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Abstract. A total edge irregularity strength of G has been already widely studied in many
papers. The total a-labeling is said to be a total edge irregular a-labeling of the graph G if for
every two different edges e1 and e, it holds w(e1) # w(e2), where w(uv) = f(u) + f(uv) + f(v),
for e = wv. The minimum « for which the graph G has a total edge irregular a-labeling is
called the total edge irregularity strength of G, denoted by tes(G). A natural extension of this
concept is by considering the evaluation of the weight is not only for each edge but we consider
the weight on each subgraph H C GG. We extend the notion of the total a-labeling into a total
H-irregular a-labeling. The total a-labeling is said to be a total H-irregular a-labeling of the
graph G if for H C G, the total H-weights W(H) = ZUGV(H) fv)+ EeEE(H) f(e) are distinct.
The minimum « for which the graph G has a total H-irregular a-labeling is called the total
H-irregularity strength of G, denoted by tHs(G). In this paper we initiate to study the tHs of
shackle and amalgamation of any graphs and their bound.

Keywords: Total a-labeling, Total H-irregularity strength, shackle of any graph,
amalgamation of any graph.

1. Introduction

All graphs in this paper are simple, nontrivial and undirected graphs. A total labeling
f:V(G)UEG) — {1,2,3,...,a} is called a total a-labeling of a graph G. The weight of
an edge uv of G, denoted by w(uv), is the sum of the labels of end vertices u and v and also
edge uv, i.e. w(uv) = f(u)+ f(uv)+ f(v). The total a-labeling is said to be a total edge irregular
a-labeling of the graph G if for every two different edges e; and es, it holds w(e;) # w(ez). The
minimum « for which the graph G has a total edge irregular a-labeling is called the total
edge irregularity strength of G, denoted by tes(G). A natural extension of this concept is by
considering the evaluation of the weight is not only for each edge but we consider the weight
on each subgraph H C G. Thus, we extend the notion of the total a-labeling into a total
H-irregular a-labeling. The total a-labeling is said to be a total H-irregular a-labeling of the
graph G if for H C G, the total H-weights W(H) = > cy ) f(v) + Xecpm) f(e) are distinct.
The minimum « for which the graph G has a total H-irregular a-labeling is called the total
H-irregularity strength of G, denoted by tHs(G). The minimum « for which the graph G has
a subgraph irregular total a—labeling is called the total H—irreqularity strength of G, tHs(G).

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOIL.
Published under licence by IOP Publishing Ltd 1
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The beginning of the study of the irregularity strength is introduced by Togni et al. [10]
and Frieze et al. [4]. By then, there are some result related to the total H-irregularity strength
study. Jendrol et al. [6] determined the total edge irregularity strength of complete and bipartite
complete graph, Jeyanthi et al. [7] studied about total edge irregularity strength of disjoin union
wheel graph, and Baca et al. [2], [3] studied about total edge irregularity strength of generelized
of prism graph and any graphs. Furthermore Ahmad et al. [1] found total edge irregularity
strength of zigzag graph, as well as Pfender [8] studied about total edge irregularity strength
of large graph, and the last Rajasingh et al. [9] also studied total edge irregularity strength of
series parallel graph.

In this paper, we study the existence of the total H-irregularity a-labeling of some graph
operations, namely shackle and amalgamation of graph GG. A shackle of G1,Gs, ..., Gk, denoted
by Shack(Gi,Ga,...,Gk), is any graph constructed from non-trivial connected and ordered
graphs G1, G, ..., Gy such that for every 1 < i,j < k with |i—j| > 2, G; and G have no common
vertex and for every 1 < ¢ < k —1,G; and G; + 1 share exactly one common vertex, called a
linkage vertex, where the k — 1 linkage vertices are all distinct. Meanwhile, let {G1,Go,...,Gy}
be a finite collection of graphs and each G; has a fixed vertex vg, or edge eg, called a terminal
vertex or edge, respectively [5]. The vertez-amalgamation of G1,Ga,...,G, denoted by Amal
{Gi,v0,}, is formed by taking all the G;’s and identifying their terminal vertices. Similarly,
the edge-amalgamation of G1,Ga, . ..,G,, denoted by Amal{G;, eq,}, is formed by taking all the
G;’s and identifying their terminal edges. Furthermore, if G;’ are isomorphic graphs then we
denote such graphs as Shack {G,v,n} and Amal {G,v,n} for vertex, or Shack {G,e,n} and
Amal {G,e,n} for edge. In this paper we will study the tHs of shackle and amalgamation of
any graphs and as well as determine their bound.

