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Abstract. Let G be a simple, connected and undirected graph. Let r, k be natural
numbers. By a proper k-coloring of a graph G, we mean a map c: V(G) — S, where
|S| = k, such that any two adjacent vertices receive different colors. An r-dynamic
k-coloring is a proper k-coloring ¢ of G such that |¢(N(v))| > min{r,d(v)} for each
vertex v in V(G), where N(v) is the neighborhood of v and ¢(S) = {c(v) : v € S} for a
vertex subset S. The r-dynamic chromatic number, written as x,(G), is the minimum
k such that G has an r-dynamic k-coloring. By simple observation it is easy to see that
xr(G) < xr+1(G), however xr4+1(G) — x»(G) does not always show a small difference
for any r. Thus, finding an exact value of x,(G) is significantly useful. In this paper,
we will study some of them especially when G are prism graph, three-cyclical ladder
graph, joint graph and circulant graph.

Keywords: r-dynamic chromatic number, graph coloring, special graphs.

1. Introduction
The r-dynamic chromatic number, introduced by Montgomery [8] and written as x,(G),
is the least k such that G has an r-dynamic k-coloring. Note that the 1-dynamic
chromatic number of graph is equal to its chromatic number, denoted by x(G), and
the 2-dynamic chromatic number of graph has been studied under the name a dynamic
chromatic number, denoted by x4(G). In [8], he conjectured x2(G) < x(G) + 2 when
G is regular, which remains open. Akbari et.al. [4] proved Montgomery’s conjecture for
bipartite regular graphs, as well as Lai, et.al. [9] proved x2(G) < A(G)+1 for A(G) < 3
when no component is the 5-cycle. Some other results can be site in [1, 2, 3, 14] .

By a greedy coloring algorithm, Jahanbekama [7] proved that x,(G) < rA(G) + 1,
and equality holds for A(G) > 2 if and only if G is r-regular with diameter 2 and girth
5. They improved the bound to x,(G) < A(G) + 2r — 2 when 6(G) > 2rlnn and
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xr(G) < A(G) + r when 6(G) > r?Inn. For further results of r-dynamic chromatic
number can be seen in [6, 10, 11, 12, 5] .

The following observation is useful to find the exact values of r-dynamic chromatic
number.

Observation 1. Let §(G) and A(G) be a minimum and mazimum degree of a graph G,
respectively. Then the followings hold

e \(G) > min{A(G),r} + 1,

* X(G) < x2(G) < x3(G) <+ < xa@)(G),
* Xr11(G) > x:(G) and if r > A(G) then x,(G) = XA(G)(G)'

Taherkhani in [13], proved the following theorem

Theorem 1. [13] Let G be a d-regular graph and r be a positive integer with 2 < r <

m. Then the r-dynamic chromatic number of G is x,(G) < x(G) + (r —

1) [e% log(2er(A? +1))], where e euler’s number.

2. The Results

We are ready to show our main theorems. There are four theorems found in this study.
These deals with prism graph, three-cyclical ladder graph, joint graph and circulant
graph.

Theorem 2. Let P, 2 be a prism graph, the r-dynamic chromatic number is:
2, n even b 3, n=3k,ke N
X(Pn2) = { 3, n odd Xd(Prn2) = { 4, n otherwise

Forr > 3, we have
4, n=4k, ke N
Xr(Pr2) = 6, n=3,7,11
5, n otherwise

Proof. A prism graph, denoted by P,2,n > 3, is a connected graph with vertex
set V(Pp2) = {zi,yi,1 < i < n}, and edge set E(Pp2) = {zizit1,yivir1;1 < i <
n—1} U{zpz1} U {ynyi} U{ziyi;1 < i < n}. The order and size of P, 2,n > 3 are
|[V(Pp2)| = 2n and |E(Py2)| = 3n. A prism graph is regular graph of degree 3, thus
P2, 0(Pp2) = A(Py2) = 3. By Observation 1, x,(Pp2) > min{A(P,2),7} +1 =
min{3,7} + 1. To find the exact value of r-dynamic chromatic number of P, o, we
define three cases, namely x(Py2),x2(Pn2) and x,>3(Py2). For x(Ppz2), the lower
bound x(P2) > min{3,1} + 1 = 2. We will prove that x(P,2) < 2 by defining a map
c1:V(Pp2) = {1,2,...,k} for n > 3, by the following:

21 ... 21, n even
T2, Tn) =0 19 193 5 odd

12 ... 12, n even
(Y1, Y2, -+, Yn) = 312... 12, n odd
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It is easy to see that ¢ gives x(Pp2) < 2 for n even, but for n odd, we could not avoid
to have x(P,2) < 3, otherwise there are at least two adjacent vertices assigned the same
colors. Thus x(Py2) = 2 for n even and x (P, 2) = 3, for n odd.

