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Abstract 

We consider a simple, connected and undirected graph ( )EVG ,  with 

vertex set ( )GV  and edge set ( ).GE  There is a super ( ) H-, da -

antimagic total labeling on the graph ( )EVG ,  if there exists                  

a bijection { }EVEVf +→ ...,,2,1: ∪  such that for all 

subgraphs isomorphic to H, the total H-weights ( ) =HW  

( ) ( )( )( )∑ ∑∈ ∈+HVv HEe efvf  form an arithmetic sequence 
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{ ( ) },1...,,2,, dmadadaa −+++  where 0>a  is the smallest 

value, d is the feasible difference, and m is the number of all 
subgraphs isomorphic to H. In this paper, we investigate the existence 
of super ( ) H-, da -antimagic total labeling for subdivisions of a fan 

graph ( ),mFS  when subgraphs H are cycles. 

1. Introduction 

Given that a graph ( )EVG ,=  is nontrivial, finite, simple, undirected 

and connected graph of vertex set V and edge set E. For more details on 
graph, see [10, 3, 4]. A covering of G is a family of subgraphs 

nHHH ...,,, 21  such that all vertices ( )GV  and edges ( )GE  belong to at 

least one of the subgraphs niHi ...,,2,1, =  taken into account as a cover. 

In this case, we say that G admits ( )nHHH ...,,, 21 -covering if every 

subgraph iH  is isomorphic to a given graph H admits a special property to 
be an H-labeling. 

A graph G is said to be an ( ) Hda -, -antimagic total graph if there 

exists a bijective function ( ) ( ) ( ) ( ){ }GEGVGEGVf +→ ...,,2,1: ∪  
such that for all subgraphs isomorphic to H, the total H-weights 

( ) ( ) ( )
( )( )∑ ∑∈ ∈

+=
HVv HEe

efvfHw  

form an arithmetic sequence { ( ) },1...,,2,, dmadadaa −+++  where a 

and d are positive integers and n is the number of all subgraphs isomorphic to 
H. If such a function exists, then f is called an ( ) Hda -, -antimagic total 

labeling of G, see [11]. The total H-weight is the sum of both vertex              
and edge labels belonging to a subgraph H, under a given labeling f. The           
H-weight under a labeling f is denoted by ( ).Hw  Such a labeling is          
called super if the smallest possible labels appear on the vertices. If G  
admits a super ( ) Hda -, -antimagic total labeling, then we say that G is             

a super ( ) Hda -, -antimagic graph. For ,0=d  it is called H-magic or           
H-supermagic. 
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Some relevant results have been published in many journals, some of 
them can be found in [1, 2, 8, 9]. Furthermore, Lladó and Moragas [12] 

proved that wheels, windmills, books and prisms are k
tC -magic for some          

t. Inayah et al. in [11] proved that for any H and any integer ,2≥k  
shack ( )kvH ,,  which contains exactly k subgraphs isomorphic to H admits 

H-super antimagic. Dafik et al. in [5, 6] also obtained a cycle-super 
antimagicness of connected and cisconnected tensor product of graphs, and 
constructed H-antimagic graphs by using smaller edge-antimagic graphs. 
Furthermore, Dafik et al. in [7] also determined the super H-antimagicness  
of an edge comb product of graphs with subgraph as a terminal of its 
amalgamation. 

2. The Results 

We study the subdivision of graph G. By subdivision of graph, denoted 
by ( ),GS  we mean a graph obtained from G by replacing each edge uv of    

G by a new vertex y and the two new edges uy and vy. For details on the 
subdivision of graph G, see [4]. The vertex y is called a subdivision vertex on 
uv. 

