
Journal of Physics: Conference Series

PAPER • OPEN ACCESS

Domination Number of Vertex Amalgamation of
Graphs
To cite this article: Y Wahyuni et al 2017 J. Phys.: Conf. Ser. 855 012059

 

View the article online for updates and enhancements.

Related content
Quantum state-independent contextuality
requires 13 rays
Adán Cabello, Matthias Kleinmann and
José R Portillo

-

Bound of Distance Domination Number of
Graph and Edge Comb Product Graph
A.W. Gembong, Slamin, Dafik et al.

-

On the star partition dimension of comb
product of cycle and complete graph
Ridho Alfarisi, Darmaji and Dafik

-

This content was downloaded from IP address 103.241.206.10 on 08/09/2017 at 04:11

Digital Repository Universitas JemberDigital Repository Universitas Jember

https://doi.org/10.1088/1742-6596/855/1/012059
http://iopscience.iop.org/article/10.1088/1751-8113/49/38/38LT01
http://iopscience.iop.org/article/10.1088/1751-8113/49/38/38LT01
http://iopscience.iop.org/article/10.1088/1742-6596/855/1/012014
http://iopscience.iop.org/article/10.1088/1742-6596/855/1/012014
http://iopscience.iop.org/article/10.1088/1742-6596/855/1/012005
http://iopscience.iop.org/article/10.1088/1742-6596/855/1/012005
http://repository.unej.ac.id/
http://repository.unej.ac.id/


1

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

1234567890

International Conference on Mathematics: Education, Theory and Application  IOP Publishing

IOP Conf. Series: Journal of Physics: Conf. Series 855 (2017) 012059  doi :10.1088/1742-6596/855/1/012059

 

 

Domination Number of Vertex Amalgamation of Graphs 

Y Wahyuni1, M I Utoyo1 and Slamin2 

1Department of Mathematics, Airlangga University, Surabaya 60115 Indonesia 
2Information System Study Programme, University of Jember, Jember 68121 Indonesia 

 E-mail: yayuk-w@fst.unair.ac.id 

Abstract. For a graph G = (V, E), a subset S of V is called a dominating set if every vertex x in 

V is either in S or adjacent to a vertex in S. The domination number 𝜸(𝑮) is the minimum 
cardinality of the dominating set of G. The dominating set of G with a minimum cardinality 

denoted  by 𝜸(𝑮)-set.  Let G1, G2, ... , Gt be subgraphs of the graph G. If the union of all these 

subgraphs is G and their intersection is {v}, then we say that G is the vertex-amalgamation of 

G1, G2, ... , Gt  at vertex v. Based on the membership of the common vertex v in the 𝜸(𝑮𝒊)-set, 

there exist three conditions to be considered. First, if v elements of every 𝜸(𝑮𝒊)-set, second if 

there is no 𝜸(𝑮𝒊)-set containing v, and third if either v is element of 𝜸(𝑮𝒊)-set for 𝟏 ≤ 𝒊 ≤ 𝒑 or 

there is no 𝜸(𝑮𝒊)-set containing v for 𝒑 < 𝒊 ≤ 𝒕. For these three conditions, the domination 
number of G as vertex-amalgamation of G1, G2, ... , Gt at vertex v can be determined. 

 

 

1. Introduction 

Several results about domination number 𝛾(𝐺) and operation of graphs have been explored by 

some researchers. Some of these results were obtained by Pavlic and Zerovnik [6], Go and Canoy [2], 

and Kuziak, Lemanska, and Yero [5]. In this paper, we determined the domination number of vertex 
amalgamation of graphs. 

