H,K < H,k). They showed the existence of super
(a,d)-H-antimagic total labeling of gshack(H,K < H,k)
when K = K,. Furthermore, Dafik et al. [6, 7] studied
about H-super antimagicness of disconnected graphs as
well as constructions of H-antimagic graphs using smaller
edge antimagic graphs. More results about super (a,d)-H-
antimagic total labeling can be seen in [8-11].

The notion H-supermagic labeling was firstly introduced
by Gutiérrez and Llad¢ [12]. In their paper, they investigated
star-(super)magic and path-(super)magic labelings of some
classes of connected graphs. Maryati et al. [13] studied P,-
supermagic labeling of some classes of trees, i.e., shrubs and
banana trees. For more results about H-supermagic labeling
can be seen in [14].

In this paper, we investigate the H-supermagic labeling of
graphs, namely, m-shadow of graphs which is a generalization
of a shadow graph introduced by [15]. The m-shadow of graph
G denoted by D,,(G) is a graph obtained by taking m copies
of G, namely, G,,G,, ..., G,,, and then joining every vertex u
in G;,i € [1,m — 1], to the neighbors of the corresponding

¥+(k—l)(§)+l

i—k (n—r

T‘f‘(k—l) +1>+1

i—<
ms

ﬂ+(k—1)(g)+r+l
t t

To label the edges of D,,(P,), first, let ¢ = n — 1. Next, label
every edge as follows:

F (Vi) =vs tmn (j=1) (-1,
for j e [1,m]

f(vijvjﬂ):y;+mn+m(n—1)+(j—1)(n—1),

i+1

vertex v in G,,,. We have proved that D,,(G) admits H-
supermagic labelings for some classes of graph G, namely,
paths and cycles.

2. Main Results

2.1. D,,(P,)-Supermagic Labeling of D,,(P,). In this part, we
present the H-supermagic labeling of m-shadow of paths.
Let D,,(P,) be the m-shadow of paths with vertex set
v(D,,(P,)) = {v{ | i € [1,n], j € [1,m]} and edge set
E(D,,(P)) ={vlvl lie (Ln—1],j€ [1,m]}u{v{v{++1‘ |ie
[L,n-1],j € [1,m-1}u{v), v/ |i e [1,n-1], € [1,m-1]}.
Next, we will show the existence of H-supermagic labeling of
D,,(P,) in the following theorem.

Theorem1. D, (P,) is D,,(P,)-supermagic for any integer m >
2,n>4andt € [3,n—1].

Proof (let G = D,,(P,)). Define a total labeling f : V(G) U
E(G) — {1,2,...,|V(G)| + |E(G)|}. In constructing the total
labeling f, we distinguish between the vertices labeling and
the edges labeling. First, label every vertex of D,,(P,) in the
following way.

F()=vi+(-Dn for je[Lm] 1)
with
for n=0(mod¢t);
i=kt+k2t+k,...,n—t+k;
ke [1,t]
for n=r(modt), r € [1,t —1];
i=kt+hk2t+k..n—r+k @)
kell,r]
for n = r (modt), r € [1,t - 1];
i=kt+k2t+k,...,n—r—t+k;
kelr+1,t]
for j e [1,m—1]
f(vfﬂvlj“) :y;+mn+m(n— D+(m-1)(n-1)
+(j-1)(n-1),
for je [1,m—1]
3)

with
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for g = 0(mod (f — 1));
i=kt+k-1,2(t-1)+k,...
ke[l,t-1]

n—t+k;

for g = s(mod (t — 1)), s e [1,t-2];
i=kt+k-1,2(t-1)+k,...
k €[1,s]

n—1-s+k;

+1> for g = s(mod(t—1)), s e [1,t-2];

i=kt+k-1,2t-1)+k,....n—s—t+k;

kel[s+1,t—1] @
4

for g=0(mod (t—1));
i=kt+k-1,2t-1)+k,....,.n—t+k;

for g=s(mod (t-1)), s [1,t-2];
i=kt+k-1,2t-1)+k,....n—-1-s+k;

for g=s(mod(t-1)), s e [1,t-2];

