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Abstract

The complexity in building massive scale parallel processing systems has re-
sulted in a growing interest in the study of interconnection networks design.
Network design affects the performance, cost, scalability, and availability of
parallel computers. Therefore, discovering a good structure of the network is
one of the basic issues.

From modeling point of view, the structure of networks can be naturally stud-
ied in terms of graph theory. Several common desirable features of networks,
such as large number of processing elements, good throughput, short data com-
munication delay, modularity, good fault tolerance and diameter vulnerability
correspond to properties of the underlying graphs of networks, including large
number of vertices, small diameter, high connectivity and overall balance (or
regularity) of the graph or digraph.

The first part of this thesis deals with the issue of interconnection networks ad-
dressing system. From graph theory point of view, this issue is mainly related
to a graph labeling. We investigate a special family of graph labeling, namely
antimagic labeling of a class of disconnected graphs. We present new results in
super (a, d)-edge antimagic total labeling for disjoint union of multiple copies
of special families of graphs.

The second part of this thesis deals with the issue of regularity of digraphs
with the number of vertices close to the upper bound, called the Moore bound,
which is unobtainable for most values of out-degree and diameter. Regularity
of the underlying graph of a network is often considered to be essential since
the flow of messages and exchange of data between processing elements will
be on average faster if there is a similar number of interconnections coming in
and going out of each processing element. This means that the in-degree and
out-degree of each processing element must be the same or almost the same.
Our new results show that digraphs of order two less than Moore bound are
either diregular or almost diregular.
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INTRODUCTION

In the early days of computer networks, interprocessor communication and
scalability of applications was hampered by the high latency and the lack of
bandwidth of the network. The IBM supercomputing project, which was begun
in 1999, has proposed a new solution to the problem and built a new family of
supercomputers optimizing the bandwidth, scalability and the ability to handle
large amounts of transferring data. One of the world’s fastest supercomputers
was officially inaugurated at IBM’s Zurich Research Laboratory (ZRL). The
so-called BlueGene system, which is the IBM supercomputing project solution,
has the same performance as the computer ranked 21st on the current list of
the world’s top 500 supercomputers (for more detail, see [68]). It will be used
to address some of the most demanding problems faced by scientists regarding
the future of information technology, such as, how computer chips can be made
even smaller and more powerful. However, in massive parallel computers, the
robustness of supercomputers is not the only factor. One of the most significant
factors is the design of parallel processing systems circuits and, more precisely,
the construction of their interconnection networks. Therefore, there has been

a growing interest in the study of the design of large interconnection networks.

In communication network design, Fiol and Lladé [56] identified several fac-
tors which should be considered. Some of these factors seem fundamental, for
instance, there must always exist a path from any processing element to an-

other. Also, the data communication delay during processing must be as short
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as possible. Another factor we may consider in the design of an interconnection
network is a modularity, a good fault tolerance, a diameter vulnerability and
a vertex-symmetric interconnection network. We may also require an overall

balance (or regularity) of the system.

A communication network can be modelled as a graph or a directed graph
(digraph, for short), where each processing element is represented by a vertex
and the connection between two processing elements is represented by an edge
(or, in the case of a digraph, by a directed arc). The number of vertices is
called the order of the graph or digraph. The number of connections incident
to a vertex is called the degree of the vertex. If the connections are one way
only then we distinguish between in-coming and out-going connections and we
speak of the in-degree and the out-degree of a vertex. The distance between
two vertices is the length of the shortest path, measured by the number of
edges or arcs that need to be traversed in order to reach one vertex from
another vertex. In either case, the largest distance between any two vertices,
called the diameter of the graph or digraph, represents the maximum data

communication delay in a communication network.

In the first part of this thesis we deal with graph labeling. Graph labelings
provide useful mathematical models for a wide range of applications, such
as radar and communication network addressing systems and circuit design,
bioinformatics, various coding theory problems, automata, x-ray crystallogra-
phy and data security. More detailed discussions about applications of graph

labelings can be found in Bloom and Golomb’s papers [27] and [28].

Many studies in graph labeling refer to Rosa’s research in 1967 [104] and
Golomb’s research in 1972 [61]. Rosa introduced a kind of labeling, called
[-valuation and Golomb independently studied the same type of labeling and
called this labeling graceful labeling. Surprisingly, in 1963 Sedlacek [105] had

already published a paper which introduced another type of graph labeling,
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namely, magic labeling. Stewart [112] called magic labeling supermagic if the

set of edge labels consists of consecutive integers.

Motivated by Sedlacek and Stewart’s research, many other labelings of graphs
have been studied since then, and many new results have been published.
However, there still exist many interesting open problems and conjectures.
No polynomial time bounded algorithm is known for determining whether or
not the various types of graph labelings exist for particular classes of graphs.
Therefore, the question of whether a specific family of graphs admits a property
of a specific labeling is still widely open. In the first part of this thesis we
present new results in super graph labeling for disjoint unions of multiple

copies of special families of graphs.

In the second part of this thesis we mainly consider the topology of networks.
There are two aspects which should be considered in communication networks
design. Firstly, the number of processing elements in an interconnection net-
work should be as large as possible, given that each processing element can be
connected only to a limited number of other processing elements. Secondly,
the data communication delay among processing elements should be as short

as possible.

For undirected case of networks, translating the above required conditions
in terms of the underlying graphs, the problem is to find large graphs with
given maximum degree and diameter. This naturally leads to the well-known
fundamental problem called the N(A, D)-problem: For given numbers A and
D, construct graphs of maximum degree A and diameter < D, with the largest
possible number of vertices na p. The N(A, D)-problem is also known as the
degree/diameter problem. The directed version of the problem differs only
in that ‘degree’ is replaced by ‘out-degree’ in the statement of the problem,
namely, N(d, k)-problem: For given numbers d and k, construct digraphs of

maximum out-degree d and diameter < k, with the largest possible number of
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vertices ng.

In the degree/diameter problem, the values of N(A, D) and N(d, k) are not
known for most values of A, D and d, k, respectively. Therefore, it is useful to
investigate the lower and upper bounds on N(A, D) and N(d, k). A natural
number n;, ,, (respectively, ny,,) is a lower bound of N(A, D) (respectively,
N(d, k)) if we can prove the existence of a graph of maximum degree at most
A, diameter D and exactly ny, ,, vertices; or alternatively, the existence of
a digraph of maximum out-degree at most d, diameter k and exactly ny,,
vertices. A natural number n,, , (respectively, n,,,) is an upper bound of
N(A, D) (respectively, N(d,k)) if we can prove that there are no graphs of
maximum degree at most A, diameter D, and with the number of vertices
more than n,, ,; or that there are no digraphs of maximum out-degree at

most d, diameter £, and with the number of vertices more than n,,, .

A natural general upper bound on the order na p (respectively, ngy) of a
graph (respectively, a digraph) is the Moore bound. However, there are very
few graphs or digraphs of order attaining the Moore bound. This gives rise
to two directions of research connected to the N (A, D)-problem and N(d, k)-

problem:

(i) Proving the non-existence of graphs or digraphs of order ‘close’ to the

Moore bound and so lowering the upper bound n,, , or n,,,;

(ii) Constructing large graphs or digraphs and so incidentally obtaining bet-

ter lower bounds n;, ,, or n,,.

To prove the non-existence of digraphs of order close to the Moore bound, we
may first wish to establish some useful structural properties of such potential
digraphs. Knowing structural properties of potential digraphs can also be
helpful in the construction of such digraphs. The second part of this thesis

makes a contribution concerning one such property, namely, the diregularity
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of digraphs of order close to the Moore bound.

The thesis is organised as follows. We provide basic terminology in Chapter
1. In Chapter 2 we present an introduction to graph labeling. In Chapters
3, 4 and 5, we present new results on super edge antimagic total labeling
of disjoint union of cycles and paths, stars, complete tripartite graphs and
complete s-partite graphs. In Chapters 6 and 7, we provide literature review
of the degree/diameter problem. In Chapters 8 and 9 we present new results
on the diregularity of digraphs of defect at most two. Finally, we conclude the

thesis in the last chapter.

The main contributions of this thesis are to be found in Chapters 3, 4, 5, 8, 9.

All original results (lemmas, theorems and corollaries) are flagged by <.



Chapter 1

Basic Terminology

1.1 Undirected graphs

By an undirected graph, or a graph, we mean a structure G = (V(G), E(Q)),
where V(G) is a finite nonempty set of elements called vertices, and E(G)
is a set (possibly empty) of unordered pairs {u,v} of vertices u,v € V(G),
called edges. The number of vertices of a graph G is the order of G, commonly
denoted by |V(G)|. The number of edges is the size of G, often denoted by
|E(G)]. A graph G that has order p = |V(G)| and size ¢ = | E(G)| is sometimes
called a (p, q)-graph.

Let u,v € V(G). Vertex u is said to be adjacent to v if there is an edge e
between u and v, that is, e = uv. Vertex v is then called a neighbour of w.
The set of all neighbours of « is called the neighbourhood of u and is denoted
by N(u). We also say that u and v are incident with edge e. For example, in
Figure 1.1, vertex v; is adjacent to vertex vy; vertex vy is incident with edges

v4v5 and v4vg; and the neighbours of vertex vy are vy, vs, vs and vg.

The number of neighbours of v is called the degree of a vertex v of G. If a

vertex v has degree 0, that is, v is not adjacent to any other vertex, then v
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Vs Vg
U7
()

U1 V2 U3

Figure 1.1: Example of a graph with isolated vertex.

is called an isolated vertex. A vertex of degree 1 is called an end vertex, or a
leaf. If all the vertices of a graph G have the same degree d then G is said to

be regqular of degree d, or d-reqular.

Figure 1.2: Example of a graph

A vg—vy, walk of a graph G is a finite alternating sequence vy, e1, v1, €, ..., €x, Vg
of vertices and edges in G such that e; = v;_qv; for each 7, 1 <7 < k. Such a
walk may also be denoted by vgv;...v,. We note that there may be repetition
of vertices and edges in a walk. The length of a walk is the number of edges
in the walk. A closed walk has vg = v;. If all the vertices of a vy — v, walk are
distinct, then the walk is called a path. A cycle C} of length k is a closed walk
of length k& > 2 with all vertices are distinct (except vy = vy). In Figure 1.2,

V1V U7UgV5Ug U3y 1S a walk of length 8 which is not a path, vyvgvsvzv7vgVY is
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a path of length 6, and vsvgv7v3V9U5 is a cycle of length 5.

The distance from vertex u to v, denoted by d6(u,v), is the length of a shortest
path from vertex u to vertex v. For any vertices u, v, w in G, we have 0(u, w) <
0(u,v) + d(v,w) and if d(u,v) > 2 then there is a vertex z in G such that
d(u,v) = d(u, z) + §(z,v). For example, the distance from vertex v; to vy of
the graph in Figure 1.2 is 2. The eccentricity of v, denoted by e(v), is defined
by e(v) = maz{d(u,v) : u € V,u # v} and the radius of G, denoted by
rad G, is defined by rad G = min{e(v) : v € V}. The diameter of a graph
G is the longest distance between any two vertices in G' and is denoted diam
G = maz{e(v) : v € V'} and the girth of a graph G is the length of the shortest

cycle in G. For example, the graph in Figure 1.2 has diameter 2 and girth 3.

A graph H is a subgraph of G if every vertex of H is a vertex of G, and every
edge of H is an edge of G. In other words, V(H) C V(G) and E(H) C E(G).
We say that a subgraph H is a spanning subgraph of G if H contains all the
vertices of G. Let F' be a nonempty subset of the vertex set V(G). The induced
subgraph G[F] is a subgraph of G consisting of the vertex-set F' together with
all the edges uv of G, where u,v € F. In Figure 1.3, F} is a spanning subgraph
of G, F3 is an induced subgraph of G, and F3 is a subgraph of G but not an
induced subgraph (because in F3, v9, v € V(G) but there is no edge between

ve and vg, while vovg € E(G)).

Let G(V,FE) be a graph. An automorphism of the graph G is a one-to-
one mapping f from V onto itself which preserves vertex adjacency, that
is, {f(u), f(v)} € E(G) if and only if {u,v} € E(G). Two graphs G; and
G5, each with n vertices, are said to be isomorphic if there exists a one-to-
one mapping f : V(G;) — V(G;) which preserves vertex adjacency, that is,
{f(u), f(v)} € E(Gy) if and only if {u,v} € Gy. In Figure 1.4, graphs G,
and Gy are isomorphic under the mapping f(u;) = v;, for every i = 1,2, ..., 12.

However, graphs G; and (3 are not isomorphic because GG; contains cycles of
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Vo (%) Vg Vg
U1 U3 (] V3 U U3
Uy
Vg Vg Ve Us
e Vs U7 Vs U7 Vs
G Fi F, I

Figure 1.3: Graph and three of its subgraphs

length three while G3 does not and consequently there cannot be any one-to-

one mapping preserving adjacencies.

G, Go

Figure 1.4: Isomorphism in graphs

The adjacency matriz of a graph G and vertex-set V(G) = {v1,vq,...,v,} is

the n x n matrix A = [a;;], where

1 if vu; € E(G),

0 otherwise.
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Figure 1.5 shows a graph of order 5 with its adjacency matrix.

010010
Vg Us V4

101101

010010

A=19g 10010

101101

o Vs Vs 010010

Figure 1.5: Graph and its adjacency matrix

A graph G is connected if for any two distinct vertices u and v of GG there is a
path between u and v. Otherwise, G is disconnected. The disjoint union (or
union, for short) of two or more graphs G, . ..G,,, denoted by G1 U --- UG,
is defined as the graph with vertex set V;U---UV,, and edge set F1U---UE,,.
This type of a graph is disconnected and often referred to as a graph with m
components. Figure 1.4 also shows an example of a disjoint union of three

graphs G1 U G4 U Gj.

1.2 Directed graphs

By a directed graph, or a digraph, we mean a structure G = (V(G), A(GQ)),
where V(G) is a finite nonempty set of distinct elements called vertices, and
A(G) is a set of ordered pairs (u,v) of distinct vertices u,v € V(G), called

arcs.

The order of a digraph G is the number of vertices in G. An in-neighbour (re-
spectively, out-neighbour) of a vertex v in G is a vertex u (respectively, w) such
that (u,v) € A(G) (respectively, (v, w) € A(G)). The set of all in-neighbours
(respectively, out-neighbours) of a vertex v is called the in-neighbourhood (re-

spectively, the out-neighbourhood) of v and denoted by N~ (v) (respectively,
N*(v)).
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The in-degree (respectively, out-degree) of a vertex v is the number of its in-
neighbours (respectively, out-neighbours), and is denoted by d~(v) (respec-
tively, d*(v)). If every vertex of a digraph G has the same in-degree (respec-
tively, out-degree) then G is said to be in-reqular (respectively, out-reqular). A
digraph G is called a direqular digraph of degree d if G is in-regular of in-degree
d and out-regular of out-degree d. For example, the digraph G; in Figure 1.6
is diregular of degree 2, but the digraph Gs is not diregular (G2 is out-regular

but not in-regular).

A digraph H is a subdigraph of G if every vertex of H is a vertex of G, and every
arc of H is an arc of G. In other words, V(H) C V(G) and A(H) C A(G).
We say that a subdigraph H is a spanning subdigraph of G if H contains all
the vertices of G. Let F' be a nonempty subset of the vertex set V(G). The
induced subdigraph G[F] is a subdigraph of G consisting of the vertex-set F

together with all the arcs uv of G, where u,v € F.

U1 V2 U1

(%) U3

U3

V4 G4 Us V4 Gy Vs

Figure 1.6: Diregular and non-diregular digraphs.

An alternating sequence vgaivias...apv, of vertices and arcs in G such that
a; = (vi_1,v;), for each i, 1 <1i <k, is called a walk of length k in G. A walk
is closed if vy = vy,. If all the vertices of a vg — v, walk are distinct, then such a
walk is called a path. A cycle is a closed walk of length k£ > 1 with all vertices

are distinct (except vg = vg). A digon is a cycle of length 2.
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The distance from vertex u to vertex v, denoted by d(u,v), is the length of a
shortest path from wu to v, if any; otherwise, d(u, v) = co. Note that, in general,
d(u,v) is not necessarily equal to d(v,u). The in-eccentricity of v, denoted by
e (v), is defined as e (v) = maz{d(u,v) : w € V} and out-eccentricity of v,
denoted by et (v), is defined as e (v) = max{6(v,u) : u € V'}. The radius of G,
denoted by rad(G), is defined as rad(G)= min{e~(v) : v € V'}. The diameter
of G, denoted by diam(G), is defined as diam(G)= max{e (v) : v € V'}. Note
that, equivalently, we could have defined the radius and the diameter of a
digraph in terms of out-eccentricity instead of in-eccentricity. The girth of a
digraph G is the length of the shortest cycle in G. For example, both digraphs
in Figure 1.6 have radius 1, girth 2 and diameter 2.

Uy (5] (0 (0K w1 Wa

. U2 ‘I U5 .
v A oo

Ug Gl Uy (%1 G2 V4 We GS wy

Figure 1.7: Isomorphism in digraphs.

Let G(V,A) be a digraph. An automorphism of the digraph G is a one-to-
one mapping f from V onto itself which preserves all the adjacencies, that
is, (f(u), f(v)) € A(G) if and only if (u,v) € A(G). Two digraphs G; and
G5, each with n vertices, are said to be isomorphic if there exists a one-to-
one mapping f : V(Gy) — V(G2) which preserves all the adjacencies, that is,
(f(u), f(v)) € A(G») if and only if (u,v) € A(G;). In Figure 1.7, digraphs G,
and G5 are isomorphic under the mapping f(u;) = v;, for every i = 1,2, ..., 8.

