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Abstract. Let G = (V, E) be a simple, nontrivial, finite, connected and undirected
graph. Let ¢ be a coloring ¢ : F(G) — {1,2,...,s},s € N. A path of edge colored
graph is said to be a rainbow path if no two edges on the path have the same color. An
edge colored graph G is said to be a rainbow connected graph if there exists a rainbow
u — v path for every two vertices u and v of G. The rainbow connection number of a
graph G, denoted by rc(G), is the smallest number of k colors required to edge color
the graph such that the graph is rainbow connected. Furthermore, for an [-connected
graph G and an integer k with 1 < k < [, the rainbow k-connection number rc(G)
of GG is defined to be the minimum number of colors required to color the edges of G
such that every two distinct vertices of G are connected by at least k internally disjoint
rainbow paths. In this paper, we determine the exact values of rainbow connection
number of some special graphs and obtain a sharp lower bound.

Keywords: Rainbow k-Connection Number, Special Graphs, Sharp Lower Bound

1. Introduction

Suppose G is a simple connected graph with a set of vertices V(G) and edges E(G).
For a further reference please see Gross, et. al. [6]. Let G be a nontrivial connected
graph on which it is defined a coloring ¢ : E(G) — {1,2,...,s},s € N, of the edges of
G, where adjacent edges may be colored the same. A u — v path P in G is a rainbow
path if no two edges of P are colored the same. The graph G is rainbow-connected (with
respect to ¢) if G contains a rainbow u — v path for every two vertices u and v of G. In
this case, the coloring ¢ is called a rainbow coloring of G. If k colors are used, then ¢
is a rainbow k-coloring. The minimum k for which there exists a rainbow k-coloring of
the edges of G is the rainbow connection number r¢(G). The completes concept can be
found in Chartrand in [4].
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A simple observation can be proposed that if G has n vertices then rc¢(G) < n —1
but is not sharp. Since a given spanning tree can be assigned with distinct colors, and
color the remaining edges with one of the already used colors then the upper bound of
re(G) < n—1, see Caro [1] for detail. It is also easy to understand that rc(G) > diam(G),
where diam(G) denotes the diameter of G, Caro in [1]. Thus, it gives the following

diam(G) <re(G) <n—1

There have been some results regarded to rainbow connection numbers. Chandran,
et.al. in [2] determined rainbow connection number and connected dominating sets,
Chakraborty, et.al. in [3] considered hardness and algorithms for rainbow connectivity.
Furthermore, Li et.al. in [7] stated Rainbow connections of graphs - A survey. Also
Li et.al. in [8] characterized graphs with rainbow connection number and rainbow
connection numbers of some graph operations. Schiermeyer in [10] studied rainbow
connection in graphs with minimum degree three.

A well-known result shows that in every [—connected graph G with [ > 1, there are
k internally disjoint u — v paths connecting any two distinct vertices u and v for every
integer k£ with 1 < k£ <[ [9]. Chartrand et al. [5] defined the rainbow k-connectivity
rek(G) of G to be the minimum integer j for which there exists a j-edge-coloring of G
such that for every two distinct vertices u and v of GG, there exist at least k internally
disjoint v — v rainbow paths.

By the definition of rainbow k-connectivity rck(G), we realize that it is almost
impossible to derive the exact value or a nice bound of the rainbow k-connectivity
for a general graph G [9]. To answer the problem: given that any connected graph
G, determine the rainbow connection number rci(G) of any graph G? It tends to be
NP-hard problem. Thus, the study of rainbow k-connectivity of some classes of special
graphs is still needed. In this paper we will study the rainbow connection number
reg(G) of Triangular Ladder, Wheel graphs, and edge comb of graph G = C,,>>T L,,, and
G = Cp>K,,. The edge comb between L and H, denoted by L>H, is a graph obtained
by taking one copy of L and |E(L)| copies of H and grafting the i-th copy of H at the
i-th edges of L. The result show that all the rainbow k-connection number rci(G) of
the graph studied in this paper achieve the minimum value.

