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Abstract

We consider a simple, connected and undirected graph G(V, E) with
vertex set V(G) and edge set E(G). There is a super (a, d)-H -
antimagic total labeling on the graph G(V, E) if there exists
a bijection f:VUE > {1 2 ..,|V|+|E|} such that for all
subgraphs isomorphic to H, the total H-weights W(H) =

Zvev(H)f(v)+zeeE(H)f(e) form an arithmetic sequence
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{a,a+d,a+2d,..,a+(m-1)d}, where a >0 is the smallest

value, d is the feasible difference, and m is the number of all
subgraphs isomorphic to H. In this paper, we investigate the existence
of super (a, d)-H -antimagic total labeling for subdivisions of a fan

graph S(F,,), when subgraphs H are cycles.
1. Introduction

Given that a graph G = (V, E) is nontrivial, finite, simple, undirected
and connected graph of vertex set V and edge set E. For more details on
graph, see [10, 3, 4]. A covering of G is a family of subgraphs
H;, H,, ..., H,, such that all vertices V(G) and edges E(G) belong to at
least one of the subgraphs H;, i =1, 2, ..., n taken into account as a cover.
In this case, we say that G admits (H;, H,, ..., H,,)-covering if every
subgraph H; is isomorphic to a given graph H admits a special property to
be an H-labeling.

A graph G is said to be an (a, d)-H -antimagic total graph if there
exists a bijective function f :V(G)UE(G) > {1, 2,..,|V(G)|+]|E(G)|}
such that for all subgraphs isomorphic to H, the total H-weights

ik ZVEV(H) T ZeeE(H) )

form an arithmetic sequence {a,a +d, a+ 2d,..,a+(m—1)d}, where a

and d are positive integers and n is the number of all subgraphs isomorphic to
H. If such a function exists, then f is called an (a, d)-H -antimagic total

labeling of G, see [11]. The total H-weight is the sum of both vertex
and edge labels belonging to a subgraph H, under a given labeling f. The
H-weight under a labeling f is denoted by w(H). Such a labeling is

called super if the smallest possible labels appear on the vertices. If G
admits a super (a, d)-H -antimagic total labeling, then we say that G is

a super (a, d)-H -antimagic graph. For d =0, it is called H-magic or
H-supermagic.
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Some relevant results have been published in many journals, some of
them can be found in [1, 2, 8, 9]. Furthermore, Lladé and Moragas [12]
proved that wheels, windmills, books and prisms are Ctk -magic for some
t. Inayah et al. in [11] proved that for any H and any integer k > 2,
shack (H, v, k) which contains exactly k subgraphs isomorphic to H admits

H-super antimagic. Dafik et al. in [5, 6] also obtained a cycle-super
antimagicness of connected and cisconnected tensor product of graphs, and
constructed H-antimagic graphs by using smaller edge-antimagic graphs.
Furthermore, Dafik et al. in [7] also determined the super H-antimagicness
of an edge comb product of graphs with subgraph as a terminal of its
amalgamation.

2. The Results

We study the subdivision of graph G. By subdivision of graph, denoted
by S(G), we mean a graph obtained from G by replacing each edge uv of

G by a new vertex Y and the two new edges uy and vy. For details on the
subdivision of graph G, see [4]. The vertex Y is called a subdivision vertex on
uv.

We deal with the super cycle-antimagic total labelings of subdivision of
a fan graph, denoted by S(F,).

Observation 1. Let S(F;,) be a subdivision of a fan graph. The order
and size of graph S(F,) are, respectively, |V (S(Fy,))|=3m and | E(S(Fy,))|
=4m - 2.

Proof. The graph S(F,) is a connected graph with vertex set V (S(F,))
={xpU{1<i<miU{y;;1<i<mpU{z;;1<i <m—1} and edge set

E(S(Fp)) ={yiz;1<i<m=-13U{xx;1<i<m}
Udziyizis1<i <m=1U{yix; 1 <i < mj.
Thus, the order of the graph S(Fy,) is |V (S(Fy))| = 3m and the size of the
graph S(Fn ) E(S(Fp)) | = 4m —2. 0
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For illustration, we give an example of subdivision of a fan graph S(F,)

depicted in Figure 1.