We deal with the super cycle-antimagic total labelings of subdivision of 
a fan graph, denoted by ( ).mFS  

Observation 1. Let ( )mFS  be a subdivision of a fan graph. The order 

and size of graph ( )mFS  are, respectively, ( )( ) mFSV m 3=  and ( )( )mFSE  
.24 −= m  

Proof. The graph ( )mFS  is a connected graph with vertex set ( )( )mFSV  

{ } { } { } { }11;1;1; −≤≤≤≤≤≤= mizmiymixx iii ∪∪∪  and edge set 

( )( ) { } { }mixxmizyFSE iiim ≤≤−≤≤= 1;11; ∪  

{ } { }.1;11;1 mixymiyz iiii ≤≤−≤≤+ ∪∪  

Thus, the order of the graph ( )mFS  is ( )( ) mFSV m 3=  and the size of the 

graph ( ) ( )( ) .24 −= mFSEFS mm   
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For illustration, we give an example of subdivision of a fan graph ( )mFS  

depicted in Figure 1. 

 

Figure 1. Example of subdivision of a fan graph ( ).mFS  

Observation 2. Let k
tC  be a cycle of t vertices of subdivision of a fan 

graph ( ),mFS  where .22...,,8,6 −= mt  The number of cycles of order t 

which is a cover k
tCH =~  of ( )mFS  is given by .2

4−−= tmH  

Proof. Let k
tC  be a cycle of t vertices of subdivision of a fan graph 

( ),mFS  where 22...,,8,6 −= mt  for 43 ≤≤ m  and 22...,,8,6 −= mt  

for .5≥m  The tth cycle of k
tC  can be formed by the following set of 

vertices 

{ ...,,,,,,,,, 2211 ++++= kkkkkkk
k
t zyzyzyxxC  

}.,,,,
2
4

2
4

2
6

2
6 xxyyz tktktktk −+−+−+−+

 

It is easy to see that .2
4...,,2,1 ⎟
⎠
⎞⎜

⎝
⎛ −−= tmk  Thus .2

4−−= tmCk
t  It 

concludes the proof.  

Furthermore, we can determine the t
kC -weight of the cycle ,t

kC  =k  

⎟
⎠
⎞⎜

⎝
⎛ −− 2

4...,,2,1 tm  under a total labeling g: 
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( ) ( ) ( )
( )( )

∑ ∑
∈ ∈

+=
k
t

k
tCVv CEe

k
tg efvfCw  

[ ( ) ( ) ( ) ( )]∑
−

=
+++++++ +++=

2
6

0
1

t

s
sksksksksksk yzgzygzgyg  

( ) ( ) ( ) ( )xgxgxgyg tkktk
++++

⎟
⎠
⎞⎜

⎝
⎛ −+⎟

⎠
⎞⎜

⎝
⎛ −+ 2

4
2

4  

( ) ( ) ( ) ( ).
2

4
2

4
2

4 xxgxxgxygxyg tkkkktktk ⎟
⎠
⎞⎜

⎝
⎛ −+⎟

⎠
⎞⎜

⎝
⎛ −+⎟

⎠
⎞⎜

⎝
⎛ −+

++++  (1) 

From now on, we show our main results. We have found that the       

graph ( )mFS  admits super ( ) k
tCda -,  antimagic labeling for differences 

{ }.4,2,1,0=d  

Theorem 1. Let 22...,,8,6 −= mt  for 43 ≤≤ m  and ...,,8,6=t  

22 −m  for .5≥m  Let .2
4...,,2,1 ⎟
⎠
⎞⎜

⎝
⎛ −−= tmk  The subdivision of fan 

( )mFS  admits a super ( ) k
tCda -, -antimagic labeling for .0=d  

Proof. We define the labeling 

( )( ) ( )( ) { ( ) ( )}mm FSFSmm qpFSEFSVgg +→ ...,,2,1:, 11 ∪  

in the following way: 

( ) miiyg i ≤≤−= 1;121  ( ) 11;21 −≤≤= miizg i  

( ) miimxg i ≤≤−+= 1;131  ( ) mxg 21 =  

( ) 11;251 −≤≤−= miimzyg ii  ( ) miimxyg ii ≤≤−+= 1;3251  

( ) miimxxg i ≤≤−= 1;271  ( ) .11;12511 −≤≤−−=+ miimyzg ii  

Evidently, it is easy to see that 1g  is a bijective function, as it is a map 

( )( ) ( )( ) { }.27...,,5,15...,,3...,,2,1:1 −−→ mmmmFSEFSVg mm ∪  The 

total weight of ( )( ) ( )( ) { } { }11;1; −≤≤≤≤= mizymiyFSEFSV iiimm ∪∪  
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under the labeling ,1g  is given by 