For x2(Pp2), the lower bound x2(Pj,2) > min{3,2} + 1 = 3. We will prove that
x2(Pr2) < 3 by defining a map ¢z : V(Pp2) — {1,2,...,k} where n > 3, by the
following

(12123, n=5

123 ... 123, n = 0(mod 3),
2T, 02, - Tn1) =4 193 193 5= 1(mod 3),
123 ... 123 41234, n = 2(mod 3).

923434, n =5
( o) 312812 n = 0(mod 3),
€W Y2, Un—1)= 1 4123... 123, n = 1(mod 3),

4123... 123 4123, n = 2(mod 3).

It is easy to see that cy gives x2(Pn2) < 3, for n = 3k,k € N, but apart n = 3k we
could not avoid to have x2(Pj 2) < 4 otherwise there are at least two adjacent vertices
assigned the same colors. Thus x2(Py 2) = 3 for n = 3k and x2(P,2) = 4 for otherwise.

For x,(Py2) and r > 3, the lower bound x3(P,2) > min{3,3} +1 = 4. We will
prove that x3(Pp2) < 4 by defining a map ¢3 : V(Pp2) — {1,2,...,k} for n > 3, by
the following.

123, n = 3,

1234 ... 1234, n = 0(mod 4),

1234 ... 1234 5, n = 1(mod 4),

123456, n = 6,

c3(Z1, @21 Bn) =\ 1934563 n =7,

1234 ... 1234 512345, n = 2(mod 4),n > 10,
12345123456, n = 11,

1234 ... 1234 51234512345, n = 3(mod 4), n > 15.

(456, n =3,
341234 ... 1234 12, n = 0(mod 4),
451234 ... 1234 123, n = 1(mod 4),
561234, n = 6,
c3(y1, Y2, Yn—1) = 6412345, 1 — 7,
4512345 1234 ... 1234 123, n = 0(mod 4),n > 10,
56123451234, n = 11,
45 1234 ... 1234 512345123, n = O(mod 4),n > 15.

It is easy to see that c3 gives x3(Pp2) <4, forn =4k, k € N, but forn = 3,6,7, 11 we are
forced to have x3(Py2) < 6 as well as x3(P,2) <5 for n otherwise. Thus x3(Py2) = 4,
for n = 4k, x3(Pn2) = 6 for n = 3,6,7,11 and x3(Pp2) = 5 for n otherwise. By
Observation 1, since r > A(Pp2) = 3, it immediately gives x3(Ppn2)=xr(Pn2) for
n > 3. U
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Theorem 3. Let G be three-cyclical ladder graph (T'CL,) for n > 2, r-dynamic
chromatic number of TC Ly, is

X(T'CL,) = x4(TCL,) = 3,x3(TCL,) = 4,x4(TCL,) =5,x,(TCLy,) = 6,7 >5

Proof. The graph three-cyclical ladder graph, denoted by T'C'L,,, is connected graph
with vertex set V(T'CL,) = {xi,y5,251 < i < m;1 < j < n+ 1} and edge set
E(TCLy) ={y;jz;;1 < j <n+1}U{yyj+1;1 <@ <npU{xw iz Tyiv; Tizigrs 1
<i<n}. Thus, p=|V(TCL,)|=3n+2,q=|E(TCL,)|=6n+1,A(TCL,) =5

By Observation 1, x,(TCLy,) > min{A(T'CL,),r} + 1 = min{5,r} + 1. To find the
exact value of r-dynamic chromatic number of T'C'L,,, we define three cases, namely for
X(TCLn)v Xd(TCLn)a X3 (TCLTL) and X4(TCLn)'

For x(T'CLy,), xa(T'CLy,), the lower bound x;(T'CL,) > min{5,2} + 1 = 3. We will
show that x1(T'CLy,) < 3, by defining a map ¢4 : V(T'CL,) — {1,2,3,...,k} where
n > 2 by the following

C4($i) :3,1 Slﬁn

() = 1, 7=1(mod2),1<j<n+1,
1Y) SR j=0(mod2),1<j<n+1.