2. The Results
Prior to show the values of tH s of those graphs, we will show the lower bound of ¢t H s in general
graph by the following lemma.

Lemma 2.1 Given a graph H C G. Let pg,qn be respectively be number of vertices and edges
of H and |H| be the number of subgraphs. The total H-irreqularity strength satisfies

H|-1

tHs(G) > [pturttl-l
Proof. A total a-labeling is a labeling f : V(G) U E(G) — {1,2,3,...,a}. The H- irregularity
total a-labeling of graph G is a total a-labeling such that for each subgraph H C G, the
weight W(H) = Y ey k) f(v) + Xecrk) f(e) are all distinct. Furthermore, since we require
the minimum « for which the graph G has a total H-irregular a-labeling, the set of the total
H-weight should be consecutive, otherwise it will not give a minimum ¢Hs. Thus, the set of
total H weight is W/(H) = {py +qu,pu +qu +1,pg +qu +2,...,puy +qu+(|H|—1)}. On the
other hand the maximum possible H weight of graph G is at most tHs(G)(pg + qp). It implies

tHs(G)(pa +qu) > pu+aqu +|H| -1
tHS(G) > pH‘H]H‘HHl*l

PHYIH
Since tH s(G) should be integer, and we need a sharpest lower bound, it implies
pa+qu +|H| -1
PH +4qH

tHs(G) > [ 1.

It completes the proof. O
Now, we are ready to show our main results.
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Theorem 2.1 Let G = Shack(H,v,n) be a shackle of any graph H. Then the total H-
wrregqularity strength satisfies

m+n+1

tHs(Shack(H,v,n)) = [ o
m

|

where pg and qi are respectively the number of vertices and edges in subgraph H C G and
m=pyg+qg —2 and n = |H|.

Proof. The vertex set and edge set of the graph Shack(H,v,n) can be split into two following
sets: V(Shack(H,v,n)) = {vi;;1 < i < pg—2,1 < j < npU{x;1 <k < n+1} and
E(Shack(H,v,n)) = {e;;1 < 1 < qu,1 < j < n}. Thus, the graph Shack(H,v,n) has
|V (Shack(H,v,n))| = (n — 1)pg + 1, |E(Shack(H,v,n))| = ngmg. Since m = pg + qu — 2,
then by Lemma 2.1, we have tH s(Shack(H,v,n)) > [PHMHHH'_W = [mi2in-l] — [mintl]

o B Pr+qm m+2 m+2
Thus, tHs(Shack(H,v,n)) > [T

Now we will show that tHs(Shack(H,v,n)) < [ME2FL] " Define f as a vertex and edge

m—+2

labeling of graph G, f: V(G)U E(G) — {1,2,...,a} by the following function.

f (@) =[]
11<]<m—t+11<t<m

k
fluig) U fley) = [ j+t thl+1
(ng M 41lim—t+2<j<nl<t<m

Under the labeling f, the total H-weight W (H) = > eV (H) flv)+ D ecE(H) fle)is W(H) =
{m+2,m+3,...,m+n+1} forms a consecutive sequence. It implies the set of H—weights are
distinct. By considering the above label f, the minimum ¢H s(Shack(H,v,n)) can be achieved
by the following:

mgﬂ)w +1, for j =n,t =m
n+m—m—1 + m+2"
m+2 m-+2

t Hs(Shack(H,v,n)) < [?
{n 1+m+
[T

I A

m+2
m+4n+1 '|
m+2

Thus, tH s(Shack(H,v,n)) < [%1 It concludes that tHs(Shack(H,v,n)) = [%l O

Theorem 2.2 Let G = cShack(H,v,n) be disjoint union of multiple copies ¢ of shackle of graph