However, digraphs G; and (3 are not isomorphic since G5 contains two vertices
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of in-degree 3 while G; does not, and consequently, a one-to-one mapping

preserving adjacencies cannot exist.

The adjacency matriz of a digraph G with vertex-set V(G) = {v1,vq, ..., v,} i8

the n x n matrix A = [a;;], where
1 if ViV € A(G),
0 otherwise.

Figure 1.8 shows a digraph of order 5 with its adjacency matrix.

(] (% _ -
010011

001000

010101

A= 00100 0

100101

010100

Us (1 - -

Figure 1.8: Digraph and its adjacency matrix.

In the second part of this thesis, we will use two special digraphs, namely, line
digraphs and Kautz digraphs. The line digraph of a digraph G = G(A, V) is,
L(G) = (A, N), where N is the set of walks of length 2. The set of vertices
of L(G) is equal to the set of arcs of G. This means that a vertex uv of
L(G) is adjacent to a vertex wzx if and only if v = w. The order of the
line digraph L(G) is equal to the number of arcs in the digraph G. For a
diregular digraph G of out-degree d > 2, the sequence of line digraph iterations
L(G), L*(G) = L(L(@)), ..., L'(G) = L(L""'(G)), ... is an infinite sequence of
diregular digraphs of degree d. One family of line digraphs which is very
important in the degree/diameter problem is the Kautz digraph. We denote
Kautz digraph of degree d and diameter k by Ka(d, k). Let K,, be a complete
digraph of order n. A Kautz digraph Ka(d, k) can be defined as the line
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digraph L*(Kg.1).

(% V12 V21

U1 U3 V31 U13
Kg K&(Q, 2)

Figure 1.9: An example of Kautz digraph Ka(2,2) obtained from Kj.

For example, Figure 1.9(b) shows the Kautz digraph Ka(2,2) of degree 2,
diameter 2 and order 6 obtained by applying the line digraph technique (once)
to the complete digraph Kj.



PART 1



Chapter 2

Super Edge-antimagic Total
Graphs

2.1 Motivation

A labeling for a graph G is a mapping that sends some set of graph elements to
a set of non-negative integers. If the domain is the vertex-set or the edge-set,
the labeling is called a wvertex labeling or an edge labeling, respectively. If the
domain is the set of all vertices and edges then the labeling is called a total

labeling.

Graph labelings provide useful mathematical models for a wide range of ap-
plications. Qualitative labelings of graph elements have inspired research in
diverse fields of human enquiry such as conflict resolution in social psychology,
electrical circuit theory, and energy crisis. Quantitative labelings of graphs
have led to quite intricate fields of applications such as radar and communi-
cation network addressing system and circuit design, bioinformatics, various
coding theory problems, automata and x-ray crystallography. More detailed

discussions about applications of graph labelings can be found in [27] and [28].

16
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Many studies in graph labeling refer to Rosa’s research in 1967 [104]. Rosa
introduced a function f from a set of vertices in a graph G to the set of integers
{0,1,2,...,|E(G)|} so that each edge xy is assigned the label |f(z) — f(y)],
with all labels distinct. Rosa called this labeling 3-valuation. Independently,
Golomb [61] studied the same type of labeling and called this labeling graceful
labeling.

Surprisingly, in 1963 Sedldcek [105] had already published a paper which in-
troduced another type of graph labeling, namely, magic labeling. His definition
was motivated by the magic square notion in number theory. A magic labeling
is a mapping from the set of edges of graph G into non-negative real numbers,
so that the sums of the edge labels around any vertex in G are all the same.
Note that Sedlacek’s definition allowed for any real numbers to be used but
usually only integers are used. Stewart [112] called magic labeling supermagic

if the set of edge labels consisted of consecutive integers.

Motivated by Sedlacek and Stewart’s research, many other labelings of graphs
have been studied, including labeling of faces of planar graphs, and many new
results have been found. Unaware of the work done by each other, similar
concepts have been reintroduced a few times, and some results have been
rediscovered independently. For example, Enomoto et al. [46] call edge-magic
total labelings of a graph G super edge-magic total labelings if the set of vertex
labels is {1,2,...,|V(G)|}. Wallis [119] calls these labelings strongly edge-

magic.

Although there is a large number of publications on magic-type graph label-
ings, there still exist many interesting open problems and conjectures. This is
due to the fact that to decide whether G admits a vertex-magic or an edge-
magic labeling is equivalent to the problem of deciding whether a set of lin-
ear homogeneous Diophantine equations has a solution. No polynomial time

bounded algorithm is known for determining whether G is vertex-magic or
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edge-magic. Therefore, the question of whether a particular family of graphs

admits a particular labeling is still open.

2.2 Magic and antimagic labelings

As mentioned in the previous section, Sedlacek introduced the magic label-
ing concept in 1963. The notion of an antimagic graph was introduced by
Hartsfield and Ringel in 1989 [63]. Subsequently, as mentioned by Nicholas
et al. [97], Bodendiek and Walther in 1996 [30] were the first to introduce
the concept of (a,d)-vertex-antimagic edge labeling; they called this labeling

(a, d)-vertex-antimagic labeling.

All graphs in this chapter are finite, undirected, and simple. For a graph G,
V(G) and E(G) denote the vertex-set and the edge-set, respectively. A (p, q)-
graph G is a graph such that |V(G)| = p and |E(G)| = ¢. In both magic and
antimagic labelings, the sum of all labels associated with a graph element is

called a ‘weight’.

Formal definitions of (a,d)-vertex antimagic edge labeling and (a,d)-vertex

antimagic total labeling of graphs are as follows.

A bijective function f : E(G) — {1,2,...,q} is called an (a, d)-vertez-antimagic
edge labeling, if the set of vertex weights under edge labeling, w(u) = Xyen ) f(uv),
of all the vertices in G is {a,a + d,...,a + (p — 1)d}, where a > 0 and d > 0
are two fixed integers. A bijective function f: V(G)UE(G) — {1,2,...,p+q}

is called an (a, d)-vertex-antimagic total labeling, if the set of vertex weights
under total labeling, w(u) = f(u) + Xyen(w)f(uv), of all the vertices in G is
{a,a+d,...,a+ (p— 1)d}, where a > 0 and d > 0 are two fixed integers.

A total labeling f is called a super (a,d)-vertez-antimagic total if f(V) =
{1,2,...,p}. It d = 0 then (a,d)-vertez-antimagic total labeling is called simi-
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larly a vertex-magic total labeling.

Other types of antimagic labelings are (a,d)-edge-antimagic vertex labeling
and super (a, d)-edge-antimagic total labeling. These notions were introduced
by Simanjuntak, Bertault and Miller in [106]. They are natural extensions
of the notions of edge magic labeling which was introduced by Kotzig and
Rosa [76, 77], and super edge magic labeling which was defined by Enomoto
et al. in [46]. Hegde (1989) in his thesis also introduced the concept of a
strongly (k,d)-indezable labeling which is equivalent to (a,d)-edge-antimagic
vertex labeling (see [1]) and Wallis et al. [119, 118, 80, 81] use the term
strongly edge magic total labeling in place of super edge magic total labeling.
Many other researchers investigated different forms of antimagic graphs. For
example, see Bodendiek and Walther [31] and [32], and Hartsfield and Ringel
[64]. Sugeng [114] studied properties of (a, d)-edge-antimagic total labeling and
found many families of connected graphs which admit (a,d)-edge-antimagic

total labeling.

Formal definition of (a,d)-edge antimagic vertex labeling and (a, d)-edge an-

timagic total labeling of graphs are as follows.

A bijective function f : V(G) — {1,2,...,p} is called an (a,d)-edge-antimagic
vertez labeling if the set of edge weights under vertez labeling, w(uv) = f(u) +
f(v), of all the edges in G is {a,a+d,...,a+ (¢ — 1)d}, where a > 0 and d > 0
are two fixed integers. A bijective function f: V(G)UE(G) — {1,2,....,p+q}
is called an (a, d)-edge-antimagic total labeling, if the set of edge weights under
total labeling, w(uv) = f(u) + f(v) + f(uv), of all the edges in G is {a,a +
d,...,a+ (qg—1)d}, where a > 0 and d > 0 are two fixed integers.

We use the term ‘weight’ to denote any of the weights defined in this section,

whenever it is clear from the context.

A total labeling f is called a super (a,d)-edge-antimagic total if f(V) =
{1,2,...,p}. If d = 0 then the labeling is called similarly a super edge-magic
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total labeling.

For brevity’s sake, we often refer to an edge-antimagic vertex labeling as an
EAV labeling, super edge-antimagic total labeling as a SEAT labeling, and
super edge-magic total labeling as a SEMT labeling, see [114] for details.

Furthermore, a graph G is called (a, d)-vertez-antimagic total or super (a,d)-
vertex-antimagic total if there exists an (a, d)-vertex-antimagic total labeling
or super (a, d)-vertex-antimagic total labeling of G. A graph G is called (a, d)-
edge-antimagic total or super (a, d)-edge-antimagic total if there exists an (a, d)-
edge-antimagic total labeling or super (a,d)-edge-antimagic total labeling of

graph G.

In this part of the thesis we investigate the super edge-antimagicness of dis-
connected graphs. We are studying the following problem: if a graph G is
super (a, d)-edge-antimagic total, is the disjoint union of multiple copies of the

graph G super (a, d)-edge-antimagic total as well?

2.3 Known results on super edge-antimagic

total graphs

The study of super (a, d)-EAT labelings is relatively new. As mentioned above,
these notions were introduced by Simanjuntak, Bertault and Miller in 2000.
Since 2000, there have been many related publications. In [50], Figueroa-
Centeno, Ichishima and Muntaner-Batle gave a necessary and sufficient con-
dition for a graph to be super (a,0)-EAT. Baca, Lin, Miller and Simanjuntak
[9] also give a necessary condition for a graph to be super (a,d)-EAT: if (p, q)
graph G has an (a, d)-EAV labeling then G has a super (a+p+1,d+ 1)-EAT
labeling and a super (a+p+q,d—1)-EAT labeling. By using the adjacency ma-
trices of EAV graphs, Sugeng and Miller [115] studied the relationship between
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EAV labeling and super (a,d)-EAT labeling.

Many SEAT graphs have been found. Baca, Baskoro, Simanjuntak and Sugeng
[5] proved the following: cycle C), is SEAT if and only if either d € {0,2} and
n > 3 odd or d = 1 and n > 3; generalised Petersen graph P(n,m) is also
SEAT for certain values of m,n, and they conjectured that P(n,m) is SEAT
if n > 9 odd and d € {0,2}. In [7], Baca, Lin, Miller and Youssef proved
that several families of graphs admit SEAT: friendship graph F;, is SEAT if
n € {1,3,4,5,7} and d € {0,2}, and if n > 1 and d = 1; fan F,, is SEAT
if 2 <n <6 andd e {0,1,2}; wheel W, is SEAT if and only if d = 1 and
n # 1 (mod 4); K, is SEAT if and only if either d = 0 and n = 3, or d = 1
and n > 3, or d = 2 and n = 3; and K, , is SEAT if and only if d = 1 and
n > 2. MacDougall and Wallis [81] investigated the existence of super (a,0)-
edge antimagic total labeling of graphs C! derived from cycles by adding one
chord.

Furthermore, Ba¢a and Murugan [10] obtained the values of ¢ for which there
exists a SEAT labeling of C? and they conjectured that C% is a super (a, 1)-
EAT if n =0 (mod 4) for t = 0 (mod 4), and if n = 2 (mod 4) for ¢ even. Baca,
Lin and Muntaner-Batle [8] found a necessary and sufficient condition for path
and path-like tree to be SEAT: path P, is SEAT if and only if d € {0, 1,2, 3}
and n > 2; and path-like tree T is SEAT if and only if d € {0, 1,2, 3};

Sugeng, Miller and Baca [116] proved that ladder L,, is SEAT for certain values
of n, and they conjectured that L, is SEAT if n > 2 even and d € {0,2};
triangular ladder LL,, is SEAT if and only if d € {0, 1,2} and n > 2; generalised
prism C,, X P, is SEAT if m > 3 odd and n > 2 for d € {0, 1,2}, and if n > 4
even, n > 2 for d = 1, and they conjectured that C,, x P, is SEAT if m > 4
even, n > 3 and d € {0,2}; and generalised antiprism A” is SEAT if and only
if d =1and m > 3,n > 2. Furthermore, in [117], Sugeng, Miller, Slamin
and Baca proved that star S, is SEAT if and only if either d € {0,1,2} and
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n>1,ord=3and 1 <n < 2;and caterpillar Sy, , ., is also SEAT for
special value of parameter r. For the latest results in super edge-antimagic

total labelings, see the dynamic survey by Gallian [59].

For disconnected graphs, there are only a few families of SEAT graphs known
so far. This problem is considered quite difficult as the number of nodes which
must be assigned a label is much larger than in each connected component
graph separately, and there is no guarantee that if a graph G is super (a,d)-
EAT then the disjoint union of multiple copies of the graph G is super (da/, d’)-
EAT. Therefore, more research is required and even partial solutions would be

significant contributions in this area.

Sudarsana, Ismaimuza, Baskoro and Assiyatun [113]| proved that P, U P,
is SEAT if n > 2 and d € {1,3}, and if n > 3 odd and d = 2. Baca and
Barrientos [3] proved that mK, is SEAT if and only if either d € {0,2} and
n € {2,3},m >3 o0dd,ord=1and m,n>2 orde€ {3,5} and n =2,m > 2,
ord=4andn =2,m >3 odd. In [6], Baca and Brankovic proved that mK, ,
is SEAT for (i) d € {3,5} if and only if n = 1 and m > 2, (ii) d = 4 if and
only if n =1 and m > 3 odd, (iii) d = 1 and for every n > 1 and m > 2, (iv)
d=2ifn=1and m > 3 odd.

We summarise the known results in super (a, d)-edge-antimagic total labeling
for connected and disconnected graphs in Tables 2.1 and 2.2 for all feasible

values of d.

Table 2.1: Summary of super edge (a,d)-antimagic total la-

belings of connected graphs.

Graph d Notes
Ch d < 2 | iff either
(i) d € {0,2} and n > 3 odd, or
(ii)d=1andn >3 5]
P(n,m) d<2| (i) d€{0,2} and n >3 odd, m € {1,2, 251} [5]
Continued on the next page
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Table 2.1 — Continued.

Graph

Notes

Kn,n
Ct

P,
Path-like tree
L,

Cn x P,

(fi)d=Tlandn>3,1<m< 3

Conjecture:
ede{0,2},n>90dd, 3<m <23

(i) d € {0,2} and n € {1,3,4,5,7}
(ii)d=1landn>1

Open problem:

edec{0,2} forn>7

for2<n<6

for n # 1 (mod 4)

iff either

(i) d=0and n =3, or

(iil) d=1and n > 3, or

(iii)d=2and n=3

forn > 2

(i) if d € {0,2}

(a) for n > 5 odd and for all possible values ¢
(b) for n = 0 (mod4) and for all ¢ = 2 (mod 4)
(c) for n =10 and n = 2 (mod4), n > 18,
and for all t = 3 (mod4) and t = 2,6
ifd=1

(i)

(a) for n > 5 odd and for all possible values ¢
(b) for n > 6 even and for all ¢ > 3 odd

(c) for n = 0(mod4) and for ¢t = 2 (mod 4)
forn > 2

forn>4

(i) d € {0,1,2} n > 1 odd

(i) d=1n>1even

Conjecture:
edec{0,2} n>1even [114], [116]
forn > 2 [114], [116]

(i) d € {0,1,2} and m > 3 odd, n > 2
(iil) d =1 and m > 4 even, n > 2

)

=

[81][10]

[10]
8]
8]

Continued on the next page




Chapter 2. Super Edge-antimagic Total Graphs 24
Table 2.1 — Continued.
Graph d Notes
Conjecture:
e dec{0,2} and m >4 even and n > 3 [114], [116]
A d for m >3 and n > 2 [114], [116]
Sh, d < 3 | iff either
i)de{0,1,2} and n > 1, or
ii)d=3and1<n<?2 [114], [117]
Srr 1y d<3

Open problem:

ii) for d = 3 if r is even and Ny = Ny or [N} — No| =1
iii) for d = 3 if r is odd and N; = Ny or Ny = Na + 1
(5]
where N1 = Y ngj—1 and Ny =

i=1

(
(
(i) d € {0,1,2}
(
(

L5
ST ng;  [114], [117]
i=1

e d=3forodd r and No = Ny +1

Table 2.2: Summary of super (a,d)-edge-antimagic total la-

belings of disconnected graphs.

Graph

Notes

P,UP,11

nPy U P,

nPoU P, o

mK,

(i) de {1,3} and n > 2
(ii) d =2 and n > 3 is odd
Open problem:

[113]

e d =2 for even n

de{l,2} and n > 2

Open problem:

ed=3forn>2

de{l,2}andn>1

Open problem:

ede {34} forn>1

iff either

(i) d € {0,2} and n € {2,3},m > 3 odd, or
(ii) d
(i) d € {3,5} and n =2,m > 2, or
(iv)d=4and n=2,m > 3 odd

[113]

[113]

=1and m,n > 2, or

3]

Continued on the next page
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Table 2.2 — Continued.

Graph

Notes

mK,n

)

(i) if d =1 for all m and n

(ii) if d € {0,2} for n =1 and m > 3 odd
(iii) iff d € {3,5} for n =1 and all m > 2
(iv) iff d =4 for n =1 and all m > 3 odd

Open problem:

o if d € {0,2} for n =3 and m > 3 odd




Chapter 3

SEATL of Disconnected Graphs

In this chapter we present new results in super edge antimagic total labeling for
some particular families of disconnected graphs. As mentioned in the previous
chapter, our main problem is the following: if a graph G is super (a, d)-edge-
antimagic total, is the disjoint union of multiple copies of the graph G super
(a, d)-edge-antimagic total as well? We will answer this question for the case
when the graph G is either a cycle or a path. We start this chapter by providing
a necessary condition for a graph to be super (a, d)-edge-antimagic total which

will provide a least upper bound for the feasible value of d.