( ) ( ) ( ) ( ) [ ] [ ] .15251211111 −=−+−=+=+ + mimiyzgzgzygyg iiiiii  (2) 

The total edge-weight of 

( )( ) { } { }mixymixxFSE iiim ≤≤≤≤= 1;1; ∪  

is 

( ) ( ) [ ] [ ] .3122732511 −=−+−+=+ mimimxygxxg iii  (3) 

From equations (1), (2) and (3), we obtain the total k
tC -weight as 

follows: 

( ) ( ) ( )
( )( )

∑ ∑
∈ ∈

+=
k
t

k
tCVv CEe

k
tg efvfCw 1  

( ) ( )[ ] [ ] ⎥⎦
⎤

⎢⎣
⎡ −+++−×+−−= 2

433122154 tkmmmt  

[ ] mkm 213 ++−+  

( ) 223624445 −+++−++−−= tkmmttm  

mkm 213 ++−+  

( ) .32125 −−+= ttm  

It is easy to see that the total tC -weights of ( ),mFS  under the labeling 

,1g  when mt 2...,,8,6=  for 43 ≤≤ m  and when 22...,,8,6 −= mt  for 

,5≥m  and for ,2
4...,,2,1 ⎟
⎠
⎞⎜

⎝
⎛ −−= tmk  constitute the following sets: 

( ) ( ) ( ) .32125...,,32125,32125
⎭⎬
⎫

⎩⎨
⎧ −−+−−+−−+= ttmttmttmCk

t  

It concludes that the subdivision of fan ( )mFS  admits a super ( ) k
tCda -, -

antimagic total labeling with feasible .0=d   
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Theorem 2. Let 22...,,8,6 −= mt  for 43 ≤≤ m  and ...,,8,6=t  

22 −m  for .5≥m  Let .2
4...,,2,1 ⎟
⎠
⎞⎜

⎝
⎛ −−= tmk  Then subdivision of fan 

( )mFS  admits a super ( ) k
tCda -, -antimagic labeling for .1=d  

Proof. We define the labeling 

( )( ) ( )( ) { ( ) ( )}mm FSFSmm qpFSEFSVgg +→ ...,,2,1:, 22 ∪   

in the following way: 

( ) miiyg i ≤≤= 1;2  ( ) miimxg i ≤≤+−= 1;122  

( ) 11;32 −≤≤−= miimzg i  ( ) mxg 32 =  

( ) 11;32 −≤≤+= miimzyg ii  ( ) miimxyg ii ≤≤−+= 1;3252  

( ) miimxxg i ≤≤−= 1;272  ( ) .11;1512 −≤≤−−=+ miimyzg ii  

Evidently, it is easy to see that 2g  is a bijection, as it is a map 

( )( ) ( )( ) { }.27...,,5,15...,,3...,,2,1:2 −−→ mmmmFSEFSVg mm ∪  The 

total weight of 

( )( ) ( )( )mm FSEFSV ∪  

{ } { }11;1; −≤≤≤≤= mizmiy ii ∪  

{ } { }11;11; 1 −≤≤−≤≤ + miyzmizy iiii ∪∪  

under the labeling ,2g  is 

( ) ( ) ( ) ( )12222 ++++ iiiiii yzgzgzygyg  

 .1111533 −=−−+−+++= mimimimi  (4) 

The total edge-weight of ( )( ) { } { }mixymixxFSE iiim ≤≤≤≤= 1;1; ∪  
is as follows: 

( ) ( ) [ ] [ ] .3122732522 −=−+−+=+ mimimxygxxg iii  (5) 

From equations (1), (4) and (5), we obtain the total k
tC -weight as 

follows: 
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( ) ( ) ( )
( )( )