[ i-k n-1
keun(i)
t—1+( ) t—-1
——l_k+(s—k+1)<n_s_l+1>
; t—1 t—1
Y2 =7
_z—k+(t_k)<n—s—l>+s<n—s—1
t—1 t—1 t-1
ﬂ+(k—1)<n_1>+1
t—1 t—1
ke[l,t-1]
ﬂ+(k—1)(n_s_1+l>+1
; ? 21 o
Vs 3
k e [1,s]
ﬂ+(k—1)<n_5_1>+s+1
t-1 t—1

It can be checked that f(V(D,,P,)) € [1l,mn]. For z €
[1,m -t + 1], let Dm(Pt(Z)) be sub-m-shadow of paths with
V(D,(P?) = (v | i € [z,z+t~1],j € [I,m]} and
E(D,(P?)) = {v/vl. | |i € [z,z+t-2], j € [Lm]}u{v/v/!]
iclzz+t-2je[Lm-1ulv, V" |ielzz+t-2],
j € [1,m — 1]}. It can be shown that

F) =) -1

forie[l,n—t] and j € [1,m]

f (VIJV1]+1) =f (V1j+t—lvzj+t) +1,
forie[l,n—t] and j € [1,m]

f(VzIVzJJ:rll) = f(szth—l i:tl) -1
forie[l,n—t] and j e [1,m — 1]

Fla!™) = F (vl + 1

forie[l,n—t] and j e [1,m—1]

©)

Furthermore, it can be shown that V(Dm(Pt(z))) n
V(D,,(PE™)) = (v i€ [z+1,z+t-1],j € [1,m]} and

E(D,,(P?)) N E(D,,(PF™)) = (v/v]  lie[z+1,z+t-2],

\t i+l
joe Lmlbu vl | i e [z+ Lz+t - 2],
jellm-1yui, V" i e lz+Lz+t-2],

i=kt+k-1,2(t-1)+k,...
kel[s+1,t—1]

,MN—s—t+k;

j € [1,m—1]}. By combining these pieces of information, we
obtain

(e ()= 3

1=2 j=1
z+t=2 [ m-1 B
5 (Sre)
i=z j=1
z+t=2 [ m-1 .
5 (Brenr)
i=z j=1
z+t m . (6)
-3 ($r00)-n
i=z+1 \ j=1
z+t=1 [ m L
5 (Bre)em
i=z+1 \ j=1
z+t—-1 [ m-1 L
. ( f(mz::))—w—n
i=z+1 \ j=1
z+t-1 [ m-1 . .
5 (Sren)
i=z+1 \ j=1

+(m-1)=wt (Dm (Pt(“l)))
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FIGURE 1: D;(P;)-supermagic labeling of D;(P,) with magic constant ¢ = 697.

Let wt(Dm(Pt(l))) = ¢ be the magic constant. For the value of
¢, consider the following cases:

(i) For n = 0 (mod ¢) and g = 0 (mod (f — 1)), it can be
verified that ¢ = —8ntm + 2nt + 8ntm* — 3t + 8mit —
(9/2)m’t + 8mn + 3 — (15/2)m — 2n — (15/2)nm* +
(9/2)m?.

(ii) Forn =0 (mod t) and g = s (mod (t—1)),s € [1,¢ -
2], it can be verified that ¢ = —(9/2)m?*t — 8ntm +
(3/2)smt + 8mt + 2nt — st + 8ntm?* — 3t — 2n + Smn —
(15/2)nm? — (3/2)sm + 3 = (3/2)s*m + (9/2)m* + s* —
(15/2)m + s.

(iii) Forn = r (mod t),7 € [1,t—1],and g = 0 (mod (¢ -
1)), it can be verified that ¢ = 2nt — 3¢ + 8mt + 8ntm* +
(1/2)trm—8ntm—(9/2)m*t +(9/2)m* +3—2n+8mn—
(1/2)r*m — (15/2)m — (15/2)nm?.

(iv) Forn =r (mod t),r € [1,t = 1],and g = s (mod (t -
1)), s € [1,t—2], it can be verified that ¢ = —st + 2nt —
(9/2)m*t + 8ntm?® + (1/2)trm —8ntm+ (3/2)smt — 3t +
8mt —(3/2)sm— (15/2)nm* + 8mn + (9/2)m* + s —2n+
3—(3/2)s’m + s* — (1/2)mr* — (15/2)m.