Lemma 3.0.1 [116] If a (p, q)-graph is super (a, d)-edge-antimagic total then
d < 2,

Proof. Assume that a (p,q)-graph has a super (a,d)-edge-antimagic total
labeling f : V(G) U E(G) — {1,2,...,p+ ¢}. The minimum possible edge
weight in the labeling f is at least 1+2+p+1 = p+4. Thus, a > p+4. On the
other hand, the maximum possible edge weight is at most (p—1)+p+(p+q) =
3p+q—1. Hence a+ (¢—1)d < 3p+ ¢ — 1. From the last inequality, we obtain
the desired upper bound for the difference d. O

26
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The following lemma, proved by Figueroa-Centeno et al. in [50], gives a nec-
essary and sufficient condition for a graph to be super (a,0)-edge-antimagic

total or super edge-magic total labeling.

Lemma 3.0.2 [50] A (p,q)-graph G is super edge-magic if and only if there
exists a bijective function f : V(G) — {1,2,...,p} such that the set S =
{f(u)+ f(v) : wv € E(G)} consists of q consecutive integers. In such a case, f
extends to a super edge-magic labeling of G with magic constant a = p+q—+ s,

where s = min(S) and S ={a—(p+1),a—(p+2),...,a—(p+q)}

In our terminology, the previous lemma states that a (p, ¢)-graph G is super
(a,0)-edge-antimagic total if and only if there exists an (a — p — ¢, 1)-edge-

antimagic vertex labeling.

Next, we restate the following lemma which is mentioned in [117]. This lemma

is very useful especially for finding a super (a, 1)-edge-antimagic total labeling.

Lemma 3.0.3 [117] Let A be a sequence A = {c,c+ l,c+ 2,...c+ k}, k
even. Then there exists a permutation II(A) of the elements of A such that

A+RA) = {2c+ 52+ 5+ 1 2e+ 542, 2e+ 2 — 1,20+ 3}

Proof. Let 2A be a sequence A = {a;| a; =c+ (i —1), 1 <i<k+1} and k
be even. Define a permutation II(A) = {b;] 1 <i < k + 1} of the elements of
2 as follows:

c+§+% ifrisodd, 1 <i<k+1

c+k+23*%  ifiiseven,2 <i<k.

By direct computation, we obtain that

A+TRA) ={a;+b| 1 <i<k+1} =

{20—1—%—1—%\iodd,lﬁiﬁk—i—l}U{Qc—i—k—i—%]ieven,2§i§k}:
k k 3k 3k

{2¢+5,2c+5+1,...,2c+5 —1,2c+ 5},

and we arrive at the desired result. O
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3.1 Cycles

In [5], it is proved that the cycle C,, has super (a,d)-edge-antimagic total
labeling if and only if either (i) d € {0,2} and n is odd, n > 3; or (ii) d = 1
and n > 3. Now, we will study super edge-antimagicness of a disjoint union of
m copies of C},, denoted by mC,,. mC,, is the disconnected graph with vertex
set V(mC,) = {2} :1<i<n,1<j<m} and edge set E(mC,) = {xfxfﬂ :

1<i<n-—1,1<j<m}uU{zizl 1<j<m}.

If the disjoint union of m copies of C,, is super (a, d)-edge-antimagic total then,

for p = ¢ = mn, it follows from Lemma 3.0.1 that d < 3 — —2—. If m > 2 and

mn—1"

n > 3 then —2— > 0 and thus d < 3.

mn—1

<& Theorem 3.1.1 The graph mC,, has an (™%, 1)-edge-antimagic vertex

labeling if and only if m and n are odd, m,n > 3.

Proof. Assume that mC,, has an (a,1)-edge-antimagic vertex labeling « :
V(mC,) — {1,2,...,mn} and W = {w(uwv) : wv € E(mC,)} = {a,a+1,a +
2,...,a+mn — 1} is the set of edge-weights. The sum of the edge-weights in
the set W is

mn(mn — 1)

Z w(uv) = mna + — (3.1)

weE(mChr)

In the computation of the edge-weights of mC,,, the label of every vertex is
used twice. The sum of all vertex labels used to calculate the edge-weights is

equal to
2 Z a(u) = mn(mn + 1). (3.2)
ueV(mCy)

Since (3.1) and (3.2) gives the following equation

Y ww)=2 D afu), (3.3)

weE(mCh) ueV(mCh)
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it immediately follows that
_ mn+3

2

The minimum edge weight a is an integer if and only if m and n are odd.

Now, define the vertex labeling oy : V(mC,,) — {1,2,...,mn} in the following

way:
( . .
2l 2y if iis odd, 1 <i<mn—2,andj isodd
% if iisodd, 1 <i<n—2,andj iseven
o (z)) = itlm —j4+1 ifiisevenand 1 <j<m
mnt] if i =n and j is odd
m("+)+j if + =n and j is even.
\

We can see that the vertex labeling ay is a bijective function. The edge-weights

of mC,,, under the labeling «, constitute the sets

WL = {wh (¢lz],) = MO2HET 8 1 < < — 2, and j is odd},

W2 = {w? (zlal,)) = % cif 1 <i<n-—2, and j is even},

W3 = {w? (¢ _j2) = 22220 if jis odd},

Wi = {w! (z)_ 2)) = —m(3n—21)+2—j . if j is even},

W = {wgl(x%le) = %ﬂ +7:if 1 <j<m}.

Hence, the set (J°_, Wy o= {motd madd o Smadll consists of consecutive
integers. Thus «; is a (%*3, 1)-edge-antimagic vertex labeling. O

Let o : V(mC,)UE(mC,) — {1,2,...,2mn} be a super (a, d)-edge-antimagic
total labeling of mC),. The sum of all vertex and edge labels used to calculate

the edge-weights is equal to the sum of the edge-weights:

2 Z a(u) + Z aluv) = Z w(uv)

ueV(mCh) weE(mCh) wweE(mCy)

which is equivalent to the equation

S5mn + 3 = 2a + (mn — 1)d. (3.4)
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If d = 0 then, from (3.4), it follows that a = 2%3. The value a is an integer

if and only if m and n are odd.

mn+3’ 1)_

In the previous theorem we proved that the vertex labeling a; is a (™%

edge-antimagic vertex labeling. With respect to Lemma 3.0.2, the labeling oy
extends to a super (a, 0)-edge-antimagic total labeling, where, for p = ¢ = mn,

the value a = % Thus the following theorem holds.

<& Theorem 3.1.2 The graph mC,, has a super (5m”+3 0)-edge-antimagic to-

tal labeling if and only if m and n are odd, m,n > 3.

<& Theorem 3.1.3 The graph mC,, has a super (222+22)-edge-antimagic to-

tal labeling if and only if m and n are odd, m,n > 3.

Proof. Suppose that mC,, has a super (a,2)-edge-antimagic total labeling
a:V(imC,)UE(mC,) — {1,2,...,2mn} and W = {w(uwv) : uv € E(mC,)} =
{a,a+2,a+4,...,a+ (mn — 1)2} is the set of the edge-weights. For d = 2,

3mn+5
2

Equation (3.4) gives a = . Since a is an integer, it follows that m and n

must be odd.

We construct a total labeling as as follows:

as(x)) = ay(z)), foreveryiand jwith 1<i<n, 1<j<m
a(@a]) = mn+j, if1<j<m
m(2nt2i41)42-) if 1 <i<n-—2andjisodd

(n+i+1)m+2L  if1<i<n—2andjiseven

2mn + 1%3 if 5 is odd

an () ya}) = |
m(2n — 1) + 2= i § is even.

The total labeling v is a bijective function from mC,, onto the set {1,2,...,2mn}.

The edge-weights of mC),, under the labeling «y, constitute the sets
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W = {wl, (zlzl.)) = wl (vlzl, ) +tas(zlal )+ if 1 <i<n—2, and jis odd}

_ {3mn+4im—24—2m—2j+5 - if 1 S i S n — 2’ andj 1S Odd},

W2 = {wi2 (xfxirl) = wil(xgxg+1)+oz2(xgxg+1) cif 1 <7< n—2, and j is even}

= {ZmotdimtAm=27H0 . if 1 <i<n—2, and j is even},

W2, = {wd, () _y2d) = wl, (a2 _yod) + agled_yad) : if j is odd)

= {—7m”;2j+3 . if j is odd},
Wi, = {wh, (=), yad) = wh (¢} _,2]) + oo(x],_yxd) : if j is even}

— { Tmn—2m—2j+3

5 . if j is even},

W3, = {wl, (vhal) = wl, (whal) + as(efal) : i 1< j < m)

a2 a1

= {3t if 1 < j <m}.

It is not difficult to see that the set | J0_, W7 = {Zmots Smato Tmntly

and common dif-

contains an arithmetic sequence with the first term %

ference 2. Thus s is a super (22245 2)-edge-antimagic total labeling. This

concludes the proof. O

Figure 3.1: Super (55, 2)-edge-antimagic total labeling of 5C'.
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<& Theorem 3.1.4 The graph mC,, has a super (2mn + 2, 1)-edge-antimagic

total labeling for every m > 2 and n > 3.

Proof. Assume that mC, has a super (a,1)-edge-antimagic total labeling
a:V(imC,)UE(mC,) —{1,2,...,2mn} and W = {w(uwv) : uv € E(mC,)} =
{a,a+1,a+2,...,;a+mn — 1} is the set of edge-weights. Putting d = 1,
Equation (3.4) gives a = 2mn + 2 and this is an integer for all m and n, m > 2

and n > 3.

Construct the bijection as : V(mC,) U E(mC,,) — {1,2,...,2mn} as follows:

as(z)) = j+(GE—1)m, if1<i<nand1<j<m
ag(xgxfﬂ) = 2n—i+1lm+1—4 if1<i<n—land1<j<m
ag(zhr]) = (n+Dm+1—-j, if 1 <j<m,

The edge-weights of mC),, under the labeling a3, constitute the sets

Wh ={wl (zlzl ) =2mn+im+1+j: if 1<i<n-—1land1<j<m},

W2, = {w2, (zlal) = 2mn + j + 1: if 1 < j <m}.

Hence, the set | J2_, W2, = {2mn+2,2mn+3,...,3mn+1} consists of consec-
utive integers. Thus a3 is a super (2mn + 2, 1)-edge-antimagic total labeling.

O

Independently, Ngurah, Baskoro and Simanjuntak in [99] also gave an alter-
native proof of Theorem 3.1.4. Finally, we summarise the results presented in

this subsection in the following theorem.

<& Theorem 3.1.5 The graph mC,, has a super (a, d)-edge-antimagic total la-
beling if and only if either
(i) d € {0,2} and m, n are odd, m,n > 3; or

(i) d =1, for every m > 2 and n > 3.
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3.2 Paths

In [8], it is shown that the path P,, n > 2, has a super (a, d)-edge-antimagic
total labeling if and only if d € {0,1,2,3}. Let us now consider a disjoint union
of m copies of P, and denote it by mP,. The graph m P, is disconnected with
vertex set V(mP,) = {2} : 1 <i<n,1<j<m}and E(mP,) = {zla],, :

1<i<n-—-1,1<j<m}.

From Lemma 3.0.1, it follows that if mP, is super (a, d)-edge-antimagic total,
p=mn and ¢ = (n — 1)m, then

2m — 2

d<3+ ———.
mn—m — 1

Ifn:2andm22thenmim_—_2 2 and thus d < 5. If n > 3 and m > 2

m—1 =

then 0 < —2m=2_ < 1 and thus d < 4.

mn—m—1

<& Theorem 3.2.1 If m is odd, m > 3, and n > 2, then the graph mP, has

an (a,1)-edge-antimagic vertex labeling.

Proof.
Case 1. n odd

We construct a vertex labeling 3; of mP,, m > 3 and n > 3, in the following

way:
( .
oS if i =1 andj is odd
min L+ if i =1 and j iseven
By(z]) = w if 7 is even and j is odd
m(i—1)4+1+4j

if 7 is even and j is even

\ o) 4 —j ifiisodd, 3<i<mn, and 1 <j <m.

We can see that the vertex labeling 3, is a bijective function from V(mP,)
onto the set {1,2,...,mn}. The edge-weights of mP, under the labeling 3,

constitute the sets
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ng = {wgl(a:ga:gﬂ) = % cif 2<i<n-—1, and j is odd},

W§ = {wgl(xfxgﬂ) = % cif 2<i<n-—1, and j is even}.

3 r _ fmnt3 mntd 3mn—2m+41 : :
Hence, the set |J,_, Wj, = {™5=, ™55, ..., 5=} consists of consecutive

mn+3
2

integers. Thus f; is a ( , 1)-edge-antimagic vertex labeling.

Case 2. n even

For m > 3 and n > 2, define the bijection 35 : V(mP,) — {1,2,...,mn} as

follows:
( .
% if i=1andj is odd
mut] if i =1 andj iseven
By(z]) = w if 7 is even and j is odd

m(i—1)+1+j
2

kwﬂ_]’ if iisodd,3<i<n-—1, and 1 <j <m.

if 7 is even and j is even

Then for the edge-weights of mP,, we have:

2
m(n+2i+1)+3—j
2

W322 = {w%Q(aj’gl‘ngl) mnt20+3-5 . f 9 << m— 1, and j is odd},

Wgz = {ng (ngngl)

cif 2<i<n-—1, and j is even}

3 +1)+3 +1)+5 3n—1)+1
and (J,_, Wj, :{m(”z) ,m(”z) ,...,—m( = )

—m(n+21)+3’ 1)-edge-antimagic vertex labeling.

} consists of consecutive in-
tegers. This implies that (s is a (

|

We utilize the vertex labelings 3; and (3, from the proof of Theorem 3.2.1 to

prove the following theorem.

<& Theorem 3.2.2 If m s odd, m > 3, and n > 2, then the graph mP, has
a super (a,0)-edge-antimagic total labeling and a super (a',2)-edge-antimagic

total labeling.
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Proof.
First, let us turn to d = 0.

For m and n odd, we consider the vertex labeling 3, which is a (m”2+3, 1)-
edge-antimagic vertex labeling. According to Lemma 3.0.2, by completing the
edge labels p+1,p+2,...,p+ q, we are able to extend labeling 3, to a super
(a,0)-edge-antimagic total labeling, where, for p = mn and ¢ = nm — m, the
value a = W

m(n+1)+3
2

For m odd and n even, the vertex labeling (3, is a ( , 1)-edge-antimagic
vertex labeling. It follows from Lemma 3.0.2 that the labeling (3, can be
extended, by completing the edge labels p+1,p+2,...,p+q, to a super (a,0)-
edge-antimagic total labeling, where, in the case p = mn and ¢ = nm — m,

m(5n—1)

the value a = 5 3 Thus for m odd, m > 3 and n > 2, mP, has a super

(a,0)-edge-antimagic total labeling.
For d = 2, we distinguish two cases.

Case 1. n odd

Label the vertices and edges of m P, in the following way:
Bs(z]) = Bi(z]), for every i and j with 1<i<n, 1<j<m

mn + j ifir=1land1<j57<m

By(wja],,) = q mEE2DE25 g9 < i < — 1 andj is odd
?—i—mn—i—im if 2<¢<n-—1andj iseven.

The total labeling (5 is a bijective function from V(mP,) U E(mP,) onto the

set {1,2,...,2mn—m}. For the edge-weights of mP,, under the total labeling

s, we have:
Wi = {wh, (¥]ad) = w}, (vlad) + Bs(wlad) + if 1< <m}
={8mptl 25 ¢ if 1< j <m},
Wi, = {IU%S(:I?ga?ngl) = wp, (:ngg+1)+ﬁ3(xgxg+l) : if 2 <7 <n-—1, and j is odd}

m(3n+4i—2)+5 . : . 1
:{%—]2 if 2<i<mn-—1, and j is odd},
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Wi = {w, (elal,)) = w} (alal, ) +Bs(alal,,) : if 2<i<n—1, and j is even}

:{w—j: if 2<i<mn-—1, and j is even}.
Hence, |J?_, Wp, = {8mpth dmpsd | Tmncdmtly and this implies that f; is

a super (2242 2)-edge-antimagic total labeling.

Figure 3.2: Super (55, 2)-edge-antimagic total labeling of 5P;.

Case 2. n even

Label the vertices and edges of m P, as follows:

@(wf) = 52(1:3?), for every i and j with 1 <i<n, 1<j<m
04 2l = [3 2o’ , forevery i and j with 1 <i<n—-1,1<j57<m.
1 i+1 1i+1

Clearly, the total labeling 3, : V(mP,) U E(mP,) — {1,2,...,2mn —m} is a
bijection. The edge-weights of mP, under the labeling 3, constitute the sets
W3, = {wh, (wzh) = w, (e{23) + Pa(wfad)  if 1< j < m)
= {25 i 1< G < m),
W5 = {w%4(azga:g+l) = w%Q(xeZ+1)+ﬁ4(xeg+l) : if 2<i¢<n-—1, and j is odd}
= (Bt g if 2 <i<n—1, and j is odd},

W§4 = {w/?6’4(xgxg+1) = w%Q(xfxf+1)+ﬁ4(xgxf+l) : if 2 <7< n-—1, and j is even}
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m(3n+4i+1)+5 . : . -
:{%—j: if 2<i<mn-—1, and j is even}.

(m(Sn;rl)JrS : 2)

It can be seen that the total labeling (4 is super -edge-antimagic

total. O

<& Theorem 3.2.3 The graph mP, has a (m + 2,2)-edge-antimagic vertex

labeling, for every m > 2 and n > 2.