∑ ∑
∈ ∈

+=
k
t

k
tCVv CEe

k
tg efvfCw 2  

( ) [ ] [ ]1231221112
4 ++−×+⎥⎦

⎤
⎢⎣
⎡ −⎟

⎠
⎞⎜

⎝
⎛ −= mmmt  

[ ] mkm 312 ++−+  

mkmmmttm 312126242
4

2
411 ++−+++−+−−⎟
⎠
⎞⎜

⎝
⎛ −=  

.329211 ktmtm −−−+=  

It is easy to see that the total tC -weights of ( ),mFS  under the labeling 

mtg 2...,,8,6,2 =  for 43 ≤≤ m  and 22...,,8,6 −= mt  for 5≥m  and 

,2
4...,,2,1 ⎟
⎠
⎞⎜

⎝
⎛ −−= tmk  constitute the following sets: 

,2329211...,,329211 −−−+−−−
⎩⎨
⎧ += tmtmktmtmCk

t  

.1329211
⎭⎬
⎫−−−+ tmtm  

It concludes that the subdivision of fan ( )mFS  admits a super ( ) k
tCda -, -

antimagic total labeling with feasible .1=d   

Theorem 3. Let 22...,,8,6 −= mt  for 43 ≤≤ m  and ...,,8,6=t  

22 −m  for .5≥m  Let .2
4...,,2,1 ⎟
⎠
⎞⎜

⎝
⎛ −−= tmk  Then subdivision of fan 

( )mFS  admits a super ( ) k
tCda -, -antimagic labeling for .4=d  

Proof. We define the labeling 

( )( ) ( )( ) { ( ) ( )}mm FSFSmm qpFSEFSVgg +→ ...,,2,1:, 33 ∪  

in the following way: 
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( ) miiyg i ≤≤−= 1;123  ( ) 11;23 −≤≤= miizg i  

( ) miimxg i ≤≤−+= 1;123  ( ) mxg 33 =  

( ) 11;273 −≤≤−= miimzyg ii  ( ) miimxyg ii ≤≤+−= 1;1253  

( ) miimxxg i ≤≤+= 1;233  ( ) .11;12713 −≤≤−−=+ miimyzg ii  

Evidently, it is easy to see that 3g  is a bijection as it is a map 

( )( ) ( )( ) { }.27...,,5,15...,,3...,,2,1:3 −−→ mmmmFSEFSVg mm ∪  The 

total weight of ( )( ) ( )( ) { } { }11;1; −≤≤≤≤= mizymiyFSEFSV iiimm ∪∪  

under the labeling ,3g  is given by 

 ( ) ( ) ( ) ( ) [ ] [ ] .17271213333 −=−+−=+=+ + mimiyzgzgzygyg iiiiii  (6) 

The total edge-weight of ( )( ) { } { }mixymixxFSE iiim ≤≤≤≤= 1;1; ∪  

is as follows: 

( ) ( ) [ ] [ ] .182312533 +=+++−=+ mimimxygxxg iii  (7) 

From equations (1), (6) and (7), we obtain the total k
tC -weight as 

follows: 

( ) ( ) ( )
( )( )

∑ ∑
∈ ∈

+=
k
t

k
tCVv CEe

k
tg efvfCw 3  

( ) ( )[ ] [ ] ( ) ⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ −+++++×+−−= 42322182174 tkmmmt  

[ ] mkm 312 +−++  

( ) ⎟
⎠
⎞⎜

⎝
⎛ +++++++−−= 2342216474 tkmmtmt  

mkm 31212 +−++−  

( ) .42357 kttm ++−−=  

It is easy to see that the total tC -weights of ( ),mFS  under the labeling 

mtg 2...,,8,6,3 =  for 43 ≤≤ m  and 22...,,8,6 −= mt  for 5≥m  and 

,2
4...,,2,1 ⎟
⎠
⎞⎜

⎝
⎛ −−= tmk  constitute the following sets: 
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( ) ( ) ( ) .42357...,,82357,42357
⎭⎬
⎫