H. Then
m+cn+1

m + 2 1

where m = pg + qg — 2, pg and qg are the number of vertices and edges in H respectively,
n = |H| and c is number of copies of G.

tH s(cShack(H,v,n)) = [

Proof. The graph G = cShack(H,v,n) is a diconnected graph with vertex set
V(cShack(H,v,n)) ={vj;1<i<pg—2,1<j<nl<u<ctU{rl<k<n+l,1<u<c}
and edge set E(cShack(H,v,n)) = {e/:;1 <1 < qu,1 <j <n,1 <u < c}. Thus, the graph
cShack(H,v,n) has |V(cShack(H,v,n)§| = c¢((n — 1)pg + 1) and |E(cShack(H,v,n))| = cngpy.
Since m = pg + qg — 2, then by Lemma 2.1

tHs(cShack(H,v,n)) > [ww

(m—i—g—f—cn 1 ‘I
(m+rcr;14fl “
- m+2
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Now we will show that tHs(cShack(H,v,n)) < [%ﬁ;l] The vertex and edge labeling f is

a bijective function f: V(G) U E(G) — {1,2,...,a}. Let w=ju; 1 <j <mn, 1 <u <csuch
that 1 < w < ¢n.

[
e wy m—(t+1)
f(vzj) f(el]) {[W]+lm—t+2<w<cn1<t<m

Under the labeling f, the total H-weight W(H) =3 ,cy ) [ (V) + Xecpm f(e) is W(H) =
{m+2,m+3,...,m+cn+1} which form a consecutive sequence. It implies the set of H—weights
are distinct. Now considering the above label of f, the minimum tH s(cShack(H,v,n)) can be
achieved by the following:

tHs(cShack(H,v,n)) < ww_kl

m+2 m+2

cn—1

m—+2 + m+2-‘

m-—+cn— 1'|
m+2

] 2
|’cn+1 + m+2'|
[

[

Thus, tHs(cShack(H,v,n)) < [%1 It implies that tH s(cShack(H,v,n)) = (%] 0

Theorem 2.3 Let G be an amalgamation of any connected graph H, denoted by G =
Amal(H,v,n). Then the following holds

-1
Wi A ol (i, RS (A il
r
where v = pg + qu — 1, pg and qp is the number of vertices and edges in H respectively and
n=|H|.

Proof. The vertex set and edge set of the graph Amal(H,v,n) can be split into following
sets: V(Amal(H,v,n)) = {A} U {z;551 < i < pg — 1,1 < j < n} and E(Amal(H,v,n)) =
{ej;l <1 < qu,1 < j g } Thus, the graph Amal(H v,n) has |[V(Amal(H,v,n))| = pq,
and |E(Amal(H,v,n))| = Let n, m be positive integers with n > 2 and m > 3. Thus
|V (Amal(H,v,n))| = pa ( pr — 1)+ 1 and |E(Amal(H,v,n))| = ga¢ = ngm. Then by lemma

2.1,
tHs(Amal(H,v,n)) > [Mj\mlw
1 |'7“+1+n ’j
B VJ”ZH
; [ﬁﬁ}z 1

Thus, the lower bound tHs(Amal(H,v,n)) > [Z2=1].  Now we will prove that
tHs(Amal(H,v,n)) < [M2=1]" The vertex and edge labeling f is a bijective function
f:V(G)UEG) = {1,2,...,a}.