);
W, 1, j=0(mod2),1<j<n+1,
= AL N (mod2)

It easy to see that c4 gives x(T'CLy) < 3 and x4(T'CL,) < 3. Thus x(T'CL,) = 3 and
Xd(TCLn) =3.

For r = 3, the lower bound x3(T'CL,) > min{5,3} + 1 = 4. We will show that
x3(T'CLy) < 4, by defining a map c¢5 : V(T'CL,) — {1,2,3,...,k} where n > 2 by the
following

1, i=2(mod3),1<i<n
cs(zi) =< 2, 1=0(mod3),1<i<n,
3, 1=1(mod3),1<i<n

1, j=1(mod3),1<j<n+1,
cs(yj)) =1 2, j=2(mod3),1<j<n+1,
3, j=0(mod3),1<j<n+l.

cs(zj) =4,for 1 <i<n+1
It is easy to understand that cs gives x3(T'C'L,) < 4. Thus x3(TCL,) =4
For r = 4, the lower bound x4(T'CL,) > min{5,4} + 1 = 5. We will show that
x4(TCL,) <5, by defining a map cg : V(T'CL,) — {1,2,3,...,k} where n > 2 by the
following

3, i=1(mod3),1<1i<n,
ce(ri) =< 4, i=2(mod3),1<i<n,
5 1=0(mod3),1<i<n
() = 1, j=1(mod2),1<j<n+1,
i) =1 2, j=0(mod2),1<j<n+1.
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(mod3),1<j<n+1,
(mod3),1<j<n+1,
(mod3),1<j<n+1.

It is easy to see that ¢ gives x4(T'CLy) < 5. Thus x4(TCL,) =

For r = 5, the lower bound x5(T'CL,) > min{5,5} + 1 = 6 We will show that
x5(T'CLy) < 6, by defining a map ¢y : V(T'CL,) — {1,2,3,...,k} where n > 2 by the
following

3,
CG(Zj) = 47
)

)

oLl .
IA N~ O

4

)

o
N
—~
8
S
~
Il
v@ \‘U‘
~ ~ ~

(G20 LN

cr(zj) =

@ -
1 {1l

)

It clearly shows that c7 gives x5(T'CL,) < 6. Thus x5(T'CL,) = 6. Since for r > 5, we

have r > A(TCL,,). By Observation 1, x,(T'CL,) = x5(T'CL,) = 6. It concludes the

proof. O

Theorem 4. Let P, + C,, be a joint graph of P, and C,,, the r-dynamic chromatic

number is
5 m=3k, ke N,

Xi<r<a(Pn + Cp) = { 6, m otherwise.

6, m = 3,
XS(Pn+Cm): 8, m =9,
7, m otherwise.

Forr > 6, we have

B r+m—2,3<m<r—-2m>r—1,n>m-—1,
XT(P"+Cm)_{ 2r — 3, m lainnya,n > r — 1.

Proof. The graph P, + C), is a connected graph with vertex set V (P, + Cy,) = {z;;1 <
i <n}U{y;;1 < j <m} and edgeset E(P,+Cr,) = {xizit1;1 < i <n—1}U{y;yjt1;1 <
j<m}U {ymyl} U{z;yj;1 <i<mn;1 <j <m}. The order and size of this graph are
p=|V(P,+Cp)|=m+mn,q= |E( + Cp)| = mn 4+ m — 1. Since all vertices in P,
joint Wlth all vertices in Cpy,, it gives A( +Cm)=m+2

By Observation 1, x, (P, + Cp,) > mm{A(P +Ch),rt+1=min{m+2,r} +1. To
find the exact value of r—dynamic chromatic number of P, 4+ C,,, we define three cases,
namely for x1<,r<a(Py + Cp), x5(Pn + Cpy) and xr>6(Pn, + Cpy)-
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For x1<r<4(Py + Cp,), define a map cg : V(P, + Cp,) — {1,2,...,k} where n > 3, by
the following:

123 ... 123, n = 0(mod 3), m = 2(mod 3),

123 ... 123 1, n = 1(mod 3), m = 2(mod 3),
cs(xo, T1, T2, . Tp_1) = 123 ... 123 12, n = 2(mod 3), m = 2(mod 3),

12 ... 12, n even, m otherwise,

12 ... 121, n odd, m otherwise.