2. The Results

Before presenting the main results we need to establish the lower bound of rci(G) of
any graph G such that the graph G is considered to be a k-connected graph. Note that
the length of the shortest graph cycle (if any) in a given graph is known as a girth, and
the length of a longest cycle is known as the graph circumference.

Theorem 1. Let d(u,v) be a distance between u and v, C(u,v) is a shortest cycle that
contains the vertices u and v. If G is 2-connected graph then rca(G) > maz {|C(u,v)| —
d(u,v),Yu,v € V(G)}, where C(u,v) and d(u,v) are in one cycle.

Proof. Let G be a connected cyclical graph. Thus, the length of second alternative
internally disjoint rainbow path for any two vertices u and v is |C(u,v)| — d(u,v)
where C(u,v) is a girth that contain vertices u and v. The greatest lower bound of
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rea(G) > max {|C(u,v)| — d(u,v)}. By contradiction, if we color the edges of G by any
value less than max {|C(u,v)| — d(u,v)} then there exist two vertices u and v that do
not present two internally disjoint paths. O

We can extend the theorem for [-connected graph.

Lemma 1. If G is l-connected graph, | > 2, then for every two vertices u,v € V(G),
there exist at least I — 1 cycles of G containing the vertices u and v.

Proof. We can prove this theorem by contradiction. Suppose that there exist two vertices
u,v € V(@) that contain one less than [ — 1 cycles of G. Suppose that the number of
cycles that contain u,v € V(G) is | — k where k > 2. The set {C|1 <i <Il—k}isl—k
cycles that contain any two vertices in V' (G). One cycle is used to make two internally
disjoint paths between u and v. Two cycles are used to make three internally disjoint
paths between u and v. Since v and v are on [ — k cycles then the number of disjoint
paths between u and v is [ — k+ 1. Since k > 2 and we have two vertices with [ — k 4+ 1
disjoint paths connecting v and v, then G is (I — k + 1 < [)-connected graph. It is a
contradiction. O]

Theorem 2. Let d(u,v) be a distance between u and v, Cij(u,v) be a shortest cycles
that contain vertices u and v. Let C; be cycles whose their common edge is uv. If G is
l-connected graph then rci(G) > max{maz{|C;(u,v)| — d(u,v),1 < i <1 —1},Yu,v €
V(G)}, where C(u,v) and d(u,v) are in one cycle.

Proof. If G is l-connected graph, then by Lemma 1 every vertex in V(G) lays on at least
[ —1 cycles. Suppose the element of {C;(u,v)|]1 <i<l—1u,v € V(G)} have [ —1 cycles
containing u,v € V(G), the [ — 1 cycles that contain u and v has to be minimum of size
|Ci(u,v)|. The number of rci(G) is at least max {|C;(u,v)| — d(u,v),1 < i <1 —1}.
Otherwise there exist two vertices uw,v that do not give k£ internally disjoint rainbow
path. O

Now we will present some classes of graphs which can be determined their rainbow
k-connection number.

Theorem 3. Let G be a triangular ladder graph, the rainbow 2-connection number of G
is rea(G) = n.

Proof. Suppose G = T'L,,. The graph G has vertex set V(G) = {x;,y;;1 < i < n} and
edge set E(G) = {xi%it1, YiYit1, Tivir1; 1 < i < n—1} U{z;y;;1 < i < n}. Define a
color ¢ of the edges ¢: E(G) — {1,2,...,s},s € N:

n—i ,e€{xxip1;1<i<n-—1}

cle) = t e €{yiyir1;1 <i<n-—1}
1 ve € {zyip1;1 <i<n—1}U{z1y}
n se € {ziyi;2<i<n}

It is easy to see that the color ¢(e) reach a maximum value when e = x;y; and ¢(e) = n. Thus,
rce(G) < n. Now we will show that rca(G) > n. Consider the vertex u = y; and v = x,,. The
vertex u and v lay on the cycle of size 2n. Since distance, d(u,v) = n, then by Theorem 1, we
have rca(G) > 2n —n = n. It concludes that rca(G) = n. O
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Y1 Y2 Y3 Ya Ys

Figure 1. Graph G = T'L; with rca(G) =5

Theorem 4. Let G be a wheel graph of order n + 1, the rainbow 3-connection number
G isres(Wy) = n.