f(A) =1

fzij) U f(ery) :{ [l <i<r—t+1,1<t<r

(D] g iy 2<j<n1<t<r

Under the labeling f, the total H-weight W(H) = 3 cv () f(v) + Xecpm) f(e) is W(H) =
{r+1,r4+2,...,7r+n} form a consecutive sequence. It implies the set of H—weights are distinct.
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Now by considering the above label f, the minimum ¢tHs(Amal(H,v,n)) can be achieved by the
following:

tHs(Amal(H,v,n)) < ["r=H)] 49
— [r+n—1'|
It is clear to concludes that tHs(Amal(H,v,n)) = [H2=17. O

Theorem 2.4 Let G be a disjoint union of multiple copies ¢ of amalgamation of graph H,
denoted by G = cAmal(H,v,n). Then

-1
tHs(cAmal(H, v,n)) = [~ 21
,
where r = pg+qu —1, pg and qg s the number of vertices and edges in H respectively, n = |H |
and ¢ is number of copies of G.

Proof. The vertex set and edge set of the graph G = cAmal(H,v,n) can be split into following
sets: V(G) = {41 < k < c}U {wijk;l <i<pg—-11<j<nl<k<c} and
EG) = {ej*1 < j < n1 <1< gqnl <k <c} Thus the graph cAmal(H,v,n) has
with |V (cAmal(H,v,n))| = pg, and |E(cAmal(H,v,n))| = pg. Let n, r, and odd ¢ be positive
integers with n > 2 and r, ¢ > 3. Thus |V(G)| = pg = c¢(n(pg —1)+1) and |E(G)| = qc = cnqn.
Then by lemma 2.1,

PH+IH

tHs(cAmal(H,v,n)) > [ww
— [rd+l=cn—1
= { - '|

Thus, the lower bound tHs(cAmal(H,v,n)) > [™<=11"  Now we will show that

tHs(cAmal(H,v,n)) < [“=17" For any V and E, the labeling as follows. Let w = jk;
1<j<n,1<k<csuchthat 1 <w < cn.

f(AF)
Pty U f(eh) = {

<k<
[ =D 11<w<r—t—i—1 1<t<r1<k<c
t

A ’“*1)1+1,r—t+2§w§cn,1gtgr,lgkgc.
Under the labeling f, the total H-weight W(H) =3 cy ) [(v) + Xecpm f(e) is W(H) =
{r+1,742,...,r+cn} form a consecutive sequence. It implies the set of H—weights are distinct.

Now considering the above label of f, the minimum ¢tHs(cAmal(H,v,n)) can be achieved by
the following:

tHs(cAmal(H,v,n)) < (L("‘H)w 1

(anrr r— 1‘| _}_[ “
"cn-l—r 1"

It concludes the proof. O

Theorem 2.5 Let G be a shackle of connected graph Cy, graph, denoted by G = Shack(Cy,,v,n).

Then
2m+n—1

2m

tHs(Shack(Cypy,v,n)) = [ |

where m is an order of the cycle graph and n number of Cy,.
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Proof. The graph Shack(C,,,v,n) is a connected graph with vertex set V' (Shack(Cy,,v,n))
{vij;1 <i<pe,—2,1 <j<npu{zy;1 <k <n+l}and edge set E(Shack(Chy,,v,n)) = {eg;;1
[ <qc,,,1 <j<n}. The cardinalities of the graph Shack(C,,,v,n) are |V (Shack(Cy,, v, n))|
(n — 1)pc,, + 1, and |E(Shack(Cy,,v,n))| = ngc,,, where pc,, = |V(Cy,)|, and q¢,, = |E(Cp,
Then by Lemma 2.1,

A

\/

[PchrqcmHle 11
PCymT9Cm
[ m+m+n— 1"

tH s(Shack(Chy,,v,n))

v

Now we will show that tHs(Shack(Cy,,v,n)) < (27”2*7721] Define the vertex and edge

labelings f : V(G) U E(G) — {1,2,...,a} as follows

flxr) =[]