.UHJ

Figure 1. Example of subdivision of a fan graph S(Fy,).

Observation 2. Let Ctk be a cycle of t vertices of subdivision of a fan
graph S(F,), where t =6, 8, ..., 2m — 2. The number of cycles of order t

which is a cover H = Ctk of S(Fy) is givenby |H | =m —%.

Proof. Let Ctk be a cycle of t vertices of subdivision of a fan graph
S(Fy), where t =6,8,..,2m -2 for 3<m<4 and t =6,8, ..., 2m -2

for m > 5. The tth cycle of Ctk can be formed by the following set of

vertices
k
Ct = {X» Ko Yis Zk> Yk+1s Zk+1> Yk+25 Zk+25 -+
oAt 65,V iAol e
K e i G
It is easy to see that k =1, 2, ..., m — (%) Thus | Ctk |=m —%. It
concludes the proof. O

Furthermore, we can determine the C|t< -weight of the cycle C|t(, k =

L, 2,..,m- (%) under a total labeling g:
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wg(CH= D fW+ D f(e)

vev (cf) ecE(C)

—
o)}

Ny

[9(Yk+s) + 9(Zkrs) + 9(YkrsZkss) + 9(Zkas Yirst1)]

i
o

+

2 2

g(yk+(ﬂ)) + 904 ) + g(xk+(ﬂj) +9(x)
+ g(yk+(ﬂ)xk+(ﬂ))+ (VX )+ 9(xkx) + g(Xk{ﬂ)X)- M
2 2 2

From now on, we show our main results. We have found that the
graph S(F;,) admits super (a, d)-Ctk antimagic labeling for differences
d=1{0,1,2,4}

Theorem 1. Let t=6,8,..,2m—-2 for 3<m<4 and t=6,8, ...,

2m 42 for m >5. Fet Ki=1, 2, .k, m - (%} The subdivision of fan

S(Fy) admits a super (a, d)-Ctk -antimagic labeling for d = 0.

Proof. We define the labeling

91> 91 : V(S(Fm)) U E(S(F)) = {L, 2, ..., Ps(F,) + ds(Fy))

in the following way:
gi(yj)=2i-L1<i<m 9i(z))=2i;1<i<m-1
gi(x)=3m+i-L1<i<m g1(x) = 2m
gi(yjzi)=5Sm-2i;1<i<m-1 g(yjX)=5m+2i-31<i<m
g1 (x%)=7m-2i;1<i<m 01(zjyit1)=5m-2i-L;1<i<m-1.

Evidently, it is easy to see that g; is a bijective function, as it is a map
g1 :V(S(Fy)UE(S(Fy)) —» {1, 2, ..., 3m, ..., Sm =1, 5m, ..., 7m — 2}. The
total weight of V(S(Fy,))UE(S(Fp)) = {yj; 1<i<miU{y;jzi;1<i<m—1}
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under the labeling g;, is given by
91(yi) + 91(¥izi) = 91(zi) + 91(z¥ig1) = [2 = 1] + [Sm - 2i] = 5Sm - 1. (2)
The total edge-weight of
E(S(Fp)) = {xx; 1 <i <mpU{yixj; 1<i<m}
is
g1(xx) + 91(yj%) = [5m + 2i = 3]+ [7m — 2i] = 12m — 3. (3)

From equations (1), (2) and (3), we obtain the total Ctk -weight as

follows:
W, ()= DT W+ Y fe)
vev(cK) ecE(CK)
=[(t—4)(5m—l)]+2><[12m—3]+[3m+k+%}

+[3m -k + 1]+ 2m
=5m(t—4)—t+4+24m—6+3m+k+%—2
+3m—-Kk+1+2m
t
=m(5t+12)—§—3

It is easy to see that the total C;-weights of S(F,), under the labeling
0y, when t =6,8, ..., 2m for 3<m <4 andwhent=6,8, ..., 2m — 2 for

m>5, andfork =1, 2, .., m-— (%), constitute the following sets:

. {m(St Har % ~3, m(5t+12) - % _3, ., m(5t+12)— % - 3}.