Proof. Now, for m > 2 and n > 2, consider the following function Js5 :

V(imP,) — {1,2,...,mn}, where if 1 <i <nand 1 <j <m, then
Bs(al) = j + (i = )m.
We conclude that (5 is a bijective function and the edge-weights under this
function constitute the set
Wy, = {wg, (xl2l, ) =m(2i — 1) +2j: if 1<i<n—1, and 1 < j < m},

which implies that (5 is a (m + 2, 2)-edge-antimagic vertex labeling. O

<& Theorem 3.2.4 The graph mP, has a super (2mn + 2, 1)-edge-antimagic
total labeling and a super (mn + m + 3, 3)-edge-antimagic total labeling, for

every m > 2 and n > 2.

Proof. Let m > 2 and n > 2. We distinguish two cases, according to whether

d=1ord=3.

Case 1. d=1
Define s : V(mP,) U E(mP,) — {1,2,...,2mn — m} to be the bijective

function such that

Be(z]) = ps(z)), forevery iand j with 1<i<n, 1<j<m

Bo(xlxl,)) = m@2n—i)+1—j, if 1<i<n-—1,and 1 <j<m.
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Thus W, = {wg(t]2],1) = Bo(x]) + Bs(wy) + Bo(alalyy) = wpy(2]al,) +
Bo(wlal,): if1<i<n—1,and1<j<m}={m@n+i-1)+1+j:
if1<i<n-—1,and 1 < j < m} is a set of m(n — 1) consecutive integers
2mn + 2,2mn + 3,...,3mn —m + 1. It follows that the total labeling (s is a

super (2mn + 2, 1)-edge-antimagic total.

Case 2. d=3
Consider the labeling ;7 : V(mP,)UE(mP,) — {1,2,...,2mn—m} such that

Br(z]) = ps(a)), forevery iand j with 1<i<n, 1<j<m

Bo(wlal,)) = mn+i—1)+j, if1<i<n—1,and 1 <j<m.

It suffices to observe that (37 is a bijection and the set

W, = {wg, (xgxg+l) = 57(335) + ﬁ7($£+1) + 67(##4-1) = Wgs (xf:t:fﬂ) +
Bo(wlwl,): if 1<i<n-—1,and 1 <j<m}={mn+3i—2)+35: if 1 <
i<n-—1,and 1 < j < m} consists of an arithmetic sequence with the first
term a = m(n + 1) + 3 and common difference d = 3. This completes the

proof. O

Let mP,, m > 2, be super (a,d)-edge-antimagic total with a super (a,d)-
edge-antimagic total labeling § : V(mP,) U E(mPy) — {1,2,...,3m}. Thus
{w(uwv) = p(u) + B(uwv) + B(v) : uwv € E(mP)} = {a,a+d,a+2d,...,a+
(m — 1)d} is the set of edge-weights.

In the computation of the edge-weights of m P, the label of each vertex and
each edge is used once. The sum of all vertex and edge labels used to calculate

the edge-weights is equal to the sum of edge-weights. Thus the equation

Y st Y B = Y ww)

ueV(mP) uwveE(mPy) wweEE(mPy)

is equivalent to the equation

Im+3 =2a+ (m —1)d. (3.5)
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& Theorem 3.2.5 The graph mP,, m > 3, has a super (5m+7 4)-edge-antz'magic
total labeling if and only if m is odd.

Proof. Let §:V(mPy) U E(mPy) — {1,2,...,3mn} be a super (a,4)-edge-
antimagic total labeling. If d = 4 then from (3.5) it follows that

_5m+7
— 5

The minimum edge weight a is an integer if and only if m is odd. We define the

required super (5’”;“7, 4) -edge-antimagic total labeling in the following way:
(
j ifi=land1<j<mH
; 2j — =t if i=1and 22 <j<m

Bs(x7) =
mTH—|—2j—1 1fz—2and1<j§m—
\m—i—j ifi:2andm7+3§j§m

Bs(zlx)) =2m 4+ j, if 1 < j <m. O

<& Theorem 3.2.6 The graph mP, has a super (2m + 4,5)-edge-antimagic

total labeling, for every m > 2.
Proof. Assume that mP, has a super (a,5)-edge-antimagic total labeling.
Then, for d = 5, Equation (3.5) gives

a=2m+4

and this is an integer for all m > 2. The required super (2m + 4,5)-edge-

antimagic total labeling can be defined as follows:
Bo(z)=2j+i—2,ifi=1,2and 1 <j<m
Bo(z)ad) = Br(2]x)), for every j with 1 < j < m. O

The graph mP, has a super (a, d)-edge-antimagic total labeling for almost all

feasible values of the parameters m, n and d. The only unsolved problem is to
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answer whether or not the graph mP, has a super (a, d)-edge-antimagic total
labeling for d € {0,2} and m even. Therefore, we propose the following open

problem.

Open Problem 3.2.1 For mP,, m > 2 even, n > 2, determine if there is a

super (a, d)-edge-antimagic total labeling with d € {0,2}.

3.3 Paths and cycles

In the previous sections, we studied super edge-antimagicness of a disjoint
union of m copies of paths and m copies of cycles. Now we will consider super
edge-antimagicness of a disjoint union of a combination of them, denoted by
mP, U uC,. It is the disconnected graph with the vertex set V(mP, UuC,) =
{2/ :1<i<n,1<j<m+p}and the edge set BE(mP, U uC,) = {zlal,, :

7

1<i<n—-11<j<m+plUu{edel :m+1<j<m+pu} Thus

p=|V(mP,UpuC,)| = (m+ p)n and ¢ = |E(mP, U uC,)| = (m+ pu)n —m.

If the disjoint union of mP, U uC, is super (a,d)-edge-antimagic total then,

from Lemma 3.0.1, it follows that d < 3 + Mﬁ Ifm>1,u>1and

nZSthen(mﬁB@ﬁ<landthu8d<4

& Theorem 3.3.1 If (m+ u) and n are odd, m > 1,4 > 1 and n > 3, then

(m~+p)n+2m+3
()

the graph mP, U uC,, has an -edge-antimagic vertex labeling.

Proof. Let 1 <j <m+ pu and define x; : V(mP, UuC,) — {1,2,...,(m +
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p)n} to be the vertex labeling such that

/

B i (4 p0) if 7 is odd, 1 <i<n—2,andj isodd

(mtp)it 1t if 4is odd, 1 <i <n—2,andj iseven
X1<5Ug):< %Hl(m—l—,u)—jﬁLl if iiseven, 2<i<n-—1

(m+p)n+y
2

(m4p)(n=1)+j
2

if + =n and j is odd

L if ¢ =n and j is even.

We can see that the vertex labeling x; is a bijective function. The edge-weights

of mP, U uC,, under the labeling y1, constitute the sets

WY = {wl, (wlad,y) = xa@]) + xalaly,) = SHGE2ED 4 320 f 1 < <

n—2, and jis odd, 1 < j < m+ u},

W = {wd, (leln) = xaed) + xalely,) = SRS L <

IN

n—2, and jis even,2 < j < m+ p — 1},

W3 = {wil(xj ) =1 (2! _,) +xi(2d) = w s if jisodd, 1 <5 <

n—1
m+ g},

Wi = {w? (21_122) = x1(z)_)) +x1(ad) = (31270 if j is even, 2 <

W2 = {wl, (eh2]) = xa(2d) +xa(w]) = B i m4 1 <5 <mp).

5 r _ (m+p)n+2m+3  (m4p)n+2m+5 3(m+p)n+1
The set | J_, Wr, = {{mhwntemsd (nbunidmis Syl

( (m+#)712+2m+3 7 1)

} consists of
consecutive integers, which implies that y; is a -edge-antimagic

vertex labeling. O

Baca, Lin, Miller and Simanjuntak (see [9], Theorem 5) have proved that if
(p, q)-graph G has an (a, d)-edge-antimagic vertex labeling then G has a super
(a + p+ q,d — 1)-edge-antimagic total labeling and a super (a +p+1,d + 1)-
edge-antimagic total labeling. With the Theorem 3.3.1 in hand, and using

Theorem 5 from [9], we obtain the following result.

<& Theorem 3.3.2 If (m + p) and n are odd, m,pu > 1 and n > 3, then the
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5(m+p)n+3

5 ,0) -edge-antimagic total labeling and

graph mP, U uC,, has a super <

a super (Wﬂ, 2) -edge-antimagic total labeling.

1(z) 4 2@
50 52 49
0@ 5@ @)
55 57 54
6 :@ 9 g@ 7 @
60 62 59
") D 6
65 67 64
NG 1@ HE)
70 72 69
0 E) 5
75 77 74
@ 1@ 16
80 82 79
0@ 4G 6E)
87 84 86

Figure 3.3: Super (73, 2)-edge-antimagic total labeling of 3Py U 2Cy.

Figure 3.3 gives an example of super (a,d)-edge-antimagic total labeling of

3Py U2C, for d = 2.

The result that mP, U uC,, has a super (W, 0>—edge-antimagic total

labeling when (m + p)n is odd, is not new. It follows as a corollary from a
theorem of Ivanco and Luckanicova (see Theorem 1 in [71]).

Directly from Theorem 3.3.1, with respect to Lemma 3.0.3, it follows that the
graph mP, U uC), has a super (4(m+“++m+4, 1) -edge-antimagic total labeling

for (m + p)n odd and m even. The following theorem also covers this case.
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<& Theorem 3.3.3 For m even, m > 2, and for every > 1 and n > 3, the

graph mP, U uC,, has a super (2n(m + u) + 2, 1)-edge-antimagic total labeling.

Proof. Let m be an even integer. Consider a bijective function yo : V(mP, U

puCy) U E(mP, U uC,) — {1,2,...,2(m + pu)n —m} defined by

(m+p)(i—1)+j

(m+p)(i=1) +p+j

X2(xgx2+1):
(m+p)2n—i+1)—m+1—j
(m+u)(2n—i)+1—j

(m+p)@2n—i+1)—24+1—7j

if1<i<n,and1<j5<%
if1<i<n,and T+1<j5<m

ifl1<i<n,andm+1<j7<m+u

if1<i<n-1, and 1 <j <%
if1<i<n-1, and 3 +1<j7<m

if1<i<n—1,andm+1<j<m+u

Xe(@hal) = (m+p)n+1)+1—j, it m+1<j<m+p

It is a matter for routine checking to see that the set of the edge-weights consists

of the consecutive integers {2n(m-+p)+2, 2n(m+p)+3, ..., 3n(m+p)—m+1}

and the labeling y» is super (2n(m + u) + 2, 1)-edge-antimagic total. O

Finally, we summarize that the graph mP, U uC, has a super (a,d)-edge-

antimagic total labeling for (i) d € {0,2}, if m 4+ p and n are odd; and (ii)

d =1, if m is even. In the case when d € {0,2} and (m + p)n is even; and

when d = 1 and m is odd, we do not have the complete answer. We list here

the following open problems.

Open Problem 3.3.1 For the graph mP,UuC,,, (m+ p)n is even, determine

if there is a super (a,d)-edge-antimagic total labeling with d € {0,2}.
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Open Problem 3.3.2 For the graph mP,UuC,,, m is odd, determine if there

is a super (a,1)-edge-antimagic total labeling.

In the case when d = 3 we do not have any answer. So, we present another

problem for further investigation.

Open Problem 3.3.3 For the graph mP, U uC,,, m,u > 1 andn > 3, deter-

mine if there is a super (a,3)-edge-antimagic total labeling.



Chapter 4

SEATL of Disjoint Union of
Stars

As mentioned in Chapter 2, given a graph G, the problem of deciding whether
GG admits a vertex-magic or an edge-magic labeling is equivalent to the problem
of deciding whether or not a set of linear homogeneous Diophantine equations
has a solution. For this, there is no polynomial time bounded algorithm. In
the disjoint union of multiple copies of stars, the only vertices which have the
highest degree are the centers of each star. In 2002, Lee and Kong [79] proposed
a conjecture of a super edge-magicness of a disjoint union of multiple copies of
stars. In this chapter we present new results on the super edge-antimagicness
of disjoint union of multiple copies of stars and so settle this conjecture. In
the first section we show that the disjoint union of two stars admits super
(a, d)-edge-antimagic total labeling, and we generalise this result for m copies

of stars in the second section.

45
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4.1 Two stars

It is proved in [117] that the star K, has a super (a, d)-edge-antimagic total
labeling if and only if either (i) d € {0,1,2} and n > 1, or (ii) d =3 and 1 <
n < 2. Now, we study super edge antimagic of the disjoint union of two stars,
denoted by K ,, UK ,. The disjoint union of K ,, and K ,, is the disconnected
graph with vertex set V(Ki,, U Ky,) = {z1; : J = 0,1,...,m} U {xg; :
i=0,1,...,n} and edge set E(Ky,, U K1,) = {z1071,:j=1,2,...,m} U

{1’270272’2‘ 1= 1, 2, “on ,n}.

If the graph K, ,, U K, is super (a,d)-edge-antimagic total then, according
to Lemma 3.0.1, for p = m+n+ 2 and ¢ = m + n, we have d < 3+$.

We can see that:

(i) if m > 2 and n > 2 then there is no super (a, d)-edge-antimagic total
labeling of K ,, U K1, with d > 3;

(ii) if m + n = 3 then there is no super (a, d)-edge-antimagic total labeling

of Kl,m U Kl,n with d > 4,

(iii) if m +n = 2 then there is no super (a,d)-edge-antimagic total labeling

of Kl,m U Kl,n with d > 5.

If m +n = 2 then we have the graph K;; U K; ;. Assume that K7, U K ; has

6
a super (a,d)-edge-antimagic total labeling. This means that > k = 2a + d.
k=1

For d = 0,2 and 4 the value a is not an integer. Therefore for the graph
K, 1 U Ky 1, there is no super (a, d)-edge-antimagic total labeling.

For d = 1,3 and 5 the requested super (a,d)-edge-antimagic total labeling ¢;

is given in the following.
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d 51(1’1,0) 51(372,0) 51(331,1) 51@2,1) 51@1,01'1,1) 51(1'2,0552,1)

1 2 1 3 4 ) 6
3 1 2 3 4 ) 6
5 2 4 1 3 ) 6

& Theorem 4.1.1 For the graph K, U Ky ,, m +n = 3, there is no super
(a,4)-edge-antimagic total labeling.

Proof. Assume that K,, U K;,, for m +n = 3, has a super (a,4)-edge-
antimagic total labeling ds : V(K7 U K1) U E(Ky U K1) — {1,2,...,8},
and W = {w(uwv) : w € E(K;, UKi,)} = {a,a +4,a+ 8} is the set of
edge-weights. In the computation of the edge-weights of K ,,, U K ,, the label
of a vertex of degree two is used twice but the labels of the remaining vertices
are used once each. The label of every edge is used once. The sum of all vertex
and edge labels used to calculate the edge-weights is equal to the sum of the

edge-weights. If s; is the label of the vertex of degree two then

51+ Z do(u) + Z do(uv) = Z w(uv)

uEV(KLmUKl’n) u’UGE(KLmUKLn) u’UEE(KLmUKLn)
and
S1
a=8+ —.
3

Since a must be an integer, for s; we have only one possible value, namely,

s1 = 3, which gives a = 9.

The smallest value of edge weight a = 9 can be obtained only from the triple
(1,2,6), where 1 and 2 are values of adjacent vertices of degree one and 6 is
the value of the edge. The remaining vertices of degree one must be labeled by
the values 4 and 5. Thus, we have the triples (3,4,7) and (3,5,8) or (3,4,8)
and (3,5,7). This contradicts the fact that K ,, U Ky, for m +n = 3, has a

super (a, 4)-edge-antimagic total labeling. O
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If m =t(n+1) (respectively, n = t(m + 1)) then m is a multiple of (n + 1)
(respectively, n is a multiple of (m + 1)).

<& Theorem 4.1.2 The graph Ky, UKy, m > 2 andn > 2, has a (t+4,1)-
edge-antimagic vertex labeling if and only if either m is a multiple of n 4+ 1 or

n 1s a multiple of m + 1.

Proof. Assume that Ki,, U K;,, m > 2 and n > 2, has a (a, 1)-edge-
antimagic vertex labeling 65 : V(K ,, U K1,) — {1,2,...,m + n + 2} and
that W = {w(uwv) : wv € E(K;,,UK1,)} ={a,a+1,a+2,...,a+m+n—1}
is the set of the edge-weights. The sum of the elements of W is

(m+n)(m+n-—1)
5 :

Z w(uwv) = (m+n)a+

u’UEE(KLmUKLn)

In the computation of the edge-weights of K ,, U K, the label of the central
vertices, 03(z10) and d3(z20), is used m and n times, respectively, and the
labels of the remaining vertices are used once each. Let s; = d3(219) and
Sy = 03(220). The sum of all vertex labels used to calculate the edge-weights

is equal to
m+n+2

(m — 1)d3(x10) + (n — 1)d3(z20) + Y k=

(m—1)8, + (1 — 1)sy + (m+n—|—3)2(m—|—n+2)‘

The sum of the vertex labels used to obtain the edge-weights is naturally equal

to the sum of all the edge-weights. Thus,

(m+n)a=3(m+n+1)+ (m—1)s;+ (n—1)s,. (4.1)

Clearly, s1 + s2 ¢ {a,a+1,a+2,...,a 4+ m + n — 1} because exactly one
endpoint of any edge belongs to {10,220} Without loss of generality, we

may assume that s; + so < a. If s+ s9 > a+ m + n — 1 then we consider
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(a’,1)-edge-antimagic vertex labeling g, given by g(v) = m +n+3 — d3(v), for
allv € V(Kl,m U Kl,n>~

If 1 ¢ {s1,s2} then a > s1 + s5 > 12111<n d3(x15) + 52 > 14+ sy > a or
<j<m

a > S1+ 89 > 81+ 1rgl<n d3(x9;) > s1+ 1 > a, a contradiction.
Sisn

Suppose s; = 2 and sy = 1. Then, from (4.1), it follows that
(m+n)(a—4) =m,

which implies that m is a multiple of m + n, a contradiction.