Proof. Given that G = W,,. The graph G has vertex set V(G) = {z;;1 <i <n}U{A}
and edge set E(G) = {Az;;1 <i <n}U{x;ziy1;1 <i<n-—1}U{xiz,}. Define a color
c of the edges c: E(G) — {1,2,...,s},s € N:

= i, e€{xxiy1;1<i<n—-1}U{Az;1<i<n}
A= n, e € {r1zn}

It is easy to see that the color c(e) reach a maximum value when e = zyz,, thus
res(Wy) < n. No we will show that reg(W,,) > n. We will use a contradiction. Suppose
that reg(Wy,) < n — 1, take res(W,) = n — 1. Consider edge set E' = {z;x;41]1 <
i <n-—1}U{x12,} and |E'| = n+ 1. If we color n + 1 edges of E' by n — 1 colors,
then there exist e1,es € E’ such that c(e1) = c(ez), without loss of generality we can
choose €1 = z1x9 and ey = x;x;41. Since W), is 3-connected graph and reg(W,,) =n —1
then there must exist three disjoint paths between any two vertices. Consider vertex
x1 and vertex x;41 which give three disjoint paths between x; and x;41. The first
possible rainbow path is 1 Ax;;1, the second is x12,Tp—1 ... x;, however the third path
T1T2 ... TiTit1, for 1 and x;41 is not rainbow path as c(x1z2) = c(zzit1). It is a
contradiction, thus rcg(W,,) > n. It concludes rc3(W,,) = n. O

Theorem 5. If G = Cp,>T Ly, then vc(G) = §+2m—2 forn even and rca(G) = 2m+1
forn =4.

Proof. The graph G = Cn>Lt,, is a connected graph with vertex set V(G) = {z;|1 <
i< npU{yigll <i<n1<j<m-—1}U{z;1<i<n1<j<m-—1} and edge
set E(G) = {l‘il‘i+1|i <1< n-— 1} U {fL‘n.’El} U {xiyi,1|1 <1 < n} U {xi+1zi71|1 < <
n—=1}U{z1zn1} U{yi ¥+l <1 <n, 1 <j<m—2}U{z;z,;4|l <i<n1<j<
m—2}U{yi,jzi7]~|1 <i1<n,1 <5< m—l}U{:L‘Z'ZiJ’l <1< n}U{yi7jzi,j+1|1 <1<n, 1<
j <m —2}. The value |V(G)| =n(2m — 1) and |E(G)| = 3n+ 2n(m — 2) + 2n(m — 1).

The diameter of G, diam(G) = §+42(m—1). The number rc(G) is given by the following
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Te

Figure 2. Graph G = Wy with rc3(Ws) =6

coloring function:

i mod § ye € {rzip1|l <i<n-—1}U
{vijzijll <i<n,1<j<m—1}
nmod 3, e¢€ {z 21}
a9 see{zya|l <i<n}U{ziz;1]l <i<n}
s+14+5 e€{yvi+11<i<nl<j<m-2}
U{yijzij1ll <i<n,1<j<m—2}
5 +m e {ziy1zill <i<n—1}U{x12,1}
o e e o TR T A G —

The maximum value of function is c(e) = § +2m — 2 so r¢(G) < § +2m — 2. By

applying Innequality 1 r¢(G) > § + 2m — 2, it implies that rc¢(G) = § 4+ 2m — 2.