Suppose 𝐺1 and 𝐺2 are subgraphs of a graph 𝐺 = (𝑉, 𝐸) and 𝑣 ∈ 𝑉. The graph 𝐺  is called vertex 

amalgamation of 𝐺1 and 𝐺2 at vertex 𝑣, denoted by 𝐺 = 𝐺1 ⋁ 𝐺2
1
{𝑣} , if  𝐺 = 𝐺1 ⋃ 𝐺2  and  𝐺1 ⋂ 𝐺2 =

{𝑣}. This vertex amalgamation definition proposed by Yang and Kong [9] and can be generated over 

more than two subgraphs. Suppose 𝐺1, 𝐺2, … , 𝐺𝑡 are subgraphs of 𝐺 and 𝑣 ∈ 𝑉. If  𝐺 = ⋃ 𝐺𝑖   𝑡
𝑖=1 and 

⋂ 𝐺𝑖 = {𝑣}𝑡
𝑖=1 ,  then G  is a vertex amalgamation of 𝐺1, 𝐺2, … , 𝐺𝑡   at vertex 𝑣, denoted by 𝐺 =

⋁  {𝐺1, 𝐺2, … , 𝐺𝑡}1
{𝑣} . If 𝐺1, 𝐺2, … , 𝐺𝑡 has 𝑛1, 𝑛2, … , 𝑛𝑡  vertices respectively, then ⋁  {𝐺1, 𝐺2, … , 𝐺𝑡}1

{𝑣}  

has ∑ 𝑛𝑖 −𝑡
𝑖=1 𝑡 + 1 vertices. 

For a survey of  some family of graphs, see [1]. The open  neighborhood of v  V is the set  

𝑁(𝑣) = {𝑤 ∈ 𝑉; 𝑣𝑤 ∈ 𝐸} and the closed neighborhood is 𝑁[𝑣] = 𝑁(𝑣)⋃{𝑣}. For a set 𝑆 ⊆ 𝑉, the open 

neighborhood 𝑁(𝑆) is defined as ⋃ 𝑁(𝑣)𝑣∈𝑆  and the closed neighborhood of 𝑆 is 𝑁[𝑆] = 𝑁(𝑆)⋃𝑆. A 

set 𝑆  of vertices of a graph 𝐺 is called a dominating set if each vertex of 𝑉 − 𝑆 is adjacent to a member 

of 𝑆. It is equivalent to that 𝑁[𝑆] = 𝑉. The domination number of 𝐺, denoted by 𝛾(𝐺), is the minimum 

cardinality of  the dominating set of 𝐺 [3].  

 Some known results on domination number of some graphs are 𝛾(𝑃𝑛) = ⌊
𝑛

3
⌋ for 𝑛 > 1 and 𝛾(𝐶𝑛) =

⌊
𝑛

3
⌋ for 𝑛 > 3 by Klobucar [4], 𝛾(𝐾𝑛) =1, 𝛾(𝐾𝑚,𝑛) = 𝛾(𝐾𝑛1,𝑛2,…,𝑛𝑘

) = 2 for 𝑚, 𝑛 > 1 and 𝑛𝑖 > 1 by 

Snyder [7], 𝛾(𝐹𝑛,𝑘) = 𝑛 for 𝑘 > 1, and 𝛾(𝐵𝑛,𝑘) = 𝑛 + 1,  for 𝑛, 𝑘 > 1 by Wardani [8],  𝛾(𝐿𝑛) = ⌊
𝑛+1

2
⌋, 

and 𝛾(𝑃𝑛,𝑓) = 1  . The bounds of domination number was given by Berge [3], that is, for a graph with 

order n  and the maximum degree ∆(𝐺) holds ⌈
𝑛

1+∆(𝐺)
⌉ ≤ 𝛾(𝐺) ≤ 𝑛 − ∆(𝐺).  
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2. Results 

We start this section by the observation concerning on the domination number of vertex amalgamation 
of some complete graphs. 

Observation 1. If  𝐺 = ⋁  {𝐾𝑛1
, 𝐾𝑛2

, … , 𝐾𝑛𝑡

1
{𝑣} } then 𝛾(𝐺) = 1.   

The domination number of vertex amalgamation of a complete k-partite graphs is presented in the 
following theorem. 