Therefore, D,,(P,) is D,,(P,)-supermagic for eachm > 2,n >
4,and t € [3,n—1]. O

For an illustration, we give an example of H-supermagic
labeling of D, (P,) in Figure 1.

’¥+(k—l)<%>+l

Y1 =9

2.2. D,(C,)-Supermagic Labeling of D,,(C,). In this part,
we focus on the H-supermagic labeling of m-shadow of

cycles. Let D, (C,) be the m-shadow of cycles with vertex
set V(D,,(C,) = (v | i € [L,n],j € [1,m]} and edge set
E(D,(C) = v, liell,n-1],je[Lm}u{vl|je
[Lml}u (v i€ [Ln=1],je[1,m=11}u vt | je
[Lm-1}uiv, v ie[Ln-1],j € [1,m-1u{vivi*! |
j € [1,m — 1]}. Next, the H-supermagic labeling of D,,(C,)
will be shown in the following theorem.

Theorem 2. D, (C,) is D,(C,)-supermagic for any integer
m>4,n=3andt € [3,m—1].

Proof (let G = D,,(C,)). Define a total labeling f : V(G) U
E(G) — {1,2,...,|V(G)| + |E(G)|} in the following way:

(i) Label the sets {v/ | i € [1,n], j € [Lm]}Uu (Vv |ie
[1,n—1],j € [1,m]} U {viv{ | j € [1,m]} as follows:

f(vf)zy{+(i—l)m, for i € [1,n]
f(":l i;1)=y5+mn+(i—l)m, forie[l,n-1] (7)

f(viv{):y§+mn+m(n—l)

for m = 0(modt);
jkt+k2t+k,...om—t+k;
ke [1,t]

for m=r(modt), r € [1,t —1];
j=kt+k2t+k,...
ke [l,7]

,m—r+k;

for m =r(modt), r € [1,t —1];
j=kt+k2t+k,...om—r—t+k;
kelr+1,t]
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[ j-k m
——+(t—k+l)<?> for m =0 (modt);
j=kt+k2t+k,...om-t+k;
ke [1,t]
K 3
—]T+(r—k+1)<m r+1) for m=r(modt), r e [1,t—1];
Ygz ] j=kt+k2t+k,...om-r+k;
kell,r]
—ﬂ+(t—k+l)<mt—r)+r<mt_r+l> for m = r (modt), r € [1,t —1];
j=kt+k2t+k,...om-r—t+k;
k e[r+1,t]
®)
(ii) Label the sets {vljvf:ll liel[l,n-1],je[l,m-1]}U f(viv{“) = yg +2mn+ (m-1)(n—-1)
j.jtl ) r j alsl | - = : ) . :
tvr” | j e =L} Ui, Vi { c Lin gy s _ A 1) (- 1),
(1, m-11}u{v]v/"" | j € [1,m—1]}. To label these sets,
first, let g = m — 1. Next, label the sets in the following forie[l,n—1]
way: f(v{vf;ﬂ)=yi+2mn+(m—1)n+(m—1)(n—1)
f(v{mj:ll)=y§+2mn+(i—1)(m—1), 9)
forie[l,n—1] with

%+(k—1)<rf-ll>+l for g = 0(mod (f — 1));

j = Iegt it ], 2. (NSO B+ [
kel[l,t-1]

i—1+(k_1)<mt 51 1+1)+1 for g = s(mod (t—1)), s € [L,t-2];

Vs = j=kttk=1,2(t-1)+k...,m—-1-s+k
ke [l,s]
1{;1+(k_1)<mt_s >+s+1 forg=s(mod(t-1)), se [1,t-2];
j=kt+k-1,20t-1)+k,....m—-s—t+k;
kel[s+1,t-1]

—;1+(t-k)(’:—_11> for g = 0 (mod (£ —1)3 (10)
j=kt+k=-120t-1)+k,....m—-t+k
kell,t-1]

—t;+(s—k+1)(mt_s1 ! +1) for g=s(mod(t-1)), se[L,t-2];

¥i= 1 j=kttk-120-1) +k....m—-1-s+k
ke [1,s]