⎩⎨
⎧ ++−−++−−++−−= kttmttmttmCk

t  

It concludes that the subdivision of fan ( )mFS  admits a super ( ) k
tCda -, -

antimagic total labeling with feasible .4=d   

Theorem 4. Let 22...,,8,6 −= mt  for 43 ≤≤ m  and ...,,8,6=t  

22 −m  for .5≥m  Let .2
4...,,2,1 ⎟
⎠
⎞⎜

⎝
⎛ −−= tmk  Then subdivision of fan 

( )mFS  admits a super ( ) k
tCda -, -antimagic labeling for .2=d  

Proof. We define the labeling ,3g  

( )( ) ( )( ) { ( ) ( )}mm FSFSmm qpFSEFSVg +→ ...,,2,1:3 ∪  

in the following way: 

( ) miiyg i ≤≤−= 1;124     ( ) 11;24 −≤≤= miizg i  

( ) miimxg i ≤≤+−= 1;134     ( ) mxg 24 =  

( ) 11;154 −≤≤−−= miimzyg ii     ( ) miimxyg ii ≤≤−+= 1;3254  

( ) miimxxg i ≤≤−= 1;274     ( ) .11;414 −≤≤−=+ miimyzg ii  

Evidently, it is easy to see that 4g  is a bijection as it is a map 

( )( ) ( )( ) { }.27...,,5,15...,,3...,,2,1:3 −−→ mmmmFSEFSVg mm ∪  The 

total weight of 

( )( ) ( )( ) { } { }11;11; −≤≤−≤≤= mizymizFSEFSV iiimm ∪∪  

{ }11;1 −≤≤+ miyz ii∪  

under the labeling ,3g  is as follows: 

( ) ( ) ( ) ( ) .1942151444 −=−++−−=++ + mimiimyzgzygzg iiiii  (8) 

The total edge-weights of ( )( ) { } { }mixymixxFSE iiim ≤≤≤≤= 1;1; ∪  

are as follows: 

 ( ) ( ) [ ] [ ] .3122732544 −=−+−+=+ mimimxygxxg iii  (9) 
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From equations (1), (8) and (9), we obtain the total k
tC -weight in the 

following way: 

( ) ( ) ( )
( )( )

∑ ∑
∈ ∈

+=
k
t

k
tCVv CEe

k
tg efvfCw 1  

( ) [ ] [ ] [ ]521223122192
4 −++−++−×+⎥⎦

⎤
⎢⎣
⎡ −⎟

⎠
⎞⎜

⎝
⎛ −= tkkmmmt  

[ ] ktmkm −+−++−+ 22313  

.72322
49 −++⎟
⎠
⎞⎜

⎝
⎛ −= kmtm  

It is easy to see that the total tC -weights of ( ),mFS  under the labeling 

mtg 2...,,8,6,4 =  for 43 ≤≤ m  and 22...,,8,6 −= mt  for 5≥m  and 

,2
4...,,2,1 ⎟
⎠
⎞⎜

⎝
⎛ −−= tmk  constitute the following sets: 

⎩⎨
⎧ ++⎟

⎠
⎞⎜

⎝
⎛ −−++⎟

⎠
⎞⎜

⎝
⎛ −= 4322

49,72322
49 mtmmtmCk

t  

.72
42322

49...,,7
⎭⎬
⎫−⎟

⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛ −−++⎟

⎠
⎞⎜

⎝
⎛ −− tmmtm  

It concludes that the subdivision of fan ( )mFS  admits a super ( ) k
tCda -, -

antimagic total labeling with feasible .2=d   

3. Concluding Remarks 

We have shown the existence of super ( ) Hda -, -antimagicness of 
subdivision of fan graphs ( ),mFS  when H is a cycle. We can prove that 

{ }.4,2,1,0=d  As we have not found the result for another difference, we 
propose the following: 

Problem. Find a super ( ) Hda -, -antimagic labeling of the subdivision 
of a fan graph for { }.4,2,1,0≠d  
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