Theorem 1.  

a. For a complete bipartite graph 𝐾𝑚𝑛, where 𝑚, 𝑛 ≥ 2, if  𝐺 = ⋁  {𝐾𝑚1,𝑛1
, 𝐾𝑚2,𝑛2

, … , 𝐾𝑚𝑡 ,𝑛𝑡

1
{𝑣} }  then 

𝛾(𝐺) = 𝑡 + 1.  

b. Let a complete multipartite graph 𝐻𝑖  has cardinality for each partite be more than one. If  𝐺 =

⋁  {𝐻1, 𝐻2 , … , 𝐻𝑡
1
{𝑣} }   then 𝛾(𝐺) = 𝑡 + 1.  

Proof.  

a. If 𝐺 = ⋁  {𝐾𝑚1,𝑛1
, 𝐾𝑚2 ,𝑛2

, … , 𝐾𝑚𝑡 ,𝑛𝑡

1
{𝑣} } where 𝑚𝑖 , 𝑛𝑖 ≥ 2 and 𝑚𝑖 ≤ 𝑛𝑖  then the order of G is  

|𝑉(𝐺)| = ∑ (𝑚𝑖 + 𝑛𝑖) − 𝑡 + 1𝑡
𝑖=1  and the maximum degree is ∑ 𝑚𝑖 ≤𝑡

𝑖=1 ∆(𝐺) ≤ ∑ 𝑛𝑖 .𝑡
𝑖=1  Using 

Berge, the upper bound of the domination number of G is (∑ (𝑚𝑖 + 𝑛𝑖 ) − 𝑡 + 1) −𝑡
𝑖=1 ∑ 𝑛𝑖

𝑡
𝑖=1  = 

∑ 𝑚𝑖 − 𝑡 + 1𝑡
𝑖=1 . Because   𝑚𝑖 ≥ 2 then ∑ 𝑚𝑖 − 𝑡 + 1𝑡

𝑖=1  ≥ 𝑡 + 1 so that the least upper bound is 

𝛾(𝐺) ≤ 𝑡 + 1. Suppose there is 𝑇 ⊆ 𝑉(𝐺) which |𝑇| = 𝑡.  Let 𝑉(𝐾𝑚𝑖,𝑛𝑖
) = 𝑉𝑖 ∪ 𝑉𝑣𝑖

 where 𝑉𝑣𝑖
 is the 

vertex partite which consists of v. If  𝑣 ∈ 𝑇 then there is 𝑉𝑗 such that 𝑥𝑗 ∉ 𝑇 for every 𝑥𝑗 ∈ 𝑉𝑗. So, for 

every 𝑦𝑗 ∈ 𝑉𝑣𝑗
 which 𝑦𝑗 ≠ 𝑣 holds 𝑦𝑗 ∈ 𝑉(𝐺) − 𝑇, 𝑦𝑗~𝑥𝑗  but 𝑦𝑗 ≁ 𝑣. If 𝑣 ∉ 𝑇 then there are two 

conditions. First, there exists a 𝑧𝑖 ∈ 𝑉(𝐾𝑚𝑖,𝑛𝑖
) for every i such that 𝑧𝑖 ∈ 𝑇. In this case, every vertex 

which belongs to the same partite of z adjacent with no element of  T. Second, there exists 𝐾𝑚𝑖,𝑛𝑖
 

such that no vertex of 𝐾𝑚𝑖,𝑛𝑖
 belongs to T. In this case, every vertiex of 𝐾𝑚𝑖,𝑛𝑖

 except v is not adjacent 

to the element of T. It’s means that 𝑇 is not dominating set.    

b. Let 𝑆 = {𝑣, 𝑎1, 𝑎2, … , 𝑎𝑡} where 𝑎𝑖 ∈ 𝐻𝑖  and 𝑎𝑖 belongs to the diffferent partite with 𝑣. For every 

𝑥 ∈ (𝑉(𝐺) − 𝑆) holds: (i) if 𝑥 belongs to the same partite with 𝑣 then  𝑥~𝑎𝑖 for some i; (ii) if 𝑥 

belongs to the same partite with 𝑎𝑖 then 𝑥~𝑣: and (iii) if 𝑥 belongs to the diferrent partite with neither 