345 ... 345, m = 0(mod 3),
345 ... 3456, m = 1(mod 3),

(Y0 Y1 Y2, Un-1) = g5 s 6, m = 2(mod 3),m odd,
45 ... 45 46, m = 2(mod 3), m even.

It is easy to see that cg gives Xxi<r<a(Pp + Cp) = 5, for m = 3k,k € N and
X1<r<4(Ppn + Cp,) = 6 for m otherwise.

For x5(P, + Cy,), define a map cg : V(P, + Cp,) — {1,2,...,k} where n > 3, by the
following:

123 ... 123, n = 0(mod 3),
co (), T1, To, W% T 1) = 123 ... 123 1, n = 1(mod 3),
123 ... 123 12, n = 2(mod 3).

456, m = 3,
45678, m =5,

co(Y0, Y1, Y2y -+« s Yn—1) = 456 ... 456 457, m = 0(mod 3),m > 6,
456 ... 456 4567, m = 1(mod 3),
456 ... 45 74567, m = 2(mod 3),m > 8.

It is easy to see that cg gives x5(Py, + Cp) = 6, for m = 3, x5(P, + Cp,) = 8, for m =5,
and x5(P, + Cy,) = 7 for m otherwise.

The last for x6(P, + Cp), define a map cip : V(P, + C) — {1,2,...,k} where
m > 3,n >r — 2, by the following

1, i = 1(mod r — 2),
2, i =2(mod r — 2),
3, i = 3(mod r — 2),

ClO(xi) =

r—3,t1=n-—1,
r—2,1=mn.
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(r—1, i=1(mod 3),1 <i<n-—r+4,
r, t=2(mod 3),1 <i<n—r+3,
r+1,i=3(mod 3),1 <i<n-—r+2,
r+2, i=n—1r+1,

out) = T

2n—2, 1=n—1,
2n—3, 1 =n.

It easy to see that cjg gives x6(P+Chn) =7+m—2for3<m<r—-2m>r—1,n >
m — 1 and xg(P, + Cy,) = 2r — 3 for n > r — 1, m otherwise. By Observation 1, since
r > A(P, + Cy) = m+ 2, it immediately gives x¢(Py, + Cr)=xr (P + Cyp) for n > 4. O

Theorem 5. Let Cyn(1,%5) be a circulant graph of order 3, the r-dynamic chromatic
number is

Rt ab i = A4
x(Cr(1, 5)) = 2, n=4k+ 2,k € N, xa(Cr(1,
3, n—4k+4,keN.

5) =4

For r > 3, we have

n, n=4,6,8,

4, n=8k+4,k€ N,
5, n=8k+6,k€ N,
6, n otherwise.

XT(Cn(lv 5)) i

Proof. The graph C,(1,%) is a connected graph with vertex set V(Cy(1,%)) =
{;,0 < i < n — 1} and edge set E(Cn(1,5)) = {Zi%iyimod n)y0 < i < n —
1} U {xi:cH%(mod n>0 < i < 5} The order and size of the graph C,(1,5) are
p = |V(Cu(1,2))| = n,q = |E(Cy(1,%))| = 2. Since Cy(1,%) is a regular graph of
degree 3, thus 6(Cr(1, 5)) = A(Cr(1, 5)) = 3.

By Observation 1, x,(Cr(1,5)) > min{A(Cy(1, 5)),r} +1 = min{3,r} + 1. In the
same way, to find the exact value of r-dynamic chromatic number of C,(1,5), we define
three cases, namely for x(Cy(1,5)), x2(Cn(1, %)) and x,>3(Cn(1,5)).