It concludes that the subdivision of fan S(F,) admits a super (a, d)-Ctk -

antimagic total labeling with feasible d = 0. U
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Theorem 2. Let t=6,8,..,2m-2 for 3<m<4 and t=6,8, ...,

2m -2 for m>5. Let k=1,2,.... m— (%) Then subdivision of fan

S(Fy) admits a super (a, d)-Ctk -antimagic labeling for d = 1.
Proof. We define the labeling
92, 92 : V(S(Fn)) U E(S(F)) > {L. 2. .... Ps(F,,) + ds(Fy))
in the following way:
gr(yj)=i;1<i<m gr(xp)=2m-i+L1<i<m
0>(zi) =3m-i;1<i<m-1 g(x) = 3m
gr(vizi)=3m+i;1<i<m-1  go(yjX)=5m+2i-31<i<m
go(xxj)=7m=2i;1<i<m 92(zjYiz)=5m-i-L1<i<m-1.
Evidently, it is easy to see that g, is a bijection, as it is a map
g, :V(S(Fy)UE(S(Fy)) — {1, 2, ..., 3m, ..., 5Sm =1, 5m, ..., 7m — 2}. The
total weight of
V(S(Fm)) U E(S(F))
={yp1<ismiU{z;1<i<m-1}
U{yizi; I<i<m-1}U{z¥j,; 1<i<m-1}
under the labeling g,, is
92(¥i) + 92(Yizi) + 92(zi) + 92(7iYis1)
=i+3m+i+3m-i+5Sm-i-1=1Im-1. @)
The total edge-weight of E(S(Fy,)) = {xx;1<i<miU {yjx;1<i<mj
is as follows:
9o (x%) + 9> (yiXj) = [5m + 2i — 3]+ [7m — 2i] = 12m - 3. (%)

From equations (1), (4) and (5), we obtain the total Ctk -weight as

follows:
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W, (CE) = D T+ D f(e)

vev(ck) ecE(Cf)
t-4
_ [(T)(llm - 1)} +2x[12m 3]+ [2m + 1]

+[2m -k + 1]+ 3m

=11m(%)—%+24m—6+2m+1+2m—k+1+3m

t t
=1lm=+9m-=--3-k.
B 2

It is easy to see that the total C;-weights of S(F,), under the labeling
0, t=6,8 ...2m for 3<m<4 andt=6,8,..,2m—-2 for m > 5 and

k=12,..,m- (%), constitute the following sets:

k _ t 1t _ ;B t #A7
Ct_{11m2+9m 3 3 k,...,11m2+9m 3 3-2,

t t
11m§+9m—§—3—1}.

It concludes that the subdivision of fan S(F,,) admits a super (a, d)-Ctk -

antimagic total labeling with feasible d = 1. g

Theorem 3. Let t =6,8,..,2m—-2 for 3<m<4 and t=6,8, ...,

2m -2 for m>5. Let k=1,2, ... m - (%) Then subdivision of fan

S(F,,) admits a super (a, d)-Ctk -antimagic labeling for d = 4.
Proof. We define the labeling
93, 93 : V(S(Fn)) U E(S(Fn)) = {L, 2, ..., Ps(F,,) + ds(Fyy))

in the following way:
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g5(yj)=2i—-L1<i<m 93(z))=2i;1<i<m-1
g3(Xj)=2m+i-1L1<i<m g3(x) = 3m
g3(yjzi)=Tm=2i;1<i<m-1 g;3(yjXj)=5m-2i+L1<i<m
g3(xxj) =3m+2i;1<i<m 03(ZjYiz))=Tm-2i—-1;1<i<m-1.