𝑣 and 𝑎𝑖 then both 𝑥~𝑣 and  𝑥~𝑎𝑖 sor some i. So 𝑆 is a dominating set. Suppose there is 𝑇 ⊆ 𝑉(𝐺) 

which |𝑇| = 𝑡. If 𝑣 ∈ 𝑇 then there is 𝐻𝑖 such that no element of this set belongs to 𝑇 except 𝑣. It 

implies that the elements of 𝐻𝑖  which belong to the same partite with v adjacent just with the vertex 

in the partite that not consist of v.  If 𝑣 ∉ 𝑇 then there are two cases. First, there is exactly a vertex x 

of 𝐻𝑖 belongs to T. In this case, every vertex belongs to the same partite with x has not adjacent with 

x. Second, there exists 𝐻𝑖 such that no vertex  of 𝐻𝑖 belongs to T. So, every vertex of this 𝐻𝑖 was not 

adjacent with any element of T.     

The following theorem presents the domination number of vertex amalgamation of some cycles. 

Theorem 2. If  𝐺 = ⋁  {𝐶𝑛1
, 𝐶𝑛2

, … , 𝐶𝑛𝑡

1
{𝑣} }  then  𝛾(𝐺) = ∑ ⌈

𝑛𝑖

3
⌉ −𝑡

𝑖=1 𝑡 + 1.  

Proof. Let 𝑉(𝐶𝑛𝑖
) = {𝑣𝑖,𝑗 ; 𝑖 = 1, … , 𝑡,  and j = 1, … ,   𝑛𝑖}. Without loss of generality let 𝑣 = 𝑣𝑖,1 be the 

common vertex. Let 𝑆 = {𝑣𝑖,1+3𝑗  ; 𝑖 = 1, … , 𝑡  and 𝑗 = 0, 1, … ,  ⌈
𝑛𝑖

3
⌉ − 1}. For every 𝑥 ∈ (𝑉(𝐺) − 𝑆) 

then 𝑥 = 𝑣𝑖,𝑘 where 𝑖 = 1, … , 𝑡 and 𝑘 ∈ {2, 3, … , 𝑛𝑖  ;  𝑘 ≢ 1(𝑚𝑜𝑑 3)} such that there is 𝑦 ∈ 𝑆 with 𝑥~𝑦. 

So 𝑆 is a dominating set. It is clear that |𝑆| = 1 + ∑ (⌈
𝑛𝑖

3
⌉ − 1)𝑡

𝑖=1 = ∑ ⌈
𝑛𝑖

3
⌉ − 𝑡 + 1𝑡

𝑖=1 . Suppose there 

exist 𝑇 ⊆ 𝑉(𝐺)  which |𝑇| = ∑ (⌈
𝑛𝑖

3
⌉ − 1) .𝑡

𝑖=1  If 𝑣 ∈ 𝑇 then there is 𝐶𝑛𝑖
 such that 𝛾(𝐶𝑛𝑖

) = ⌈
𝑛𝑖

3
⌉ − 1. If 

𝑣 ∉ 𝑇 then 𝛾(𝐶𝑛𝑖
) = ⌈

𝑛𝑖

3
⌉ − 1 for every 𝐶𝑛𝑖

.      
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A specially case of Theorem 2, if the cycles are isomorphic, that is, if 𝑛1 = 𝑛2 = ⋯ = 𝑛𝑡 = 𝑛, then 

𝛾(𝐺) = 𝑡 ⌈
𝑛

3
⌉ − 𝑡 + 1. 

The following theorem presents the domination number of vertex amalgamation of some paths. 

Theorem 3. If  𝐺 = ⋁  {𝑃𝑛1
, 𝑃𝑛2

, … , 𝑃𝑛𝑡

1
{𝑣} } then 

 𝛾(𝐺) = {
∑ ⌈

𝑛𝑖

3
⌉ −𝑡

𝑖=1 𝑡 + 1 , if 𝑣 belongs to every 𝛾(𝑃𝑛𝑖
) − set             

∑ ⌈
𝑛𝑖

3
⌉𝑡

𝑖=1                , if 𝑣 has not belongs to any  𝛾(𝑃𝑛𝑖
) − set

. 