Suppose s; > 2 and sy = 1. We can say that a = s;42 because if 1réru<n d3(xe,) =
2 then 11}1_i<n 03(xq,;)+s2 < 81452 < a, thus the vertex labeled by 2_1;1ust belong
to Kq . From (4.1), it follows that

(m+n)(s1+2) = 3(m+n+1)+(m—1)s;+(n—1) and

(s1=2)(n+1) = m,
which means that m > n and m is a multiple of n + 1.

For the sake of completeness, we assume that m = t(n + 1), and consider the

vertex labeling d3, described by Ivanco and Luckanicova in [71].

2+t if 7=0
53(171,]'): )
[L1+j if 1<j<m

5y(52.) 1 if i1=0
3\T24i) =
I+@G@+1)E+1) if 1<i<n.

The vertex labeling 3 is a bijective function from K ,, U K, onto the set
{1,2,...,m+n+2}. The edge-weights of K ,, U K ,, under the labeling ds,

constitute the sets

ng :{w§3(x1,0x1,j) cifl<j<m}={2+4t+ (ﬂ +j:if 1 <j<m},
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Hence the set (J7_, Wi = {t+4,t+5,...,m+n+t+3} consists of consecutive

integers. Thus d3 is a (¢t + 4, 1)-edge-antimagic vertex labeling. O

With respect to Lemma 3.0.2, the (¢ + 4, 1)-edge-antimagic vertex labeling d3
extends to a super (a, 0)-edge-antimagic total labeling, where for p = m+n+2
and ¢ = m + n, the value a = 2m + 2n + ¢ + 6. Thus we have the following

theorem, which was proved by Ivanco and Luckanicova in [71].

Theorem 4.1.3 [71] The graph K, U Ky,, m > 2 and n > 2, has a super
(2m + 2n + t + 6,0)-edge-antimagic total labeling if and only if either m is a
multiple of n+ 1 or n is a multiple of m + 1.

Furthermore, we obtain the following theorem.

<& Theorem 4.1.4 If either m is a multiple of n+1 orn is a multiple of m+1
then the graph Ki,, U K;,, m > 2 andn > 2, has a super (m+n+t+7,2)-

edge-antimagic total labeling.

Proof. Without loss of generality, we may assume that m is a multiple of n+1.
Let m = t(n + 1). Using the (¢ + 4, 1)-edge-antimagic vertex labeling 03 from
Theorem 4.1.2, we define a total labeling 0, : V(K3 ,, UK ,,)UE(K; UK ) —
{1,2,...,2m + 2n + 2} as follows:

da(v) = d3(v), for every vertex v € V(K U Ky ,,)

da(z10715) = m—{—n—i—l—i—(‘%}#—j, for 1<j<m

0a(xopx0,) = m+n+2+i(t+1), for 1<i<n,

The edge-weights of K ,, U K;,, under the total labeling d4, constitute the

sets

W514 = {w§4($1’0$1’j) = w§3(.1‘1701'17j> + 54(5(]1,01’1,]') . lf 1 S] S m}
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2 3 5 6 8 9 11 12 14 15

Figure 4.1: Super (23, 2)-edge-antimagic total labeling of K 10 U K7 4.

={m+n+t+3+2[L]+2j: if 1 <j<m},
W524 = {w§4 (LL’Q’(].TQ’Z') = wgd (1’2701’2,2‘) + (54(%’2’01‘2’@') . lf 1 S 7 S TL}

={m+n+4+2i+1)(t+1): if 1 <i<n}.

Hence the set UzZIW(}; ={m+n+t+7m+n+t+9,...,3m+3n+t+5}
consists of an arithmetic sequence, with the first term m +n + ¢t 4+ 7 and the
common difference d = 2. Thus 4, is a super (m +n+t+ 7, 2)-edge-antimagic

total labeling. O

We are not able to give an answer as to whether or not there exists a super
(a, 2)-edge-antimagic total labeling of K ,, U K7, for other values of m and n.

Therefore, we propose the following open problem.

Open Problem 4.1.1 For the graph Ki,, U K1,, m > 2, n > 2, if m is not
a multiple of n + 1 and n is not a multiple of m + 1, determine whether there

is a super (a,2)-edge-antimagic total labeling.

By using the (¢+4, 1)-edge-antimagic vertex labeling d3, with respect to Lemma

3.0.3, we can claim

<& Theorem 4.1.5 If m+n is odd and either m is a multiple of n+1 orn is
a multiple of m + 1 then the graph K ,, UK, ,, m > 2 and n > 2, has a super
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(3(m+n)+2t+13 1

5 )—edge—antimagic total labeling.

Proof. From Theorem 4.1.2, the graph K, U K;, has a (t + 4, 1)-edge-
antimagic vertex labeling. Let % = {¢,c+ 1,¢+2,...,c+ k} be a set of the
edge weights of the vertex labeling d3, for c =t+4 and k = m+n —1. In light
of Lemma 3.0.3, there exists a permutation I1(2() of the elements of 2 such that
A+H[II(A) — c+m+n+ 3] = {¢+ 330D ¢y ImdBndd 47 ¢y dmdbnddd
If [II(A) — ¢ +m + n + 3] is an edge labeling of K ,, U K7, then A + [II(A) —

c+m+n+3] gives the set of the edge weights of K ,,, UK ,,, which implies that

the total labeling is super (a, 1)-edge-antimagic total, where a = ¢+ W =

3(m+n)+2t+13

5 . This concludes the proof. O

Figure 4.2 illustrates an example of super (a, 1)-edge-antimagic total labeling

stated in Theorem 4.1.5.

2 3 4 6 7 8 10 11 12 14 15 16 9 13 17
SICICICICICICACICICIOASINCECAS
25N\3G2N\ 24N\ 23\ 30\ 22\ 21/ 28/ 20/ 19726718 31\ 29| 27

5 1
Figure 4.2: Super (32, 1)-edge-antimagic total labeling of K 1o U K 3.

& Theorem 4.1.6 If m = n then the graph Ky,, U K;,, m > 2 and n > 2,

has a (4,2)-edge-antimagic vertex labeling.

Proof. Let m =n and m > 2. Consider the bijection 5 : V (K, U K3 ,,) —
{1,2,...,m+n+ 2}, where

1 if 7=0 m+n+2 ifi=0
55(3717]‘): . ) ' and 65($27i): . ) .
27+1 if1<73<m 21 i1 <qs<n.
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We observe that the edge-weights of K ,, U K ,,, under the vertex labeling ds,

constitute the sets

Wi = {w} (w1021,) 1 if 1 <j<m}={2j+2:if 1 < j <m},
Wi =A{w; (r022,) :if 1 <i<n}={m+n+2+2:if 1 <i<n}
Hence, the elements of the set Uizl W& = {4,6,....,m + 3n + 2} can be

arranged to form an arithmetic sequence, with first term 4 and common dif-

ference d = 2. Thus J5 is a (4, 2)-edge-antimagic vertex labeling. O

<& Theorem 4.1.7 If m = n then the graph K ,, U K;,, m > 2, has super
(2m + 2n + 6, 1)-edge-antimagic total and super (m +n+ 7, 3)-edge-antimagic
total labelings.

Proof. Let m =n and m > 2. From Theorem 4.1.6, it follows that the graph
Ky, UKy, has a (4,2)-edge-antimagic vertex labeling. We will distinguish
two cases, according to whether d =1 or d = 3.

Case 1. d=1

Define 66 . V(Kl,m U Kl,n) U E(Kl,m U Kl,n) — {1, 2, c. ,2m + 2n + 2} to be

the bijective function

d6(v) = d5(v), for all vertices v € V(Ky,, U K1,,),
d6(z10715) = 2m+2n+3—j, for 1 <j<m,

J6(xo0x2;) = m+2n+3—1, for 1 <i<n.

By direct computation, it is not difficult to verify that the edge-weights con-
stitute the arithmetic progression 2m +2n+6,2m+2n+7,...,3m + 3n+ 5.

Thus 04 is a super (2m + 2n + 6, 1)-edge-antimagic total labeling.

Case 2. d =3
Consider the labeling 07 : V(K3 ,, U Ky ,,) UE(Ky,, UKy ,) — {1,2,...,2m +
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2n + 2}, such that

d7(v) = d5(v), for all vertices v € V(K ,, U K1),
(57(371’0271’]') = m+n+2 +j, for 1 < j < m,

d7(xapx2;) = 2m+n+2+i, for 1 <i<n.

18

Figure 4.3: Super (23, 3)-edge-antimagic total labeling of K; s U K g.

We can see that the labeling d; uses each integer from the set {1,2,...,2m +
2n + 2} exactly once and the set of the edge-weights consists of an arithmetic
sequence with the first value m + n + 7 and common difference d = 3. Thus

07 is a super (m + n + 7, 3)-edge-antimagic total labeling. O

In the case when m + n is even and m # n, we do not know if there exists
any super (a, 1)-edge-antimagic total labeling for K ,, U K;,. Therefore, we

propose the following

Open Problem 4.1.2 For the graph K;,, U K;,, m > 2, n > 2, m+n
even and m # n, determine if there exists a super (a,1)-edge-antimagic total

labeling.

From Theorem 4.1.7, we have that for m = n, m > 2, the graph K, ,, U K,
has a super (m+n+ 7, 3)-edge-antimagic total labeling but for m # n, m > 2,

n > 2, we do not know if such a labeling exists or not. Therefore, we propose
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Open Problem 4.1.3 For the graph K, ,, U K1,, m > 2, n>2 and m # n,

determine if there exists a super (a,3)-edge-antimagic total labeling.
To conclude this subsection, we prove the following theorem.

<& Theorem 4.1.8 For the graph Ky, U Ky,, m > 2 and n > 2, there is no

(a, 3)-edge-antimagic vertex labeling.

Proof. Assume that Ki,, U K;i,, m > 2 and n > 2, has a (a, 3)-edge-
antimagic vertex labeling 0 : V (K, UKy,) — {1,2,..., m+n+1,m+n+2}
and W = {w(uv) : wv € E(K;,,UK;,)} ={a,a+3,a+6,...,a+(m+n—1)3}
is the set of edge-weights. The minimum possible edge weight is at least 3.
It follows that a > 3. The maximum possible edge weight is no more than
(p—1)+p=2m+2n+3. Consequently, a+3(m+n—1) < 2m+2n+ 3 and

3 < 24 —2— which is impossible when m + n > 4. O

m+n—17

4.2 More than two stars

In Section 4.1, we studied super edge-antimagicness of a disjoint union of
two stars. Now we will provide new results on super edge-antimagicness of a
disjoint union of more than two copies of stars, denoted by K ,,, U2sK;,. The
disjoint union of K ,, and 2sK,, is the disconnected graph with vertex set
V(KimU2sK;,) ={z1,;: 0<ji<m}U{x;p: 2<i<2s+1,0<k<n}
and edge set E(Ky,, U2sKy,) = {z1021;: 1 <j<m}U{zoz;p: 2<i<
2s+1,1 <k <n}. Thus p = |V(Ky, U2sK1,) =m+2s(n+ 1)+ 1 and
q=|E(KimU2sK;,)| =m+ 2sn.

If the graph K, U 2sK;, is super (a,d)-edge-antimagic total then, from
Lemma 3.0.1, we have that

4s
d<34+ —. 4.2
- +m+2sn—1 (4.2)
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By applying Equation (4.2) for values of m,n and s, we obtain the following.

(i) for Ky, U2sKy,,m = n = 1,s > 1, there is no super (a,d)-edge-

antimagic total labeling with d > 5;

(ii) for Ky ,,U2sK] ,, n+m = 3, s > 1, there is no super (a, d)-edge-antimagic
total labeling with d > 4;

(iii) for Ky, U2sKy,,n>2,m > 2 and s > 1, there is no super (a, d)-edge-

antimagic total labeling with d > 3.

If m = n = 1 then the graph K, ,,U2sK , is a disjoint union of 2s+1 copies of
Py, denoted by (2s + 1) P,. We have proved in Section 3.2 that for every s > 1
and d € {0,1,2,3,4,5}, the graph (2s+1)P, has a super (a, d)-edge-antimagic

total labeling.

& Theorem 4.2.1 The graph K ,,U25K,,, m>1,n>1 and s > 1, has an

(3s + 3, 1)-edge-antimagic vertex labeling.

Proof. We distinguish two cases.

Case 1. m >n
Define the vertex labeling ¢y : V(K1 ,U2sK;,) — {1,2,...,m+2s(n+1)+1}

in the following way:

s+1 Hfl1<s<s+1
¢1(Tip) =

i—s—1 ifs+2<i<2s+1

(2s+1)j+1 if1<j<n+1
¢1(1,5) =

2s(n+1)4+j5+1 ifn+2<j<m
O1(zig) = 2s+1k+14, for2<i<2s+land1<k<n.
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Clearly, the values of ¢; are 1,2,...,m + 2s(n + 1) + 1. The edge-weights of
Ky, U2sK, ,, under the labeling ¢;, constitute the sets

W, = {wg, (x10715) = d1(210) + P1(215) : 1 <j<n+1}
= {(2s4+1)j+s+2: 1<j<n+1},
le = {wil (z10715) = ¢1(w10) + O1(215) : n+2< 5 < m}
= {2n+3)s+j+2: n+2<j<m},
ng = {wil (ioTig) = P1(io) + P1(zip): 2<i<s+1land1<k<n}
= {(2s+1)k+2i+s: 2<i<s+1land 1<k <n},
W(;fl = {wf;1 (TioTig) = O1(Tio) + d1(rip): s+2<i<2s+1land1<k<n}
= {(2s+1)k+2i—s—1: s+2<i<2s+1land1<k<n}.

It is not difficult to check that the set J_, Wi ={3s+3,3s+4,...,3+
2n)s +m+ 2}.

Case 2. m <n
For m > 1,n > 1 and s > 1, define the bijection ¢ : V(K ,, U25K;,) —
{L,2,...,m+2s(n + 1) 4+ 1} as follows:

¢2($z’,o) = ¢1(1‘z‘,0)
¢2($17J’) = (28—|—1>j+17 fOI' 1 S]Sm
2s+1Dk+:7 if2<i<2s+land1<k<m

¢2($¢,k)=
2sk +m +1 Hf2<i<2s+landm+1<k<n.

Then for the edge-weights of K ,,, U2sK;, we have:

Wd12 = {w;ﬁz(xl,oxl,j) = ¢2(331,0) +¢2(!L‘1,j) 1< < m} = {(23+ l)j Ls+2:
1 <j<m},

W3, = {w3, (Tiorir) = ¢a(wig) + da(wig) : 2<i<s+land1 <k <m}=
{2s+1Dk+2i+s: 2<i<s+1land 1<k <m},

ng = {wiQ(%ofﬂz‘,k) = ¢o(Ti0) + P2(wip) : s+2<i<2s+landl1 <k <
mp={2s+1Dk+2i—s—1: s+2<i<2s+1and1<k<m},
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W,, = {w, (xiorir) = da(wio) + Pa(wip) : 2<i<s+landm+1<k <
n}={2k+1s+2i+m: 2<i<s+landm+1<k<n},

Wy, = {w}, (ziorin) = ¢a(wig) + da(win) + s +2<i<2s+Tandm+1<
kE<n}={(2k-1)s+2i+m—1: s+2 <i<2s+1 and m+1 < k <n},

and | J7_, Wi, ={35+3,3s+4,...,(3+2n)s+m+2} consists of consecutive

integers.

This implies that ¢; and ¢, are (3s + 3, 1)-edge-antimagic vertex labelings. O

& Theorem 4.2.2 For m > 1,n > 1 and s > 1 the graph K, ,, U 25K,
has a super ((4n + 5)s + 2m + 4,0)-edge-antimagic total labeling and a super
((2n + 5)s + m + 5, 2)-edge-antimagic total labeling.

Proof. For d = 0, from Theorem 4.2.1, we have that for m > 1,n > 1 and
s > 1, the graph K ,,U2sK; , has a (3543, 1)-edge-antimagic vertex labeling.
According to Lemma 3.0.2 for p = m + 2s(n+ 1) + 1 and ¢ = m + 2sn, there
is also a super ((4n + 5)s + 2m + 4, 0)-edge-antimagic total labeling.

For d = 2, we distinguish two cases.

Case 1. m>n
Let us construct a vertex labeling ¢3 of K, U25K;,, m >2,n > 2and s > 1,

in the following way:

2s(j+n)+m+j+1 if1<j<n+1
¢3(IL’1,0$’1,3’):

2s2n+ 1) +m+j5+1 ifn+2<j<m.
If 1 <k <n then

2s(n+k)+m+2i+k—1 if2<i<s+1
¢3(mi70$i,k) =
2s(n+k—1)+2i+m+k—2 if s+2<i<2s+1.
We can see that the vertex labeling ¢3 is a bijective function from K ,,U2s5K ,

onto the set {1,2,...,2m+2s(2n+1)+1}. The edge-weights of K ,,, U2sK] ,,

under the labeling ¢3, constitute the sets
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W$3 = {w(}m(.’ﬁl,o%l,j) = wé1($170x17j) + ¢3(l’1’0$17j) cif 1 S j S n + 1} =
{(4j—|—2n+1)3—|—2j+m+3: if 1 §j§n+1},

sz,, = {wiB(xl,Oxl,j> = wil(-fl,oml,j) + ¢3($1,0$1,j) pifn+2 <5 < m} =
{(bn+5)s+2j+m+3: if n+2<j<m},

ng’ = {ﬂ]g3 (xi,Oxi,k) = wgl (mi,[)wi,k) —+ ¢3(xi70xi’k) cif 2 S 7 S s + land 1 S
kE<n}={(dk+2n+1)s+4i+2k+m—1: if2<i<s+land 1<
k< n},

W£3 = {w$3(x,-70xi7k) = wél($i70$i’k) + ¢3(xi,0$i,k) : if s + 2 S ) S 2s +
land 1 <k<n}={(4k+2n—3)s+4i+2k+m—3: if s+2<i <
2s+1and 1 <k <n}.