Evidently, it is easy to see that g3 is a bijection as it is a map

03 :V(S(Fy)UE(S(Fy)) = {L, 2, ..., 3m, ..., 5Sm — 1, 5m, ..., 7m — 2}. The

total weight of V(S(Fy))UE(S(Fy)) ={y;; 1<i<mjU{yjz;1<i<m-1}
under the labeling g3, is given by

93(yi) + 93(Yizi) = 93(zi) + 93(ziyir1) = [2i — 1] + [Tm = 2i] = Tm — 1. (6)

The total edge-weight of E(S(Fy)) = {xx; 1 <i<m}U {yjx;1<i<mj

1s as follows:

93(xx;) + 93(yiXj) = [5m — 2i + 1] + [3m + 2i] = 8m + 1. (7)
From equations (1), (6) and (7), we obtain the total Ctk -weight as
follows:

W, (C)= D W+ Y f(@E®)

vev(cl) ecE(CK)
=[(t—4)(7m—l)]+2x[8m+l]+[2(m+2)+3(k +%—4H
+[2m+k = 1]+ 3m

=(t—4)7m—t+4+16m+2+2m+4+3(k+%)

—12+2m+k —1+3m
=m(7t—5)—3+%+4k.

It is easy to see that the total C;-weights of S(F), under the labeling
03, t=6,8,...,2m for3<m<4andt=6,8,..,2m—-2 for m > 5 and

ﬂ), constitute the following sets:

k=1,2,...,m—( 5
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ck :{m(7t—5)—3+%+4, m(7t—5)—3+%+8, m(7t—5)—3+%+4k}.

It concludes that the subdivision of fan S(Fy,) admits a super (a, d)-C{-

antimagic total labeling with feasible d = 4. U

Theorem 4. Let t=6,8,...,2m -2 for 3<m<4 and t=6,8, ...,

2m-2 for m>5. Let k=1,2,.., m- (t;;i) Then subdivision of fan

S(Fy) admits a super (a, d)-Ctk -antimagic labeling for d = 2.

Proof. We define the labeling g3,

93 : V(S(F)) U E(S(F)) > {L 2, ..., Ps(F,) + ds(F,)}

in the following way:
04(yi) =T < i <im g4(zj)=2i;1<i<m-1
g94(%)=3m—-i+L1<i<m g4(x) = 2m
g4(yizi)=Sm—-i—-L1<i<m-1 gu(yjXj)=5m+2i—-3;1<i<m
g4(xx)=Tm=2i;1<i<m 04(zjYiz1) =4m—-i;1<i<m-1.

Evidently, it is easy to see that g4 is a bijection as it is a map

93 :V(S(Fn)UE(S(Fy)) — {1, 2, ..., 3m, ..., 5Sm =1, 5m, ..., 7m — 2}. The
total weight of

V(S(F)UE(S(Fp)) ={zi;1<i<m-1}U{yjzi; 1<i<m-1}
U{ziyjrsl<i<m-1}
under the labeling g3, is as follows:
94(2i) + 94(¥izi) + 94(zYir) = (SM =i 1)+ 2i + 4m —i = 9m — 1. (8)

The total edge-weights of E(S(Fy))={xX; 1 <i<mjU{yjx;1<i<m}

are as follows:

94(¥%) + ga(yiX) = [Sm + 2i = 3]+ [7m = 2i] = 12m = 3. )
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From equations (1), (8) and (9), we obtain the total Ctk -weight in the

following way:

W, ()= D fW+ > fe)

vev () ecE(C)

=[(%j@m—1):|+2><[12m—3]+[2m]+[2k—1+2k+t—5]

+[3m—k+1]+3m—%+2—k

= 9m(%j +32m + 2k — 7.

It is easy to see that the total C;-weights of S(F,), under the labeling
04, t=6,8,...,2m for 3<m<4 and t=6,8,..,2m—-2 for m > 5 and

k=12,...m- (74), constitute the following sets:

t—4
2

ck = {9m(%) +32m+2-17, 9m(

e (1) 32m (- (4],

It concludes that the subdivision of fan S(F,,) admits a super (a, d)—Ctk -

)+32m+4

antimagic total labeling with feasible d = 2. O

3. Concluding Remarks

We have shown the existence of super (@, d)-H -antimagicness of
subdivision of fan graphs S(Fy), when H is a cycle. We can prove that
d =10, 1, 2, 4}. As we have not found the result for another difference, we

propose the following:

Problem. Find a super (@, d)-H -antimagic labeling of the subdivision
of a fan graph for d = {0, 1, 2, 4}.
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