Proof. Let 𝑈 = {𝑣} ∪ {𝑤 ∈ 𝑉(𝐺); 𝑤~𝑣}. For induced subgraph 〈𝑈〉, it holds 𝐺 − 〈𝑈〉 = ⋃ (𝑃𝑛𝑖−〈𝑈〉)𝑡
𝑖=1  

such that 𝛾(𝐺 − 〈𝑈〉) = 𝛾(⋃ (𝑃𝑛𝑖−〈𝑈〉)𝑡
𝑖=1 ) = ∑ 𝛾(𝑃𝑛𝑖−〈𝑈〉)𝑡

𝑖=1 .  If 𝑣 belongs to every 𝛾(𝑃𝑛𝑖
)-set then 

𝛾(𝑃𝑛𝑖−〈𝑈〉) = 𝛾(𝑃𝑛𝑖
) − 1 = ⌈

𝑛𝑖

3
⌉ − 1. It is clear that 𝛾(〈𝑈〉) = 1. So we have 𝛾(𝐺) = 𝛾(𝐺 − 〈𝑈〉) +

𝛾(〈𝑈〉) = ∑ (⌈
𝑛𝑖

3
⌉ − 1) + 1𝑡

𝑖=1 = ∑ ⌈
𝑛𝑖

3
⌉ − 𝑡 + 1𝑡

𝑖=1 . If 𝑣 has not belongs to any 𝛾(𝑃𝑛𝑖
)-set then 𝑣~𝑧𝑖 

which 𝑧𝑖 belongs to 𝛾(𝑃𝑛𝑖
)-set. In this case 𝑣  is independent to the 𝛾(𝑃𝑛𝑖

), so for 𝛾(𝐺) too. It implies 

𝛾(𝐺) = 𝑡𝛾(𝑃𝑛𝑖
).    

The domination number of vertex amalgamation of some ladders is presented in the following theorem. 

Theorem 4. If  𝐺 = ⋁  {𝐿𝑛1
, 𝐿𝑛2

, … , 𝐿𝑛𝑡

1
{𝑣} } for ladder graph 𝐿𝑛 then 

 𝛾(𝐺) = {
∑ ⌈

𝑛𝑖+1

2
⌉ −𝑡

𝑖=1 𝑡 + 1 , if 𝑣 belongs to every 𝛾(𝐿𝑛𝑖
) − set             

∑ ⌈
𝑛𝑖+1

2
⌉𝑡

𝑖=1                , if 𝑣 has not belongs to any  𝛾(𝐿𝑛𝑖
) − set

.    

Before proving the dominating number of a vertex amalgamation of some graphs, we present a lemma 

concerning on the dominating number of the graph G obtained by joining all vertices of a graph H to a 

vertex K1, that is, 𝐺 = 𝐾1 + 𝐻. 

Lemma 1.  For every graph G, 𝛾(𝐺) = 1 if and ony if 𝐺 = 𝐾1 + 𝐻 for some graph H. 

As the diameter of 𝐺 = 𝐾1 + 𝐻 is one, it is very easy to see that any one vertex in G can dominate other 

vertices in G. We now have the following theorem. 

Theorem 5. Let graph 𝐺𝑖 which 𝛾(𝐺𝑖) = 1 and 𝐺 = ⋁  {𝐺1, 𝐺2, … , 𝐺𝑡
1
{𝑣} }. 

a. If 𝑣 belongs to every 𝛾(𝐺𝑖)-set then 𝛾(𝐺) = 1. 

b. If 𝑣 has not belongs to any 𝛾(𝐺𝑖)-set then 𝛾(𝐺) = 𝑡. 

c. If 𝑣 has not belongs to any 𝛾(𝐺𝑖)-set for 1 ≤ 𝑖 ≤ 𝑝 and 𝑣 belongs to every 𝛾(𝐺𝑖)-set for 𝑝 <
𝑖 ≤ 𝑡  then 𝛾(𝐺) = 𝑝 + 1. 