Hence the set [ J}_, Wi ={(2n+5)s+m+5,(2n+5)s+m+7,...,(6n+5)s+
3m+3} consists of an arithmetic sequence, with the first term (2n+5)s+m+5
and the common difference d = 2. Thus ¢35 is a ((2n + 5)s + m + 5, 2)-edge-

antimagic total labeling.
Case 2. m <n

For m > 2,n > 2 and s > 1, define the bijection ¢4 : V(K ,, U25K;,) —
{1,2,...,2m +2s(2n + 1) + 1} as follows:

Pa(T1071;) =28(n+j)+m+j+1:if1<j<m
If 1 <k <m then

2s(n+k)+m+2i+k—1 if2<i<s+1
¢4($z‘,ol‘z‘,k):
2s(n+k—1)4+2i+m+k—-2 ifs+2<i<2s+1.

Ifm+1<k<nthen

2s(n+ k) +2m+2i—1 if2<i<s+1
¢4($z‘,09€i,k) =
2s(n+k—-1)+2m+2i—2 if s+2<i<2s+1.
We can see that the vertex labeling ¢, is a bijective function from K ,,U2sK; ,

onto the set {1,2,...,2m+2s(2n+1)+1}. The edge-weights of K ,,, U2sK] ,,

under the labeling ¢4, constitute the sets
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th = {wéél(xl,oxl,j) = wéQ(fEl,inl,j) + da(z1p21,) @+ if1 < j < m} =
{4j+2n+1)s+2j+3: if 1 <j<m},

Wdi = {11]14(1'1'70.%'1'7]6) = w22($i’0$i7k) + ¢4(xi,0xi,k) cif 2 S 1 S s+1 and 1 S
k<m}={{Ak+2n+1)s+4i+2k+m—-1: if2<i<s+land1<
k< m},

W£4 = {U)E;M (Jli’(]xi,k) = wgz (:ci,oxi,k)+¢4(xw:ci,k) cif s+2 < 1 < 2s+1 and 1 <
k<m}={(4k+2n—3)s+4i+2k+m—3: if s4+2 <i<2s+1and 1 <
k< m},

W$4 = {wf}s4 (Tioxik) = w$2 (@i 0Tig)+oa(Tiprig) » if 2 <i<s+1and m+1 <
k<n}={(4k+2n)s+4i+k+3m—1: if2<i<s+land m+1<
k <n},

W5, = {wl, (xipzir) = w3, (rioTik) + da(ziorix) = s +2 < i < 25+
land m+1<k<n}={4k+2n—2)s+4i—k+3m—-3: if s+2 <
i<2s+land m+1<k<n}.

Hence the set J°_, Wi, ={(2n+5)s+m+5,(2n+5)s+m+7,...,(6n+5)s+
3m+3} consists of an arithmetic sequence, with the first term (2n+5)s+m-+5
and the common difference d = 2. Thus ¢4 is a ((2n + 5)s + m + 5, 2)-edge-

antimagic total labeling. O

6 11 16 17 18 19 7 12

8 13 9 14 ég 15
SACHCECHCES ¢
22\ 27 24\ 29 21\ 26 23| 28

SIS,
4 ) 1 2

Figure 4.4: Super (29, 2)-edge-antimagic total labeling of K ¢ U 4K 5.

& Theorem 4.2.3 If m is odd then the graph K, U2sK ,,, form >1,n > 1
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and s > 1, has a super (s(3n +5) + w, 1)-edge-antimagic total labeling.

Proof. Consider the vertex labelings ¢; and ¢, of the graph K ,, U2sK;,
from Theorem 4.2.1, which are (3s + 3, 1)-edge-antimagic vertex labelings.
The set of edge-weights gives the sequence A = {c,c+ 1,¢+2,...,c+ k}, for
c=3s+3an k = 2ns+ m — 1. The value k is even for m odd. According
to Lemma 3.0.3, there exists a permutation II(2() of the elements of 2, such
that A + [I[(A) —c+p+ 1] = {s(3n + 5) + 222 s(3n + 5) + 3L 5(3n +
5)+ 23 s(5n + 5) 4+ 22 I [TI(™A) — ¢+ p + 1] is an edge labeling of
Kim U2sKy, for m odd, m > 1,n > 1,s > 1, then 2 + [II(A) — ¢ + p + 1]

determines the set of edge-weights of the graph K, ,, U2sK; ,, and the resulting

total labeling is super (s(3n +5) + 22 1)-edge-antimagic total. O

@@@@@@@@ @@ @@@
28 27\ 32 21 25| 30 34\ 24

Figure 4.5: Super (37, 1)-edge-antimagic total labeling of K3 3 U 4K 3.

For m even we have not yet found any super (a, 1)-edge-antimagic total label-

ing. Therefore, we propose the following open problem.

Open Problem 4.2.1 For m even, m > 2,n > 1 and s > 1, determine if

there is a super (a,1)-edge-antimagic total labeling of Ky, U 25K .

<& Theorem 4.2.4 For s > 1, the graph K12U2sK; 1 has a super (5s+7,4)-

edge-antimagic total labeling.
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Proof. For s > 3 we consider the following function ¢5 : V(K12 U2sK; ;) —
{1,2,...,4s + 3}, where

35+ 3 ifi=1
Gs5(Tig) =4 s+2i—2 if2<i<s+3.
2s+1+1 ifs+4<i<2s+1

s+3  ifj=1

¢5(71,5) =
4s+3 ifj=2

1—1 Hf2<i<s+2
¢5(3?i,1)=
2t —s—1 if s+3<i<2s+1.

In the case s = 1, label ¢g(z10) = 6,06(x11) = 4, ds(x12) = 7, p6(220) =
3,06(x21) = 1, ¢6(z30) =5 and ¢g(x31) = 2. If s = 2 then label ¢7(z19) =9,
¢r(w11) =5, Pr(w12) = 11, ¢r(w20) = 4, dr(w21) = 1, Pr(230) = 6, Pr(231) =
2, ¢7(xa0) =8, ¢r(v41) =3, Pr(x50) = 10 and ¢7(z51) = 7.

It is a matter of routine checking to see that the vertex labelings ¢5, ¢ and
¢7 are (s + 3, 3)-edge-antimagic vertex. In the same way as in Theorem 3.3.2,
with respect to Theorem 5 from [9], we have that, for p = 4s + 3 and s > 1,
there is a super (5s + 7, 4)-edge-antimagic total labeling of Ko U2sK;,. O

Open Problem 4.2.2 For s > 1, determine if there is a super (a,4)-edge-
antimagic total labeling of Ky, U 25K .

In the case when d =3, m > 2, n > 2 and s > 1, we do not have any answer

for super edge-antimagicness of K ,,, U2sKj ,. Therefore, we propose

Open Problem 4.2.3 For the graph K ,, U2sK;,, m > 2, n>2 and s > 1,

determine if there is a super (a,3)-edge-antimagic total labeling.



Chapter 5

SEATL of Disjoint Union of
Complete s-partite Graphs

The study of antimagicness of complete s-partite graphs, for s = 1, began by
Baca and Barrientos in [3]. They proved that the graph m K, has a super (a, d)-
edge-antimagic total labeling if and only if either (i) d € {0,2}, n € {2,3} and
m is odd, m > 3; or (i) d =1, n > 2 and m > 2; or (iii) d € {3,5}, n = 2
and m > 2; or (iv) d = 4, n = 2 and m is odd, m > 3. In [6] Baca and
Brankovic continued the study on antimagicness of complete s-partite graphs
when s = 2. They proved that the graph mK, , has a super (a,d)-edge-
antimagic total labeling for (i) d = 1 if m > 2 and n > 1; (ii) for d = 2 if
n =1and m > 3 is odd; (iii) for d € {3,5} if and only if n = 1 and m > 2;
(iv) for d = 4 if and only if n = 1 and m > 3 is odd. The question of whether
or not the disjoint union of multiple copies of complete s-partite graphs, for
general s, admits a super (a, d)-edge-antimagic total labeling, is still open. In
this chapter we present new results that partially answer this problem. In the
first section we show that disjoint union of complete tripartite graph admits
super (a,d)-edge-antimagic total labeling, and we generalise this result for m

copies of complete s-partite graph in the second section. However, for some

63
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values of parameter s, m and n, the question remains open.

5.1 Complete tripartite graphs

Let mK,, ., be a disjoint union of m copies of tripartite graph K, , , with
vertex set V(mK,n,) = {2l 01 <@ < n 1 <1 <mpuU{y, 1<
j<mn 1<l <mju{zl :1<k<n1<I1<m}and with edge set
E(mKpnn) = U oyl oz, 9b2, 01 <i<n, 1 <j <n, 1 <k <n}. Thus
p = |V(mK,nn)| =3mn and ¢ = |[E(mK, )| = 3mn® If mK, ,,, m > 2
and n > 1, is super (a, d)-edge-antimagic total then, by Lemma 3.0.1, it follows

that d < 3.

<& Theorem 5.1.1 The graph mK,, ,,,, has an (a, 1)-edge-antimagic vertex la-

beling if and only if n =1 and m is odd, m > 3.

Proof. Assume that mK,, , , has an (a, 1)-edge-antimagic vertex labeling A; :
V(imKpnn) — {1,2,....3mn} and W = {w(w) : wv € E(mK, )} = {a,a+
La+2,...,a+ (3mn* — 1)} is the set of edge-weights. The sum of the edge-
weights in the set W is

> w(uw) =3mn’? <a + M”—;_l> (5.1)

weE(MKn nn)

In the computation of the edge-weights of mK,, ,, ,, the label of each vertex is
used 2n times. The sum of all vertex labels used to calculate the edge-weights

is equal to

2n Y M(u) =3mn®(1+ 3mn). (5.2)

ueV(mKn,nmn)

Since Equations (5.1) and (5.2) gives

Z w(uv) = 2n Z A1 (u),

w€E(mKn n,n) u€V(mKnn,n)
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it immediately follows that

a_Smn(?—n)—i—S
- 5 _

The minimum edge weight a is a positive integer if and only if n = 1 and m is

odd, m > 3.

The required (3m—2+3, 1)—edge—antimagic vertex labeling \; can be defined in

the following way.

W l) ““71 if [ is odd
1\Ty) =
' %”1 if [ is even

; 3’”7” if [ is odd
)\1(91) =
m + % if [ is even
MY =3m—1+1, forall 1<1<m.

This completes the proof. O

<& Theorem 5.1.2 For d € {0,2}, the graph mK,,, is super (a,d)-edge-

antimagic total if and only if n =1 and m is odd, m > 3.

Proof.

Case 1. d=0

Figueroa-Centeno, Ichishima and Muntaner-Batle (see Lemma 3.0.2) showed
that a (p, q) graph G is super magic (super (a,0)-edge-antimagic total) if and
only if there exists an (a—p—gq, 1)-edge-antimagic vertex labeling. According to
Theorem 5.1.1, the graph mK,, ,, ,, has (37”—2*3, 1)—edge—antimagic vertex labeling
if and only if n = 1 and m is odd. With respect to Lemma 3.0.2, and for

p = 3mn,q = 3mn?, we have that the graph mK,,,, has a super (%, 0)-

edge-antimagic total labeling if and only if n = 1 and m is odd.

Case 2. d =2
Assume that mK,,,,, m > 2,n > 1, has a super (a,d)-edge-antimagic to-

tal labeling Ay : V(mK,nn) U E(mK,n,) — {1,2,...,3mn + 3mn?} and



Chapter 5. SEATL of Disjoint Union of Complete s-partite Graphs 66

{w(uv) = Ag(u) + A2 (uv)+Xa(v) : wv € E(mK, nn)} = {a,a+d,a+2d, ..., a+
(3mn? — 1)d} is the set of the edge-weights. Then

3mn? —1)d
Z w(uw) = 3mn®(a + %) (5.3)
weEE(MKn nn)
is the sum of all the edge-weights. In the computation of the edge-weights of
mi<, . n, under the labeling Ao, the label of each vertex is used 2n times and

the label of each edge is used once. Thus

o> (3 dalel) + Do eluh) + 3o nlch) +
)S{PI) NN 9) SINEEIND 9) SERTEN B

=1 N i=1 j=1 i=1 k=1 j=1 k=1

mn? + dmn + 1)

9 2(
mn 2

(5.4)

Since we assume that \s is a super (a, d)-edge-antimagic total labeling, the sum
of edge-weights is equal to the sum of the vertex and edge labels. Combining

(5.3) and (5.4) gives the following equation

3mn® + 12mn + 3 — (3mn® — 1)d
a =
2

. (5.5)

The minimum possible edge weight under the labeling A; is at least 3mn + 4.

So, for d = 2, Equation (5.5) gives the following inequalities

12mn — 3mn? +5

3 4
mn + 5

mn(n—2) < —1.

The last inequality is true if and only if n = 1. Then, from Equation (5.5), it

follows that a = % and this is an integer if and only if m is odd.

In the same way as in Theorem 3.3.2, since labeling A; from the proof of

Theorem 5.1.1 is a (3"‘2+3, 1)—edge—antimagic vertex labeling of mK;;,; when

m is odd, with respect to Theorem 5 from [9], we have that mK; ., for m

I9m+5
2

odd, m > 3, has a super ( ,2)—edge—antimagic total labeling. O
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<& Theorem 5.1.3 The graph mK,, ,, ,, has a super (6mn+2, 1)-edge-antimagic

total labeling for every m > 2 and n > 1.

Proof. If d =1 then, from Equation (5.5), it follows that a = 6mn-+2. Define
the bijective function A3 : V(mK, ) UE(mK,nn) — {1,2,...,3mn+3mn?},

for m > 2 and n > 1, in the following way:

As(z)) = (Bi—=3)m+1 for1<i<nand1<I<m
As(yh) = (Bj—2)ym+1, for1<j<nand1<I<m

Ms(zt) = Bk—1m+1, forl1<k<nand1<I<m.

If 1 <l <m then

As(zlyh) = 3mn(n +1—2j +2i) +3m >0 (1 +2t) +1—1—3m(i — 1),
forl1<i<nandi<j<nmn,

As(zlyl) = 3mn(n+2 — 20 +2j) + 6m> ) 't +1—1—3m(j — 1),
fori1<j<n—1landj+1<i<n,

Aa(yhzh) = 3mn(n + 1 — 2k +2j) +3m 3,0 (1 +2t) +1— 1 —m(3j — 2),
for1<j<mnandj<k<n,

Aa(yheh) = 3mn(n +2 — 25 +2k) + 6m Y0t +1—1—m(3k — 2),
forl<k<n—-landk+1<j<n,

As(zhal) = 3mn(n 43 — 20 + 2k) +3m b (1 +2t) + 1 — 1 — m(3k — 1),
for1<k<n—-land k+1<1i<n,

A3(2hat) = 3mn(n — 2k + 20) + 6m S b it + 1 — 1 — m(3i — 4),
forl<i<nandi<k<n.

Let Al = (aéj) be a system of square matrices, for all [ = 1,2,...,m, where

al; = Ns(x) + As(yl) for 1 <i<n,1 <j<nandn=23mn+2l,0=06mn+2l
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m+20 4dm+20 Tm+20 ... n—>m n-—2m
dm+20 Tm+20 10m+20 ... n—=2m n+m
Al ™™m+2l 10m+2l 13m+2l ... n+m n+4m
n—>n n—2m n+m . 0—=11m 06 —8m
n—2m n+m n+4m ... 6—-8m 0 —>5m
Let B! = (bék,) be a system of square matrices for all [ = 1,2,...,m, where

bl = As(yh) + As(zp) for 1 < j <n, 1 <k <nandn=3mn+2l,0 = 6mn+2l.

Im+20 6m+20 9m+20 ... n—3m 7
6m+20 9m+20 12m+2l ... 7 n+3m
Bl — Im+20 12m~+20 1bm+2l ... n+3m n+6m
n—3m n n+3m ... 6—9m 60 —6m
n n+3m n+6m ... §—6m 0—3m
Let C' = (c},) be a system of square matrices for all [ = 1,2,...,m, where

o= X3(2L) + A3(2t) for 1 <k <n,1 <i<nandn=3mn+2l,0=06mn+2l.

