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To my beloved wife and children 

and to the memory of my parents 
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It is He who made the sun 

To be a shining glory 

And the moon to be a light 

Of beauty, and measured out 

Stages for her; that ye might 

Know the number of years 

And the count of time. 

Nowise did God create this 

But in truth and righteousness 

Thus doth He explain His Signs 

In detail, for those who 

Understand 

(Holy Quran, X : 5) 
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ABSTRACT 

Representation of finite geometries either by means of abelian finite groups or by 

means of marks of a Galois Field was developed by Robert D. Carmichael in the thirties. 

The emphasis was on projective finite geometries, while the Euclidean ones were 

mentioned very briefly and were considered as certain subsets of projective finite geomet

ries. The concept of a vector space was not utilized by Carmichael [ 4] . 

In this dissertation I consider Affine finite geometries explicitly. The main idea is to 

introduce the concepts of parallelism and orthogonality, in those geometries, which are 

represented by means of finite vector spaces. 

Beginning with a Galois Field GF[pn] we construct a k-dimensional vector space 

Vk(GF[pn] ). We call this space a k-dimensional Affine finite geometry of order pn or 

a k-dimensional Affine finite space of order pn. 

The elements of this space are called points and particular subsets, namely subsets 

which can be written in the form la+ µb}, where a and bare elements ofVk(GF[pn]) 

with b =I= 6 andµ E GF[pn], are called lines. 

The terminologies "lying on" and "intersecting" are defined in a very obvious way. 

Similarity among lines is defined by means of direction points (direction vectors) and 

two lines are said to be parallel if they are similar and disjoint. 

The concept of standard pseudo inner product of two vectors is defined much in the 

same way as the standard inner product in Vk(R) (or Rk). Two vectors are said to be ortho 

gonal to each other if their standard inner product is zero and two lines are said to be ortho

gonal or perpendicular to each other whenever its respective direction vectors are orthogonal. 

It is not impossible that a line might be orthogonal to itself. Such a line is called iso

tropic. As a consequence two lines which are parallel might be orthogonal to each other. 

This fact is something new, unexpected and rather surprising, especially when we consider 

the Affine finite plane. 

Based on the vector equation of a plane in Rk, especially in R3, a plane in Yk(GF[pn]) 

is defined to be a subset which can be written in the form {a + µb + Oc}, where µ, 0 E 

GF[p11
] and band care two non zero vectors which are not similar. 

Only planes in V 3 (GF [pn] ) are considered in this dissertation. As expected coordinate 

equation of a plane, normal vector of a plane and many other notions have the same form 

as in the ordinary Affine geometry. 

Since in finite systems counting theorems are important, one of the main problems 

here is the determination of the total number of lines and planes. 
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ABSTRAK 

Penyajian geometri terhingga baik dengan grup abel terhingga maupun dengan unsur

unsur dari suatu medan Galois telah dikembangkan oleh Robert D Carmichael sekitar 

tahun tigapuluhan. Titik beratnya diletakkan oada geometri proyektif terhingga. Adapun 

geometry Euclides terhingga hanya disebut sepintas lalu saja dan dianggap sebagai anak 

himpunan tertentu dari geometri proyektif terhingga. Konsep ruang vektor belum diguna

kan oleh Carmichael [ 41 
Dalam disertasi ini saya meninjau geometri Afin terhingga secara eksplisit. Ide 

utamanya ialah memperkenalkan konsep-konsep kesejajaran dan ketegaklurusan, dalam 

geometri tersebut yang disajikan dengan ruang vektor terhingga. 

Dimulai dengan suatu medan Galois GF [pn] kita bangun suatu ruang vektor berdimen

si k yaitu Vk(GF[pn] ). Kita namakan ruang ini geometri Afin terhingga berdimensi k 

dan tingkat pn atau ruang Afin terhingga berdimensi k dan tingkat pn 

Unsur-unsur ruang ini disebut titik dan anak himpunan-anak himpunan khusus yaitu 

anak himpunan yang dapat diucapkan dalam bentuk {a +µbf, dimana a,b EVk(GF[pn] l 

dengan b =I= 0 dan µ E GF[pn], disebut garis. 

Istilah-istilah "terletak pada" dan "berpotongan" didefinisikan dengan cara yang 

sangat eviden. 

Pengertian searah antara dua garis didefinisikan dengan bantuan titik arah atau vektor 

arah dan dua garis dikatakan sejajar bila keduanya searah dan saling lepas. 