—]_—1+(t—k)(m_$1 1)+s<mt_sl_1 +1> for g=s(mod(t-1)), se[l,t-2];
j=kt+k-1,20t-1)+k,....m—-s—t+k;
kels+1,t-1]
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It can be seen that f(V(D,,(C,))) € [1,mn]. Let D,(C"),
Dt(Cflz)),...,Dt(Cflm_t”)) be sub-m-shadow of cycles with
V(D) = (v | i € [Ln],j € [zz+t-1] and
E(D,CP) = vV, lielln-1],j€[zz+t-1]Uuvv] |
j € [zz+t—1]U{vlv1}+l |ie[l,n-1],j € [z,z+1 -
AUVt | jelzzrt 210 VT 1ie [Ln-1],
je [z,z+t 2] U{v{v{l“ | j € [z,z+t—2].1It can be checked
that

F)=r() -1,
for i € [1,n] and j € [1,m - t]
Fvia) = £ ) 1,
forie[l,n-1] and j€[l,m 1]
£ (mv) = £ () + 1, for je [1m 1]
FO) = £ () = (1)
forie[l,n—1] and j € [1,m —¢]
FE) =) -1, forje(lm—1]
£l = £ (A 1
forie[l,n—1] and j € [1,m —¢]

PO )= S (AT w1 for e

Furthermore, for z € [1,m —t + 1], it can be shown that
V(D,(CONNV(DCEV)) = (V] i€ [1,n], ] € [z+1, 2+t~
1]} and E(D,(C{?)) 0 E(D,(C; Z“))) = (il lie[l,n-1],
jelz+lz+t-1JJu{viv] | j e [z+1 Z+t— 1]}U{v’v’+1 |ie
[L,n—1],j € [z+1,z+t— 2]}U{v{, v |] € [z+1,z+t-2]}u
o v lieln-1Ljelz+1,z+t =2 u{vjvit | je
[z + 1,z +t — 2]}. By combining these pieces of information,
we have

wt (D, (C,7))

International Journal of Mathematics and Mathematical Sciences

(3560)-ne5( 3 o)

j=z+1

n-=1 [ z+t-1

(5 000
i=1 \ j=z+1
z+t-1

+ 2 [l -1

j=z+1

Z(Z f(m{“)>+<n— 1

j=z+1

Zit1

+Zf(

=z+1

Vi) +1 = wt (D, (CF))
(12)

Let wt(Dt(Cfll))) = ¢ be the magic constant. For the value of
¢, consider the following cases:

(i) Form = 0 (mod t) and g = 0 (mod (t — 1)), it can be
verified that ¢ = 8mn’t — 2tn” + 2nt — n— 6mn* + 2n°.

(ii) Form = 0 (mod t)and g = s (mod (t-1)),s € [1,¢-
2], it can be verified that ¢ = 8mn?t —2tn* +nts+2nt —
n—ns — 6mn* — ns> + 2n°.

(iii) Form = r (mod t),r € [1,t—1],and g = 0 (mod (t -
1)), it can be verified that c = 8mn’t+2nt +nrt —2tn>—
n—6mn’ +2n° — nr’.

(iv) Form =r (mod ¢t),r € [1,t—1],and g = s (mod (¢ -
1)),s € [1,¢ — 2], it can be verified that ¢ = 8mtn® —
2tn’ +nts + 2nt +nrt —ns* + 2n* —nr* —n— 6mn® —ns.

Hence, D,,(C,) is D,(C,,)-supermagic for each m > 4, n > 3,
andt € [3,m - 1]. [l

For an illustration, an example of H-supermagic labeling
of D,,(C,) can be seen in Figure 2.

3. Conclusion

We have studied the H-supermagic labeling of one type
of graph operation, namely, m-shadow of graphs. In this
paper, we have only shown the existence of H-supermagic
labeling of m-shadow of paths and cycles. Meanwhile, the H-
supermagic labeling of m-shadow of other classes of graphs
is still widely open. Therefore, we propose open problems as
follows.

Open Problem 1. Determine H-supermagic labelings of
m-shadow of other classes of graphs.

Open Problem 2. Determine H-supermagic labelings of
m-shadow of any connected graph.
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FIGURE 2: D;(C,)-supermagic labeling of D¢(C;) with magic constant ¢ = 954.
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