2m+20 dm+2l 8m4+2l ... n—4m n-—m
om+20 8n+20 1lm+20 ... n—m  n+2m
o 8m+20 1lm+20 14m+20 ... n+2m n+5m
n—4am n—m n+2m ... §—10m 6—Tm
n—m n+2m n+5m ... 6—=Tm 0—4m

The systems of square matrices A', B! and C', for [ = 1,2, ..., m, describe the
edge-weights of mK, , , under the vertex labeling. The labels of the edges of
mK,, nn, described by labeling A3, can be exhibited by the systems of square
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matrices H' = (hl;), P' = (p};) and R' = (r},) for [ = 1,2,...,m, where

l

B =
l

i =

!
Tl

>\3<Iiyé>,
)\3<y§-,2,l€),

)\3(le§$£)7

For v = 3mn?+1—1, £ =

matrices are as follows:

J+18m
¥+ 6m

Pl =
y+E{—m
y—m

v —26+5m

v+ 17Tm

9+ 5m

vy+m
v —2£+Tm
v — 4 +19m

9+ Tm

Y+m

vy—E&+3m
y+&—3m

¥ —3m

¥+ 33m
¥+ 15m

v =&+ 2m
v+E&—4m

v —4m

¥+ 32m
U+ 14m

Y+£&—2m
¥ —2m
v —2£+4m

9+ 16m
J+4m

3mn and ¥ = £ + 1 — [, the systems of square

v —36+ 12m

v+ & —6m

¥ + 54m
¥+ 30m

y=&+m
y+E&—5m
¥ —5m

9+ 31lm
¥+ 13m

forl<i<nand1<j<n
forl<j<nand1<k<n

for 1 <k <mnand1<1i<n, respectively.

v+ 12m ¥+ 3m
U+ 24m 9+ 9Im
9+ 42m 9+ 21m
v+ 6m vy—&§+6m

y—E+6m v+ 3m

9+ 11lm ¥+ 2m

9+ 23m 9+ 8m

v+ 41m v+ 20m
v+ dm v — 26+ 8m
y—&+5m y+2m

J 4+ 25m ¥+ 10m
¥+ 43m v+ 22m
¥4+ 67Tm 9+ 40m
v—=&+Tm v+ 4m
vy—=34+13m v—£&+4m
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All edge-weights of mk, , ,, under the total labeling A3, can be presented as
the systems of square matrices S' = A'+ H', T' = B' + P!, and U' = C' + R!,
for I = 1,2,...,m. It is not difficult to verify that the entries of square
matrices S', T and U', for | = 1,2, ..., m, are formed from consecutive integers
6mn + 2,6mn + 3,6mn + 4, ..., 3mn? + 6mn, 3mn?® + 6mn + 1. This implies
that the total labeling A3 is super (6mn + 2, 1)-edge-antimagic total, for every

m>2andn > 1. O

The edge labels can be exhibited by the following systems of square matrices.

[ 108 63 36 ] 107 62 35 ] [ 106 61 34 ]
H' = 81 99 54 H? = 80 98 53 H® = 79 97 52
| 45 72 90 | 44 71 89 | | 43 70 88 |
[ 105 60 33 ] [ 104 59 32 ] [ 103 58 31 ]
P! = 78 96 51 p? = 77 95 50 pP3 = 76 94 49
| 42 69 87 | | 41 68 86 | | 40 67 85 |
[ 84 48 30 ] [ 83 47 29 ] [ 82 46 28 ]
R'=1] 102 75 39 R*=1| 101 74 38 R¥*=] 100 73 37
57 93 66 | | 56 92 65 | | 55 91 64 |

Figure 5.1: Super (56, 1)-edge-antimagic total labeling of 3K 3 3.
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5.2 Complete s-partite graphs

In Section 5.1, we proved that the disjoint union of multiple copies of complete
tripartite graph has a super (a,d)-edge-antimagic total labeling for (i) d €
{0,2} if and only if n = 1 and m > 3 is odd; and (ii) d = 1if m > 2 and n > 1.
Now, we will study super edge-antimagicness of a disjoint union of m copies of

complete s-partite graphs, denoted by mKn_ n, ... n. This is a disconnected
—————

s

graph with vertex set V(mKn, n,....n) = U U {xiz :1<i<n} and edge
—_—— ’

j=1t=1
m s—1 ns . .
set E(mKn.n,....n) = UU U {xiixiﬂw:1§k§s—t,1§r§n}, for
——— j=1t=1i=1 ’ ’

m > 2 n > 1Sand s > 2. Thus, let p = |V(mKp, n,...,n)| = mns and
S

mn25 S—
q= |E(mKn,n,...,n)’ = —2( D
N————

If the graph mKp, n, ... n admits a super (a,d)-edge-antimagic total labeling

o:V(imKpn, ... n)UEmKyn, . . n) — {1,2,...,7”;3 (n(s—l)—i—Z)},
—— —

then W = § w(uv) = o(u) + o(uwv) +o(v) :uwv € E(mKp, n, ..., n) ¢ = {a, a+
———

E]

d,a+2d,...,a+ (% - 1) d} is the set of the edge-weights and the sum

of all the edge-weights in W is

25(s —1
Z w(uv) = % [4@ + (mn’s(s — 1) — 2) d]. (5.6)
weE(mKn n,....n)
S
In the computation of the edge-weights of mKn_ n, ... n, each edge label is
——

E]

used once and the label of each vertex is used (s — 1)n times. The sum of all

the vertex labels and the edge labels used to calculate the edge-weights is thus



Chapter 5. SEATL of Disjoint Union of Complete s-partite Graphs 72

equal to
(s—1)n Z o(u) + Z o(uv) =
uweV(mKn n, ..., n) weE(mKn n, ..., n)
mns+1 mn?s(s — 1) 5
— mn s(s — 1) + ————[4mns + mn’s(s — 1) + 2]. (5.7)

The sum of all the vertex labels and the edge labels used to calculate the
edge-weights is equal to the sum of the edge-weights in the set W, under the
labeling o. Thus combining Equations (5.6) and (5.7) gives

4a 4 (mn®s(s — 1) — 2)d = 8mns +mn?s(s — 1) + 6. (5.8)
At this point, we are ready to establish an upper bound on the parameter d.

¢ Lemma 5.2.1 For the graph mKn n,... . n, m > 2, n =1 and s = 4,
————

there is no super (a,d)-edge-antimagic total labeling with d > 3.

Proof. Since the minimum possible edge weight, under the labeling o, is at

least mns + 4, from Equation (5.8) it follows that

dmns — 8
d<1 . 5.9
=i mn?s(s — 1) — 2 (59)

4mns—8
mn2s(s—1)—2

It is easy to verify that 1 < < 2 only when m > 2, n = 1 and

s = 4, which completes the proof. O

Since % <1, form >2,n>2and s > 4, Inequality (5.9) gives d < 2

and we have the following lemma.

¢ Lemma 5.2.2 For the graph mKn n, ... .n, m > 2, n > 2 and s > 4,
————

there is no super (a,d)-edge-antimagic total labeling with d > 2.
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First, we deal with super (a,0)-edge-antimagic total labeling for the disjoint

union of m copies of complete s-partite graph.

<& Theorem 5.2.1 [f either s =0,1 (mod 4), s >4, m>2,n>1, ormn is
even, m > 2, n > 1, s > 4, then there is no super (a,0)-edge-antimagic total
labeling for mKn n, ... n-

——

K]

Proof. Assume that mKp n, ... n admits a super (a, 0)-edge-antimagic total
——

labeling o : V(mKp, ... n)UE(mKn,. .. n)— {1, 2,...,%2 (n(s —1) + 2)}
—— ——
From Equation (5.8) we have

S

25(s — 1 3
aszns—i—%—i—a (5.10)

If either s = 0,1 (mod 4), s >4, m >2,n>1,or mniseven,m>2,n>1
and s > 4, then from Equation (5.10) it is easy to see that the value a is not

an integer, which is a contradiction. O

The minimum edge weight in Equation (5.10) is an integer if and only if mn is

odd and s = 2,3 (mod 4). In this case we do not have any answer concerning

the super (a, 0)-edge-antimagicness of mKp_ n, ... n. Therefore, we propose
——

s

Open Problem 5.2.1 For the graph mKn n,... n, mn odd, m > 3, n >
——
1 and s = 2,3 (mod 4), s > 6, determine if there is a super <2mns +

mn2s(s—1)+6 0

1 , )—edge—antimagz'c total labeling.

From Lemma 5.2.1, it follows that the graph mKp n, ... n may possibly be
—_——

super (a, 2)-edge-antimagic total only when m > 2, n = 1 and s = 4. However,

our next result gives a negative answer.

<& Theorem 5.2.2 [fm > 2, n=1 and s = 4, then there is no super (a,2)-
edge-antimagic total labeling for the graph mKn n, ... n.
———

E]
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Proof. Assume to the contrary that for m > 2, n = 1 and s = 4, the graph

mKn n, ... nhasasuper (a,2)-edge-antimagic total labeling o : V (mI,, 5 5. )U
——_———

E(mens’n,n) — {1,2,...,10m}. From Equation (5.8), we get that 2a =
10m + 5. This contradicts the fact that a is an integer. O

Now, we will concentrate on the existence of super (a, 1)-edge-antimagic total

labeling of disjoint union of m copies of complete 4-partite graph.

<& Theorem 5.2.3 The graph mK,, , n.n has a super (8mn+2, 1)-edge-antimagic
total labeling for every m > 2 and n > 1.

Proof. If s = 4 and d = 1, then from Equation (5.8), it follows that a =

8mn + 2. Consider the bijective function
o1: V(MK pnn) UEMEK, nnn) — {1,2,...,2mn(3n + 2)}, where

oi(al,) =m(i+t—5)+j for 1<t<4,1<i<n, 1<j<m.

) i—2
2mn(3n +8 — 6i) +6m > (1 +2k)+2m(l —r) —j + 1,
k=0

for 1<i<n, 1<r<n—i+1 and 1<j3;<m

01 (le',ixé,r) = .
2mn(6i —3n —2) +4m > (14 3k) —2m(r —2+14) — j + 1,
k=0
\for 2<i<n, n+2—i<r<n and 1<7<m
( i—1
6mn(n+2—2i)+2m > (6k—1)+m(3—2r) —j+1,
k=1
o for 1<i<n, 1<r<n—i+1 and 1<57<m
01<xj1,ix%,r): 1
6mn(2t —n)+12m Y (1+k)—m(2r—5+2i) —j+1,
k=0
\for 2<i<n, n+2—i<r<n and 1<757<m
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4 S
01 (I{,ix%,r) —m,

for 1<i<n,1<r<n—i14+1 and 1<j<m

o1(z 23,,) o
01 (le,ix%,r) —m,

for 2<i<n,n+2—1<r<n and 1<j<m

i—1

2mn(3n +4 —6i) +2m > (6k+ 1) +m(b —2r) — j + 1,
k=1

o for 1<i<n, 1<r<n—i+1 and 1<j<m

01 (x;,iw?’),r) = 9 1

2mn(6i —3n+2)+4m > (24+3k) —m(2r —3+2i) —j+1,
k=0

for 2<i<n, n+2—i<r<n and 1<j;<m

01 (m{,ixé,r) —m,

for 1<i<n,1<r<n—i4+1 and 1<j<m
01 (xg,i$i,r) = . .

01 (Ijl,ixé,r) —m,

\ for 2<i<nn+2—1<r<n and 1<j<m

i—1

2mn(3n +4 —6i) +2m Y (6k+ 1) +m(4 —2r) —j + 1,
k=1

o for 1<i<n-—1, 1<r<n—i and 1<j<m,

01 (w‘gi,ixfl,’l‘) = n—1—1

2mn(6i —3n+2)+4m > (2+3k) —2m(r—1+14) —j+1,
k=0

for 1<i<n, n+1—i<r<n and 1<j7<m.

\

It is not difficult to verify that the system of sets

m 3 n . . . .

Ul tUI 'Ul {Jl(wi’i) +ou (v}l ,) o(@),)  1<k<4d—t1<r< n} con-
j=1t=1i=

sists of consecutive integers of the form 8mn+2,8mn+3,8mn+4,...,6n*m+
8mn, 6n*m + 8mn + 1. Thus oy is a super (8mn + 2, 1)-edge-antimagic total

labeling. O

A natural question is whether we can say anything about super (a,1)-edge-

antimagic total labeling for disjoint union of complete s-partite graphs for
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s > 5. Although we have not yet found general formulas for vertex and

edge labelings of mKp, n, ..., n that will produce a required super (a,1)-edge-
———

antimagic total labeling, the observed antimagic properties of mKn n, ... n
———

s

lead us to suggest

Conjecture 5.2.1 There is a super (a, 1)-edge-antimagic total labeling for the
graph mKn n, ... n, for s =5 and for every m > 2 and n > 1.
—_——

S



PART 11



Chapter 6

Graphs of Large Order

6.1 Motivation

In this part of the thesis, we will deal with another problem in graph theory,
namely, the degree/diameter problem. Interestingly, the problem is very dif-
ferent for undirected and directed graphs. Therefore, we consider separately

the undirected and directed version of this problem.

The design of large communication networks has become an issue of grow-
ing interest due to recent advances in very large scale integrated technology.
In such networks, it is desirable to have connections which achieve the most

efficient and reliable communication in view of practical economic constraint.

There are several factors which should be considered in communication network
design. Two of the factors which seem to appear most frequently, namely, (i)
the number of connections which can be attached to a processing element
is limited, and (ii) a short communication route between any two processing
elements is required. We would like to end up with a large network subject to

these constraints.

Another factor that may be considered when designing a communication net-

work is fault tolerance. The fault tolerance of an interconnection network is

78
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the capability of the network to continue working when a number of processing
elements and/or network links become faulty. The larger the number of faulty
processing elements and/or network links that can be tolerated the better the
fault tolerance. Together with this, we may add another constraint, called a
diameter vulnerability. In this case, besides requiring the interconnection net-
work to keep working under a faulty condition, the diameter of the resulting

network is desired to be the same as or ‘close to’ the original diameter.

We may require an overall balance of the system when designing a communi-
cation network. Given that all the processing elements have the same status,
the flow of information and exchange of data between processing elements will
be on average faster if there is a similar number of interconnections coming
in and going out of each processing element, that is, if there is a balance (or

regularity) in the network.

Translating the above required conditions in terms of the underlying graphs,
the problem is to find large graph with given maximum degree and diame-
ter. This naturally leads to the well-known fundamental problem, called the
N(A, D)-problem: For given numbers A and D, construct graphs of maximum
degree A and diameter < D with the largest possible number of vertices na p.

The N(A, D)-problem is also known as the degree/diameter problem.

In the degree/diameter problem, the value of N(A, D) is not known for most
values of A and D. Therefore, it is useful to investigate the lower and upper
bounds on N(A, D). A natural number ny, ,, is a lower bound of N(A, D) if
we can prove the existence of a graph of maximum degree at most A, diameter
D and exactly ny, , vertices. A natural number n,, , is an upper bound of
N(A, D) if we can show that there is no graph of maximum degree at most A,

diameter D and with the number of vertices more than n,, ,.

A natural general upper bound on the order na p of a graph is the Moore bound.

However, there are only a few graphs of order equal to the Moore bound. This
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gives rise to two directions of research connected with the N (A, D)-problem:

(i) Proving the non-existence of graphs of order ‘close’ to the Moore bound

and so lowering the upper bound n., ,;

(ii) Constructing large graphs and so incidentally obtaining better lower

bounds n;, .

When working in either of these directions, it is useful to establish some general
structural properties of the graphs in question. For example, we may first wish

to establish the regularity of such graphs.

In the next sections we present known results concerning the existence of Moore
graphs and graphs of order close to the Moore bound. This section is largely
based on the survey by Miller and Siran [89].

6.2 Moore graphs

For a given maximum degree A and diameter D, consider a standard spanning
tree of the graph from an arbitrary vertex up to D levels. By counting the
vertices at each level, it is easy to derive a natural upper bound for the order
na.p of a graph of maximum degree d and diameter at most k, (see Figure
6.1). Let v be a vertex of the graph G and let n;, for 0 < i < D, be the number

of vertices at distance ¢ from v. Then n; < A(A—1)""! for 1 <i < D, and so

D
nap=3 n < 1+A+AQ-1)+-+AA-1P  (61)
1=0

The right-hand side of (6.1) is called the Moore bound and is denoted by Ma p.
The bound was named after E. F. Moore who first proposed the problem, as
mentioned in [66]. A graph whose order is equal to the Moore bound Ma p is

called a Moore graph; such a graph is necessarily regular of degree A.
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Figure 6.1: A spanning tree of a Moore graph.

Moore graphs exist only for a few cases, namely, if diameter D = 1 and degree
A > 1, or if diameter D = 2 and degree A = 2,3,7 and possibly A = 57
(proved by Hoffman and Singleton [66]), or if diameter D > 3 and degree
A = 2 (proved by Damerell [39], and independently by Bannai and Ito [12]).

Figure 6.2: Petersen graph Mg ,.

Moore graphs for diameter D = 1 and degree A > 1 are the complete graphs
Ka 1. For diameter D = 2, Moore graphs are the cycle C5 for degree A = 2,
the Petersen graph for degree A = 3 (Figure 6.2) and the Hoffman-Singleton
graph for degree A = 7. The Hoffman-Singleton graph was first constructed
by analysing the eigenvalues of the graph which admits the graph’s adjacency
matrix. Since then, a number of authors have presented different ways of

constructing the Hoffman-Singleton graph. In [25], Robertson constructed
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the Hoffman-Singleton graph by grouping the 50 vertices of the graph into 5
pentagrams Fy, . .., Py and pentagons @)y, . . ., 4 and joining the edges between
vertices of the pentagrams and pentagons as follows: vertex ¢ of pentagram P;
is adjacent to vertex i + jk (mod5) of pentagon @y, see Figure 6.3. Finally,
for diameter D > 3 and A = 2, the Moore graphs are the cycles on 2D + 1

vertices Copy1.

Figure 6.3: Robertson’s construction of Hoffman-Singleton graph.

6.3 Graphs of order close to the Moore bound

Since Moore bound is attainable in only a few cases, the study of the existence
of large graphs of given diameter and maximum degree focuses on graphs
whose order is ‘close’ to the Moore bound. More precisely, researchers have
been considering the question of the existence of graphs of degree at most A,
diameter D > 2 and order Ma p — § (9 is the defect), where 1 < § < A. For

convenience, we denote such graphs as (A, D, d)-graphs.

It is easy to see that a (A, D, §)-graph is regular of degree A. This can be

shown since if there were a vertex v in a (A, D, 0)-graph with degree A; < A,
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then the order na p of G,

IN

nap < 1+HAIHA(A =) +A(A =1+ + A (A =17
= 1+A1A+A1(A—1)2...+A1(A_1)D—1

< I+AA-D+AA -1+ AA-1)P!

= Map—A

< MAD—(A—l)

Consequently, if § < A —1 then nap < Map — (A —1) < Map — 0. This
implies that all vertices must have the same degree A, that is, G must be

regular.