[ i1 <i<2m—t-1,1<t<2m—2
vii) U fley) = )

fvi) U fley) { (ww +1:2m—t<j<n,1<t<2m—2
Under the labeling f, the total H-weight W(H) = > cv () f(v) + Xecpm) f(€) is W(H) =
{2m,2m + 1,...,2m + n — 1} form a consecutive sequence. It implies the set of H—weights

are distinct. Now considering the above label of f, the minimum ¢H s(Shack(C,,,v,n)) can be
achieved by the following:

tHs(Shack(Ch,,v,n)) < WW‘Fl
n+2m=2—(2m—2+1)

[
[
[

Thus tH s(Shack(Cp,,v,n)) < [2282=17 it implies that tH s(Shack(Cp,,v,n)) = [222=17 0O

Theorem 2.6 Let G be a disjoint union of multiple copies c of shackle of graph C,, denoted
by G = cShack(Cy,,v,n). Then

2m+cn—1

tHs(cShack(Chy,v,n)) = | om

|

where m is an order of the cycle graph, n is a number of Cy,, and c is number of multiple copies

of G.

Proof. Suppose we denote the vertex and edge sets of the graph G' = cShack(C,,, v, n) as follows:
V (e¢Shack(Cy,,v,n)) = {vw,l <i<pc,—2,1<j<n1<u<ctU{a1<k<n+11<
u < c} and E(cShack(Cp,,v,n)) = {e}i:1 <1 < qc,,,1 <j <n,1 <u<c} Thus, the graph
cShack(Cy, v,n) has |V (cShack(Chy,,v,n))| = ¢((n — 1)pc,, + 1), and |E(cShack(Cyy,,v,n))| =
engce,,, where pe,, = |V(Cy,)| and q¢,, = |E(Cr,)|- Then by Lemma 2.1

tHs(cShack(Chy,,v,m)) > [pCm;gCTiZLCm‘ sy
_ "Zm—l—cnml "
- 2m

Now we will show that ¢tH s(cShack(Cy,v,n)) < [22E€2=1] by defining the vertex and edge
labeling f : V(G) U E(G) — {1,2,...,a} by the following. Let w = ju; 1 <j<n,1<u<c
such that 1 < w < en.

flat) —[pla<u<e

[ [l <w<2m—-t—-1,1<t<2m—2
P Ufley) =4 P T

[——m— ]+ 1;2m -t <w<en, 1 <t <2m—2
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Under the labeling f, the total H-weight W(H) = 3 cv () f(v) + Xecpm) f(e) is W(H) =
{2m,2m + 1,...,2m + cn — 1} form a consecutive sequence. It implies the set of H—weights
are distinct. Now considering the above label of f, the minimum ¢H s(cShack(C,y,,v,n)) can be
achieved by the following.

tHs(Shack(Co,v,n)) < [VHZ@m=2407 4y
. |'cn+(2m72)7(2m72+1) + 2m
_ cn—1 272nm 2m

22m + Tn-l

— [

It is clear to conclude that tHs(Shack(Chy,,v,n)) = [2nten=1], O

2m

Theorem 2.7 Let G be an amalgamation of connected graph Cs, denoted by G =
Amal(C3,v,n). Then the following holds

n—+4

tHs(Amal(Cs,v,n)) = [ 3

|

where n is a number of Cs.

Proof. Let the graph Amal(Cs,v,n) has with |V(G)| = pg, |E(G)| = qa, |V(H)| = |V(Cs)| =
pH = poy, and |E(H)| = |E(C3)| = qu = qc,- Suppose we denote the vertex and edge sets
of the graph G = Amal(C3,v,n) as follows: V(G) = {A} U {z;;;1 <i < 2,1 <j < n} and
E(G) = {Ax;;1 < i <2,1 < j <npU{zze;1 < j < n}. Thus, the graph Amal(C3,v,n)
has |V(Amal(C3,v,n))| = 2n + 1, and |E(Amal(Cs,v,n))| = 3n, where pc, = |V(C3)| and
gcs = |E(C3)|. Then by Lemma 2.1, we have the following