Proof. From Lemma 1, we have 𝐺𝑖 = 𝐾1 + 𝐻𝑖 . Let |𝑉(𝐻𝑖)| = 𝑛𝑖 so |𝑉(𝐺𝑖)| = 𝑛𝑖 + 1 and |𝑉(𝐺)| =
∑ 𝑛𝑖

𝑡
𝑖=1 + 1.  The degree of every vertex in 𝛾(𝐺𝑖)–set is 𝑛𝑖 and less than 𝑛𝑖 for the others.  

a. If 𝑣 belongs to every 𝛾(𝐺𝑖)-set then 𝑣 has ∑ 𝑛𝑖
𝑡
𝑖=1   degree so {𝑣} is dominating set.  

b. If 𝑣 has not belong to every 𝛾(𝐺𝑖)-set then 𝑣 adjacent with  t vertices which degrees are 𝑛1 , 𝑛2, … , 𝑛𝑡  

respectively. These t vertices span the dominating set of G. The cardinality of this dominating set is 

minimum, if there exist a set with t-1 cardinality then there exists 𝐺𝑖 where the 𝑛𝑖 vertices which less 

than 𝑛𝑖 degree is not adjacent to these t-1 vertices. 

c. We combine (b) condition for p first subgraphs 𝐺𝑖 and (a) condition for the others then we have 

𝛾(𝐺) = 𝑝 + 1.    

The next lemma describes the dominating set of vertex amalgamation of some graphs. 
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Lemma 2. Let 𝐺 = ⋁  {𝐺1, 𝐺2, … , 𝐺𝑡
1
{𝑣} }. If 𝑆𝑖 is a dominating set of 𝐺𝑖 for every i = 1,2,..,t, then ⋃ 𝑆𝑖

𝑡
𝑖=1  

is a dominating set of 𝐺. 

 

In the theorems below we notice 𝑆𝑖 as a dominating set of 𝐺𝑖, then the set 𝑃𝑖 is as 𝛾(𝐺𝑖)-set, and the set 

𝑃 is as 𝛾(𝐺)-set.   

Theorem 6. Let 𝐺 = ⋁  {𝐺1, 𝐺2, … , 𝐺𝑡
1
{𝑣} }  and 𝑣 belongs to every 𝛾(𝐺𝑖)-set, then  𝛾(𝐺) =

∑ 𝛾(𝐺𝑖) −𝑡
𝑖=1 𝑡 + 1. 

Proof. By Lemma 2, ⋃ 𝑆𝑖
𝑡
𝑖=1  is a dominating set of 𝐺 such that 𝛾(𝐺) = 𝛾(⋃ 𝐺𝑖

𝑡
𝑖=1 ) ≤ |⋃ 𝑆𝑖

𝑡
𝑖=1 |. If 𝑣 

belongs to every 𝛾(𝐺𝑖)-set then 𝑣 ∈ 𝑆𝑖 for every i such that ⋂ 𝑆𝑖
𝑡
𝑖=1 = {𝑣}. It implies |⋃ 𝑆𝑖

𝑡
𝑖=1 | = 1 +

∑ (|𝑆𝑖| − 1𝑡
𝑖=1 ) = ∑ |𝑆𝑖| − 𝑡 + 1𝑡

𝑖=1 . We have 𝛾(𝐺) = 𝛾(⋃ 𝐺𝑖
𝑡
𝑖=1 ) ≤  ∑ |𝑆𝑖| − 𝑡 + 1𝑡

𝑖=1 . The least upper 

bound reached for |𝑆𝑖| =  𝛾(𝐺𝑖), so 𝛾(𝐺) ≤  ∑ 𝛾(𝐺𝑖) − 𝑡 + 1𝑡
𝑖=1 . Suppose there exists 𝑃 ⊂ 𝑉(𝐺) which 