For x(Cy(1, %)), define a map c11 : V(Cyr(1, 5)) — {1,2,...,k} where n > 3, by the
following:

1234, n =4,
c11 (20,1, .-, In-1) = 12 ... 12, n=4k+2.k € N.
011(1'071'1,...,.%%) = 12 ... 1213, n=4k+4,k € N.

21 ... 21, 32, n=4k +4,k € N.

011($g+17 TRAy2y - y Tn—1)
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It easy to see that ci1 gives x(Cn(1,5)) = 4, for n = 4, x(Cn(1, %)) = 2, for
n=4k+2,k e N, and x(Cn(1,5)) =3, for n =4k + 4,k € N.
For x2(Cr(1, %)), define a map c12 : V(Cr(1, 5)) = {1,2,...,k} where n > 3, by the
following;:
012(.7}0, L1y - ,$n,1) 1234, forn=14
clg(xo,xl,...,x%) = 12... 12, forn=4k+2,k€ N
012(x%+1,x%+2,...,xn,1) = 34 ...34, forn=4k+2,ke N

It easy to see that c1p gives x2(Cyr(1, 5)) = 4 for any n.
For x,(Cn(1,%)), and r > 3, define a map ci13 : V(Cyr(1, %)) — {1,2,...,k} where
n > 3, by the followings

e Forn=4, ci3(x;) = i+1,0<i<n-1

e For n =10
= )7
9, i=5,8,
Clg(xi) = 3,i:1,4,
4, i =36,
5, i=29
e Forn=8k+4,ke N
1, i=0(mod 4),0<i<mn—4,
(o) 2, i=1(mod 4),1<i<n-3,
R — 3, i=2(mod 4),2<i<n-2,
4, i=3(mod 4),3<i<n-—1.
e Forn=8k+6,ke N
1, i=0(mod 4),0<i< § —7,
2, i=1(mod 4),1<i < § —6,
cas(z) = 3, i=2(mod 4),2<i< 5 -5,
4, i=3(mod 4),3<i< 84
5 i=7%—12ataui=n—1,
i, ¢+ =l{mod TM=D) £ _ 2 <4< n =,
o - i—1,i=1(mod § —2),5 —1<i<n—4,
AT = -2, i=2(mod 2 —2), B <i<n-3,
i—3,i=3(mod § —2),5+1<i<n—2.
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e Forn=8k+8 ke N

1, i=0(mod 4),0<i< 5 -8, or
i=0(mod § —2),5 —2<i<n—6,
2, i=1(mod 4),1 <i< 5 -7, or
i=1(mod § —-2),5 —1<i<n-—25,
3, i=2(mod 4),2<i< % —6, or
Cl3(£i) - . n n 2.
i=2(mod § —2),5 <i<n—4,
4, i=3(mod 4),3 <i <5 -5, or
i=3(mod § —-2),5+1<i<n-—3,
5,2':”ngori:n—2,
6,i:”7_6orz:n—1.
e Forn=8k+ 10,k e N
1, i=0(mod 4),0<i< § —6, or
i=0(mod % —2),2 —2<i<n—7,
2, i=1(mod 4),1<i< § -5, or
="lifmod 2552), 2 |1 ' < n — 6,
e T 3, i=2(mod 4),2<i< 5 —4, or
z iE2(mod%—2),%§i§n—5,
4, i=3(mod 4),3<i< % -3, or
i=3(mod § —2),7+1<i<n—-4,ori=n—1,
5, For i =n — 3,
| 6, Fori=n-2,

It easy to see that c13 gives x3(Cr(1,5)) = 4,6,8 for n = 4,6,8, x3(Cr(1,5)) = 4
for n = 8k 4+ 4, x3(Cn(1,%)) = 5 for n = 8k + 6, and x3(Cyn(1,%)) = 6 for
n otherwise. By Observation 1, since r > A(Cy(1,3)) = 4, it immediately gives
x3(Cn(1, §))=xr(Cn(1, %)) for n > 4. O

Concluding Remarks

We have found some r—dynamic chromatic number of several graphs, namely prism
graph, three-cyclical ladder graph, joint graph and circulant graph. All numbers attain
a best lower bound. For the characterization of the lower bound of for any connected
graphs G, we have not found any result yet, thus we propose the following open problem.

Open Problem
Given that any connected graphs G, determine the sharp lower bound of x,(G)
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