I'PH+QH+‘H|71'|
(6+nliq"|+qH
= 28]
o=
=175
Thus, the lower bound tHsAmal(Cs,v,n)) > [”THW Now we will show that

tHs(Amal(Cs,v,n)) < (”%“41 The vertex and edge labelings f is a bijective function f :
V(G)UE(G) = {1,2,...,a}.

f(4) =1 ,
. [ ;1 <7 <6—-14,1<i<5
i) U f(Ax; ) U 4G = o
flesd) Va2 T 2d) {(H§W%+L7—i<j<ml<i<5

tHs(Amal(Cs,v,n))

v

Under the labeling f, the total H-weight W(H) =3 ,cy ) [ (v) + Xeepm f(e) is W(H) =
{6,7,...,6 + (n — 1)} which form a consecutive sequence. It implies the set of H—weights
are distinct. Now considering the above label of f, the minimum ¢HsAmal(Cs,v,n)) can be
achieved by the following.

tHs(Amal(Cs,v,n))

I IA
I
<.

¥

<.

G
—~

(=}]

N

.

It concludes the proof. O

~
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Theorem 2.8 Let G be a disjoint union of amalgamation of Cs graph, denoted by
cAmal(Cs,v,n). Then
cn +4

P

Proof. Let the graph cAmal(Cs,v,n) has with |V(G)| = pq, |E(G)| = qa, |V(H)| =
\V(C3)| = pag = pcsy, and |E(H)| = |E(C3)| = qu = qc,- The vertex set and edge set of the
graph G = cAmal(C3,v,n) can be split into following sets: V(G) = {A¥;1 <k <c}U {xfj, 1<
i<2,1<j<n1<k<c}and B(G)={A"2f;1<i<2,1<j<n1<k<cu{zfazl;1<
j <mn,1 <k<c} Letn, m and odd s be positive integers with n > 2 and r,¢ > 3. Thus
[V(G)| = pg = c¢(2n+ 1) and |E(G)| = q¢ = 3cn. Then by lemma 2.1,

tHs(cAmal(Cs,v,n)) = [

tHs(cAmal(Cs,v,n)) > Fww

— (5+cn‘|
- (4+cn‘|

Thus, the lower bound tH s(cAmal(Cs,v,n)) > [“4]. Now we will prove that
tHs(cAmal(H,v,n)) < [%—*4] Let | = jk;1 < j <n,1 <k <csuch that 1 <[ < ¢n. For any
V and E, the labeling as follows.

f(AF) —1,1<k<
l

C
A 1<I<6—-4,1<i<5,1<k<c
zF YU Akk U f(afx = [5_4@_1)1
f( z,j) f( ) f( ij 2]) [H_Z_(G)-‘—l—l7—’L§l§6n,1§2§571§]€§0-

Under the labeling f, the total H-weight W(H) = 3> ,cy ) [ (V) + Xecpm) f(€) is W(H) =
{6,7,...,6 + (cn — 1)} which form a consecutive sequence. It implies the set of H—weights
are distinct. Now considering the above label of f, the minimum tHs(cAmal(Cs,v,n)) can be
achieved by the following.

tHs(cAmal(Cs,v,n)) > [H=0®)] 41

Thus tHs(c(Amal(C3,v,n))) < [<24], it implies that tHs(c(Amal(Cs, v, n))) = [<4H]. O

Concluding Remarks
We have found the total H-irregularity strength of shackle and amalgamation of G, namely
tHs(Shack(H,v,n)), tHs(c(Shack(H,v,n))), tHs(Amal(H,v,n)) and tHs(c(Amal(H,v,n))).
Apart from those graphs, the study of the values of ¢t H s are considered to be interesting research
topic as it is a new extension of total edge irregularity strength of G. Therefore, we propose the
following open problem.

Open Problem 2.1 Let G be any connected and disconnected graph, apart from the above
graphs determine the value of tHs(G).

Open Problem 2.2 Let tes(G) and tHs(G) be total edge irreqularity strength and total H -
irregularity strength of graph G. Characterize the connection between tes(G) and tHs(G).
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