Konsep hasilkali dalam baku palsu dari dua vektor didefinisikan dengan jalan yang 

serupa seperti hasilkali dalam baku pada V k(R) (Rk). Dua vektor dikatakan saling orto

gonal jika hasilkali dalamnya nol dan dua garis dikatakan saling ortogonal atau sating tegak

lurus bila vektor arah masing-masing saling tegaklurus. 

Tidaklah mustahil bahwa suatu garis mungkin tegaklurus pada dirinya sendiri. Garis 

semacam itu disebut isotrop. Sebagai akibatnya dua garis yang sejajar mungkin saja saling 

tegaklurus. 

Kenyataan ini menunjukkan sesuatu yang baru, tidak diduga dan agak mengejutkan, 

khususnya apabila kita tinjau Bidang Afine terhingga. 

Berdasarkan persamaan vektor dari sebuah bidang dalam R k, khususnya R 3 , bidang 

dalam Vk(GF[pn]) didefinisikan sebagai anak himpunan yang dapat diucapkan dalam 

bentuk la+ µb + Oc} dimana a, b, cE Vk(GF[pn]) dengan b =I= O; c =I= 0 serta b tak searah 

dengan c dan µ, (} E GF [pn]. 

Hanya bidang dalam V 3 (GF [pn]) akan dibahas di sini. Seperti yang diharapkan 

ternyata persamaan koordinat suatu bidang, vektor normal suatu bidang dan banyak 

konsep lainnya mempunyai bentuk yang sama seperti dalam geometri Afin yang biasa. 
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Karena dalam sistem-sistem terhingga teorema-teorema pembilangan (penghitungan) 

penting, maka salah satu masalah utama di sini yaitu menentukan banyaknya garis dan 

banyaknya bidang. 
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INTRODUCTION 

Finite geometries can be set up in two ways, namely axiomatically [22] or by 

representation [ 4], [ 4a]. The most difficult one is the first. 

Reprensentation of finite geometries by means of abelian finite groups has been done 

by Robert D Carmichael [ 4] . He began with an abelian finite group of prime power order 
p(k + 1 )n and of type ( 1, 1, 1, ... , 1 ). A point is defined to be any subgroup of order pn, 

while a line is defined to be a subgroup generated by two different subgroups which are 

points. 

He called this geometry a k-space projective geometry and denoted it by PG(k,pn ). 

The two basic axioms of projective geometry in PG(2, pn) namely : 

(i) Given two distinct points, there exists one and only one line passing through both 

points, and its dual 

(ii) Two distinct lines intersect in one and only one point, 

becomes true theorems. 

He also gave a representation of finite projective geometry by means of "marks" 

which means elements of a Galois Field. A k-dimensional finite projective geometry is a 

set of (k + 1 )- -tuples (µo, µ1, µ2, . .. ,µk), where µo, µ1, µ2, ... ,µk are elements of a 

Galois Field GF [pn] at least one of which is different from zero. He called such a (k + 1 )

tuple a homogeneous coordinate. 

Since the concept of a vector space has not been used, difficulties arose when such a 

coordinate will be added or will be multiplied by another element of the field GF[pn]. 

The emphasis of his work is finite projective geometry, while the Euclidean finite 

one was mentioned very briefly. By a Euclidean finite geometry is meant the set of (k +1)

tuples (1 , µ1, µ2·· . . ,µk) where the µi's are elements of a Galois Field GF [pn]. Any such 

a (k + 1 )- tuple is called a point. Hence the total number of points in that geometry is pnk. 

He denoted this geometry by EG(k, pn). 
k 

I simply begin with a Galois Field L = GF[pn] and set up the vector space L over L, 
k 

where L is the cartesian product of k factors, namely 
k 

L=LXLX ... XL 

in the very usual way. I denote this vector space by Vk(L) or Vk(GF[pn]) [3]. 

Any vector in Vk(L) is defined to be a point and any subset LC Vk (L) is called a 

line if and only if there exist points (vectors) a, b E Vk (L) with b * 0 such that 

L={a+Ob IOEL} 

Here bis called a direction vector or direction point of L. 

Furthermore a vector c * 0 is said to be similar to a vector d * 0 if and only if there 

exists an elementµ EL such that c = µd. Clearly similarity is an equiv nrE> relation. Two 
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