The number r¢o(G) > 2m+ 1 for n = 4 and any m, is obtained by coloring mapping;:

7 mod 2 se € {zimipq]l <i <3}

2 se € {xgx}

3 e & {$1y171|1 S 7 § n} U{QS'Z‘ZZ'J“. S ) § Tl}
46 = 3+ € € {YiYij1ll <i<n,1<j<m—2}

U{yi,jzi’j+1|1 <i1<n,1 <3< m— 2}

m+ 2 ee{zrip1zi1|1 <i<n—-1}U{z12,1}

m+ 2, . e SN ; BN | << § < m — 2}

2m+1  ,e€{yijzi;/1<i<n,1<j<m-1}

To prove rca(G) < 2m + 1, consider vertex ya,,—1 and vertex zj,—i, the vertex
Y2,m—1 and vertex z1,,—1 lay on cycle of size of at least 4m — 1. The distance between
Y2,m—1 and 21 ;,m—1 is 2(m — 1) so the lengt of remaining shortest path between 2 ,,—1
and 21 ,,—1 is 2m + 1. This path is the shortest alternative path from y2,,—1 to 2z1,m—1
to get the second internally disjoint rainbow path. O
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Y12 21,2

23,2 Ys,2
Figure 3. Graph edge comb G = Cy>T L3 with rca(G) = 7.

Theorem 6. If G = Cp,>Ky,, then the number rc(G) = 5 + 1 for n even and
rea(G) =4, for n = 4.

Proof. The graph G = C,>K,, is a connected graph with vertex set V(G) = {z;|1 <i <
n}U{yi ;|1 <i<n,1 <j<m—2}andedgeset E(G) = {ziz;11]|l <i <n—1}U{zyz}U
{ziyijl1 <i<n,1<j<m—-2}U{zinyll <i<n—-1,1<j<m—-2}U{z1yn |l <
j<m—23U (UM wiayijall <i<n,1<j<m—2—1}). The number of vertices
and edges of G is |V(G)| = n+n(m —2) and |E(G)| = n(1+2(m —2) + W)
The Diameter of G, diam(G) = § + 1

The value rc(G) = 5 + 1 obtained by the following edge mapping function:

imod § ,e€ {ziziy1]l <i<n—1}U
{@iyij|1 <i<n,1<j<m-—2}U
(Ulngg({yi,lyi,jﬂu <i<n,

cle) = 1<j<m-2-1})
nmod § ,e€ {ry21}
5+l ee{myn l <j<m—2}U

{zi1yij1<i<n—-1,1<j<m-2}

The maximum value of c(e) is § + 1 so re(G) < § + 1, by applying Innequality 1

rc(G) > 5 + 1 and finally we get rc¢(G) = 5 + 1.
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Y12

Figure 4. Graph edge comb Cg>K5 with re(G) = 4.

The value rca(G) > 4 for n = 4 and any m, is obtained by the following

imod 2 ,e€ {x;xit1|l <i <3} U {zsy5|1 <0< 4,
1<j<m—2}U{yi i 41|l <i <4,
g e g — s

4mod 2 ,ec€ {xyx1}

) 3 se € {ziya |1 <j<m-—2}U
ole) = {(Tip1yisll <i<3,1<j<m—2}
4 ey |1 <i<4,1<j<m-2}

U Qwiagi gl < i< 4,
1<j<m—=2—1} —{yi v 5011 <i <4,
1<j<m-3})

To prove rca(G) < 4 consider vertex y; ; and yo for 1 < j, k < m — 2. This vertices
is contained on cycle with size at least 6. The distance between ¥, ; and ys 1, is 2 so the
lengt of remaining shortest path between y; ; and yo is 4. This path is the shortest
alternative path from y; ; to y , to make second internally disjoint rainbow path. [

Concluding Remarks

We have studied the rainbow k-connection number of G. The result show that all
the rainbow k-connection number rci(G) of the graph studied in this paper achieve
the minimum value. We have also characterized any graph to have a minimum k-
connection number, through the following theorem: If G is [-connected graph then
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rei(G) > max {|Ci(u,v)|—d(u,v),1 <i<1—1}, where |C;(u,v)| is a girth that contains
the vertices u and v. However, it is just lower bound, we have not found the sharper
upper bound of rci(G) of any graph. Thus we propose the following open problem.

Open Problem 1. Given that any connected graph G, determine a sharp upper bound
of the rainbow k-connection number rcg(G) of G.
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