𝑃 = ⋃ 𝑃𝑖
𝑡
𝑖=1  for 𝑃𝑖 ⊂ 𝑉(𝐺𝑖) such that |𝑃| = ∑ 𝛾(𝐺𝑖) − 𝑡𝑡

𝑖=1 . If 𝑣 ∈ 𝑃 then there exists 𝑃𝑖 such that |𝑃𝑖| =
 𝛾(𝐺𝑖) − 1. However, there exists 𝑥 ∈ 𝑉(𝐺𝑖) − 𝑃𝑖  such that for every 𝑦 ∈ 𝑃𝑖 holds 𝑥 ≁ 𝑦. Because 

𝑉(𝐺𝑖) ⊂ 𝑉(𝐺) it mean that there is 𝑥 ∈ 𝑉(𝐺) − 𝑃  such that for every 𝑦 ∈ 𝑃 holds 𝑥 ≁ 𝑦. So, P have 

not a dominating set. If 𝑣 ∉ 𝑃 then |𝑃𝑖| =  𝛾(𝐺𝑖) − 1 for every i. It means that 𝑃𝑖 is not a dominating set 
with minimum cardinality. So does P.    

 

Theorem 7. If 𝐺 = ⋁  {𝐺1, 𝐺2, … , 𝐺𝑡
1
{𝑣} } and 𝑣 has not belong to every 𝛾(𝐺𝑖)-set then 𝛾(𝐺) =

∑ 𝛾(𝐺𝑖)𝑡
𝑖=1 . 

Proof. By Lemma 2, we have 𝛾(𝐺) = 𝛾(⋃ 𝐺𝑖
𝑡
𝑖=1 ) ≤ |⋃ 𝑆𝑖

𝑡
𝑖=1 |. If there is no 𝛾(𝐺𝑖)-set consist of v then 

𝑣 ∉ 𝑆𝑖 for every i such that ⋂ 𝑆𝑖
𝑡
𝑖=1 = ∅. It implies 𝛾(𝐺) = 𝛾(⋃ 𝐺𝑖

𝑡
𝑖=1 ) ≤  |⋃ 𝑆𝑖

𝑡
𝑖=1 | = ∑ |𝑆𝑖|𝑡

𝑖=1 . The 

least upper bound reached for |𝑆𝑖| =  𝛾(𝐺𝑖), so 𝛾(𝐺) ≤  ∑ 𝛾(𝐺𝑖)𝑡
𝑖=1 . Suppose there is vertices subset 

𝑃 = ⋃ 𝑃𝑖
𝑡
𝑖=1  which |𝑃| =  ∑ 𝛾(𝐺𝑖) − 1𝑡

𝑖=1 . There exist 𝑃𝑖 such that |𝑃𝑖| =  𝛾(𝐺𝑖) − 1 for every i. It 

means that 𝑃𝑖 is not dominating set with minimum cardinality. So do P.    
 

Corollary 8. Let 𝐺 = ⋁  {𝐺1, 𝐺2, … , 𝐺𝑡
1
{𝑣} }. If 𝑣 belongs to every 𝛾(𝐺𝑖)-set for 1 ≤ 𝑖 ≤ 𝑝 and 𝑣 has not 

belongs to any 𝛾(𝐺𝑖)-set for 𝑝 + 1 ≤ 𝑖 ≤ 𝑡, then  𝛾(𝐺) = ∑ 𝛾(𝐺𝑖) − 𝑝 + 1𝑡
𝑖=1 . 

 

3. Conclusion 

We conclude this paper with the domination number of vertex amalgamation of some graphs at a 

vertex 𝑣 is like the order of these graphs especially if 𝑣 belongs to every 𝛾(𝐺𝑖)-set, that is 

𝛾(⋁  {𝐺1, 𝐺2, … , 𝐺𝑡
1
{𝑣} }) = ∑ 𝛾(𝐺𝑖) −𝑡

𝑖=1 𝑡 + 1. The following open problems for future work. 

Open problem. Find the distance domination number of particular classes of graphs and the graphs 
obtained from graph operations. 
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