Concerning graphs with defect 6 = 1, Erdds, Fajtlowitcz and Hoffman [47]
proved that, apart from the cycle Cj, there are no graphs of defect 1, degree
A and diameter 2; for a related result, see Fajtlowicz [49]. This result was
generalised by Bannai and Ito [13], and also by Kurosawa and Tsujii [78], to
all diameters. Hence, for all A > 3, there are no (A, D, 1)-graphs, and for
A = 2 the only such graphs are the cycles Cyp. It follows that, for A > 3, we

have nap < Map — 2.

Graphs with defect § = 2 represent a wide unexplored area. The (2, D, 2)-
graphs are the cycles Cyp_1. For A > 3, only five (A, D, 2)-graphs are known at
present: Two (3,2, 2)-graphs of order 8, a (4, 2,2)-graph of order 15, a (5,2, 2)-
graph of order 24 and a (3, 3, 2)-graph of order 20. The last three graphs were
found by Elspas [45] and are known to be unique; in Bermond, Delorme and
Farhi [24], the (3,3, 2)-graph was constructed as a certain product of a 5-cycle
with the field of order four. Furthermore, Nguyen and Miller [100, 101] proved
some structural properties of (A, 2, 2)-graphs and showed that (A, 2, 2)-graphs

do not exist for many values of A.

Little is known about graphs with defect 6 > 3. Jorgensen [73] proved that

a graph with maximum degree 3 and diameter D > 4 cannot have defect
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two, which shows that ngp < Msp — 3 if D > 4; for D equal to 4 this was
previously proved by Stanton, Seah and Cowan [111]. Additionally, Miller and
Simanjuntak [94] proved that a graph with A = 4 and D > 3 cannot have
defect two which shows that nyp < Myp — 3 if D > 3. We summarise our

current knowledge of the upper bound on the order of graphs in Table 6.1.

The current best lower bound on the maximum possible order of graphs of
given D and A can be found by constructing large graphs. De Bruijn graphs
give the lower bound na p > ($)” for any A and D. There are improvements
on this bound for many small values of A and D. For diameter D = 2, Brown
[36] gave the lower bound on the order of graphs as na o > A% — A+1 for each
A such that A — 1 is a prime power. As shown in [47] and [41], this bound

can be improved to nas > A? — A + 2 if A — 1 is a power of 2.

Diameter D Mazimum Degree A Upper Bound for Order na p
D=1 A>1 Ma,
D=2 A =237 57(7) Mao

other A > 2 Mapo—2
D=3 A=2 Mo
A=3 Mszs —2
A=4 Myp—3
A>5 Mpagz—2
D >4 A =2 Moy
A=3 Msp—3
A=14 Myp—3
A>5H Map—2

Table 6.1: Current upper bounds of na p.

For the remaining values of A, we may use the following fact [69] about the
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distribution of prime numbers: For an arbitrary > 0, there is a constant b,
such that for any natural m there is a prime between m and b.m™/'2*¢. This,
in combination with vertex duplication (insertion of new vertices adjacent to
all neighbours of certain old vertices) in the graphs of [36], implies that for any

g > 0 there is a constant ¢, such that, for any A, we have
nas > A% — c. AY/12E (6.2)

For larger diameter, it seems more reasonable to focus on asymptotic behaviour
of na p for fixed D while A — oco. Delorme [42] introduced the parameter
pp = lim infa_."gp*. Trivially, up < 1 for all D, and iy = 1; the bound
(6.2) shows that s = 1 as well. Further results of Delorme [43] imply that up
is also equal to 1 for D = 3 and D = 5. The values of pp for other diameters

D are unknown. For example, for diameter 4 we only know that py > 1/4; see

Delorme [41] for more information.

The above facts can be seen as an evidence in favour of an earlier conjecture of
Bollob4s [33] that, for each & > 0, it should be the case that na p > (1—¢)AP

if A and D are sufficiently large.

We have included an overview of the degree/diameter problem for undirected
graphs for the sake of completeness and because the research on the de-
gree/diameter problem started with undirected case. However, the remaining
chapters of this part of the thesis will be dealing only with the directed case.
This thesis makes a contribution concerning one such property of a digraph,

namely, the diregularity of digraphs of order close to the Moore bound.
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Directed Graphs of Large Order

In Chapter 6, we have described the degree/diameter problem. The directed
version of the problem differs only in that ‘degree’ is replaced by ‘out-degree’
in the statement of the problems, namely, N(d, k)-problem: For given numbers
d and k, construct digraphs of maximum out-degree d and diameter < k with

the largest possible number of vertices nq.

In succeeding sections we present known results concerning the existence of
Moore digraphs, and digraphs of order close to the Moore bound. This section
is largely based on the survey by Miller and Siraii [89)].

7.1 Moore digraphs

For any given vertex v, maximum out-degree d and diameter k of a digraph G,
we can count the number of vertices at a particular distance from that vertex.
Let n;, for 0 < i < k, be the number of vertices at distance ¢ from v. Then

n; < d', for 0 <i < k (see Figure 7.1) and, consequently,

k
nag =Y n < l+d+d*+-+d" (7.1)
=0

The right-hand side of (7.1), denoted by My, is called the Moore bound. If

36



Chapter 7. Directed Graphs of Large Order 87

Figure 7.1: Hlustration of the layered diagram of a Moore digraph.

the equality sign holds in (7.1) then the digraph is called a Moore digraph. It
is well known that Moore digraphs exist only in the trivial cases when d = 1
(directed cycles of length k + 1, Ciiq, for any £ > 1) or & = 1 (complete
digraphs of order d + 1, K441, for any d > 1). This was proved by Plesnik
and Znam in 1974 [103] and independently by Bridges and Toueg in 1980 [35].
The proof due to Bridges and Toueg is very interesting and elegant, and so we

include it here.

Let G be a Moore digraph of degree d and diameter k. Then we state the

following observations which are used implicitly in the proof.

Observation 7.1.1 For any pair of vertices u and v in G, u # v, there exists

a unique path from u to v of length < k.

Observation 7.1.2 There are no cycles of length < k, and every vertex of G
lies on exactly d cycles of length k + 1. That is, k + 1 must divide d(1 + d +
24+ + dk).

Let A be the adjacency matrix of a digraph GG. The number of walks of length

k in G from v; to v; is the entry in the position (i, j) of the matrix A*.
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Theorem 7.1.1 [103] Moore digraphs exist only for d =1 or k = 1.

Proof. Let G be a Moore digraph of degree d and diameter k. If A is the
n x n adjacency matrix of GG, then, by Observation 7.1.1 and 7.1.2, we have

the following matrix equation.
T+A+A 4. 4 AP =, (7.2)

where [ is the identity matrix and J is the matrix with all its entries equal
to one. It is well known (see e.g., [67]) that the eigenvalues of J are n (with
multiplicity 1) and 0 (with multiplicity n — 1). Since G is diregular, A and J
commute, and from Equation (7.2), it is clear that the eigenvalues of A are d

(this corresponds to n) and some of the roots of
l+ax+a+-4+2"=0 (7.3)

The roots of Equation (7.3) are the roots of z**! = 1,2 # 1. Let us denote the
eigenvalues of A, other than d, by z1,xs,...,x,_1. Since G, by Observation

7.1.2, has no cycle of length less than k£ 4 1, we have
trace(A?) =0, forp=1,2,....k
Hence,

n—1
'+ a?=0 (1<p<k) (7.4)
j=1

Since all the eigenvalues lie on a cycle in a complex plane and their sum is an
integer (see Equation (7.4), for p = 1), we have that for an arbitrary eigenvalue
x;, there exists an eigenvalue x; such that either z; = —z; or z; = z;. Using

this fact and the fact that Z; = 2% we have

n—1 n—1 n—1
o o — k_ gk
—d—garj—gx]—ng— d
=1 j=1 j=1

Thus d = d*, which is fulfilled only if d =1 or k = 1. O
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Therefore, for d > 2 and k > 2, the upper bound on the order of a digraph of
out-degree at most d and diameter k is less than the Moore bound. Since there
are no Moore digraphs with maximum out-degree d > 2 and diameter k > 2,
the study of the existence of large digraphs next focuses on digraphs whose
order is close to the Moore bound, that is, digraphs of order n = My, — 9, for

0 as small as possible.

In the next section, we present known results concerning the existence of di-
graphs whose order is close to the Moore bound. We will use the following
notation throughout. Let G(d, k,d) be the set of all digraphs of maximum
out-degree d and diameter k and defect §. Then we refer to any digraph
G € G(d,k,9) as a (d, k,§)-digraph.

7.2 Digraphs of order close to the Moore bound

A digraph of order one less than the Moore bound is called an almost Moore
digraph, for d > 2 and k > 2, if G has maximum out-degree d, diameter at
most k, and order M, — 1. For diameter £ = 2, line digraphs of complete
digraphs are examples of almost Moore digraphs for any d > 2, showing that
na2 = Mg2 — 1. Gimbert [60] completely settled the classification problem for
diameter 2 and proved that line digraphs of complete digraphs are the only

almost Moore digraphs for any out-degree d > 3.

For out-degree d = 2, there are exactly three non-isomorphic diregular digraphs

of order M35 — 1, as shown in Figure 7.2.

On the other hand, for £ > 3, focusing on small out-degree instead of diam-
eter, Miller and Fris [87] proved that there are no almost Moore digraphs of
maximum out-degree 2. Baskoro, Miller, Siran and Sutton [22] proved that
there are no almost Moore digraphs of maximum out-degree 3 and any diam-

eter greater than or equal to 3. However, the question of whether or not the
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equality can hold in ngy < My, — 1, for d > 4 and k > 3, is completely open.

—
@
A T —
—
B ———

Figure 7.2: Three non-isomorphic diregular digraphs of order Ms 4 — 1.

28R 2

Figure 7.3: Five non-isomorphic diregular digraphs of order Ms o — 2.

The study of the existence of large digraphs continued by considering the
existence of digraphs of order two less than the Moore bound. We call such
digraphs digraphs of defect two. Almost Moore digraphs can alternatively be
called digraphs of defect one. The study of digraphs of defect two so far has
concentrated on digraphs of out-degree d = 2. In the case of diameter k = 2, it
was shown in [85] that there are exactly five non-isomorphic diregular digraphs

of defect two, as shown in Figure 7.3.

Apart from these five diregular digraphs, there are also four non-isomorphic

digraphs of defect two of out-degree 2 and diameter 2, which are not regular
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with respect to the in-degree, see Figure 7.4. It is interesting to note that there
are more diregular digraphs than non-diregular ones for the parameters n = 5,
d =2, k = 2. Miller and Siran [88] proved that digraphs of defect two do not
exist for out-degree d = 2 and all £ > 3.

EARESPEAWEN

Figure 7.4: Four non-isomorphic non-diregular digraphs of order M, o — 2.

Figure 7.5: The unique diregular digraph of order M5, — 2.

For the case of out-degree d = 3, it is not known whether digraphs of defect
two exist or not, except that for diameter k = 2 there is a unique diregular

digraph of order M3 4 — 2, as proved by Baskoro [15], and shown in Figure 7.5.

Surprisingly, there are more non-diregular digraphs with the same out-degree
3, diameter 2 and order 11. Four such non-isomorphic digraphs were found

by Slamin and Miller [108], see Figure 7.6. It is interesting to note that in
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all these digraphs the number of vertices of in-degree less than 3 is three. For
the remaining values of £ > 3 and d > 3, the question of whether digraphs of

defect two exist or not remains completely open.

Figure 7.6: Four non-isomorphic non-diregular digraphs of defect two, d = 3
and k = 2.

In general, we will describe a construction of non-diregular digraphs of out-

degree d > 2 with diameter k = 2 and defect 2 in the next chapter.

At present, the best lower bound on the order of digraphs of out-degree d
and diameter k£ is as follows. For out-degree d = 2 and diameter k > 4,
naj > 25 x 2871 This lower bound is obtained from Alegre digraph which is a
digraph of out-degree 2, diameter 4 and order 25 (see Figure 7.7), and from its

line digraph iterations. For the remaining values of out-degree and diameter,
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&

Figure 7.7: Alegre digraph Al € G(2,4,6).

Figure 7.8: Kautz digraph Ka € G(2,4,7).
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a general lower bound is ngj > d* + d*=1. This bound is obtained from Kautz
digraphs, the digraphs of out-degree d, diameter k& and order d* + d*~1 [75].
For example, Figure 7.8 shows the Kautz digraph of out-degree 2, diameter 4
and order 24.

We summarize our current knowledge of the lower and upper bound on the

order of digraphs of out-degree d and diameter k£ in Table 7.1.

Table 7.1: Lower and upper bounds on the order of digraphs of out-degree d

and diameter k.

Degree Diameter Lower bound Upper bound
—1 k>1 k+1 k—+1
d=2 k=3 12 12
k>4 25 x 2k—4 My —3
d>2 k= d+1 d+1
k= d*+d d*+d
d=3 k>3 3k 4 3kt My —2
d>4 k>3 dk + dkt My —1

In view of the huge gap between the best upper bound and the current best
lower bound, much effort has been spent in generating large digraphs. There
are several techniques for constructing large digraphs. Existing large digraphs

provide lower bounds on the order n;,, .

7.3 The notion of a repeat

In this section we present a concept which plays important role in getting an
insight into the structure of digraphs of order close to the Moore bound. This
notion is called ‘repeat’, introduced by Miller and Fris [87]. Let G be an almost
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Moore digraph of out-degree d > 2 and diameter £ > 2. A counting argument,
presented in [19], shows that for each vertex u of G there exists exactly one
vertex r(u) in G with the property that there are two u — r(u) walks in G of
length not exceeding k. The vertex r(u) is called the repeat of u. If digraph G
is diregular then it follows that the mapping v — r(v) is an automorphism of

the digraph G, see [19].

1 3 4
o, N V
- ‘/ ?
5 3 6
r (1)(2)(3)(4)(5)(6) 12 (3456) r: (123)(456)

(a) (b) (c)

Figure 7.9: The permutation cycles of the three (2,2, 1)-digraphs.

If r(u) = v then r~'(v) = u. If r(u) = u (i.e., v = u) then u lies on a cycle
of length exactly k, in which the two walks have lengths 0 and k, and w is
called a selfrepeat of G. For S C V(G), we define r(S) = (J,cq7(v) and,
similarly, r~'(S) = U,cgr ' (v). Hence the function r can be considered as
a permutation on the vertex set of GG. Figure 7.9 illustrates the notion of
repeat for the three (2,2, 1)-digraphs. Each permutation is expressed as a set
of permutation cycles. For example, in Figure 7.9(b), we have r(1) = 2 (since
there are two walks from vertex 1 to vertex 2, namely, (1,3,2) and (1,5, 2),
of length at most 2), and r(2) = 1, while r(3) = 4, r(4) = 5, r(5) = 6 and
r(6) = 3.

Next let us consider the idea of repeats in a digraph of defect 2. Let G be
a digraph of out-degree d > 2, diameter £ > 3 and order M, — 2. Using

a counting argument, it is easy to show that, for each vertex u of G, there
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exist exactly two vertices 71 (u) and ro(u) (not necessarily distinct) in G with
the property that there are two u — r;(u) walks, for ¢ = 1,2, in G of length
not exceeding k. The vertices r;(u), i = 1,2, are the repeats of u. If ri(x) =

ro(x) = r(x) then r(zx) is called a double repeat.

/ oy

Ni(u) o o -__o e-0_----06 6-0_-_-__0 -

N-(u) o9 oo 00 o o

\

Figure 7.10: Multisets T} (u) and T}, (u).

We will also use the following notation throughout. For each vertex w of a
digraph G, and for 1 < s < k, let 7.7 (u) be the multiset of all endvertices of
directed paths in G of length at most s, which start at u. Similarly, by T (u)
we denote the multiset of all starting vertices of directed paths of length at
most s in G, which terminate at u. Observe that the vertex u is in both 7.7 (u)

and T, (u), as in both cases it corresponds to a path of zero length. Let N (u)
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be the set of all endvertices of directed paths in G, of length exactly s, which
start at w. Similarly, by N, (u) we denote the set of all starting vertices of
directed paths, of length exactly s in GG, which terminate at u. If s = 1, the
sets N (u) and Ny (u) represent, respectively, the out- and in-neighbourhood
of the vertex u in the digraph G; we denote them simply by N (u) and N~ (u),
respectively. The notations T} (u), T, (u), N (u) and Ny (u), for 1 < s <k,

are illustrated in Figure 7.10.

One of the reasons why we are interested in establishing diregularity of digraphs
is because the Neighbourhood Theorem holds whenever the digraph is diregular.
The Neighbourhood Theorem first appeared in [19] for digraphs of defect 1. Tt
was later generalised by Miller, Nguyen and Simanjuntak in [93] to all graphs,

including undirected, directed and mixed, and for all § > 1.

We denote by R,,(u) the multiset of all repeats of a vertex u € G, containing
each repeat v of u exactly m,(u) times. Here we state the directed version of

the Neighbourhood Theorem.

Theorem 7.3.1 [93] If G is a direqular (d, k, §)-digraph then for every vertex
u€ G, N*(R(u)) = Ron(N+(w).



Chapter 8
Diregularity of Digraphs

Since Moore digraphs do not exist when both k # 1 and d # 1, the problem
of finding digraphs of out-degree d > 2 and diameter £ > 2 and order close
to the Moore bound becomes an interesting research problem. To prove the
non-existence of such digraphs as well as to assist in finding an algorithm
for constructing such digraphs, we may first wish to establish some useful
structural properties such digraphs must posses (if they exist). In this thesis
we study one such property, the diregularity of potential (d, k, §)-digraphs, for
5 < 2.

It is obvious that every Moore digraph must be out-regular. The out-regularity
of digraphs of out-degree d > 2, diameter £ > 2 and order My, — Mgp—1+1 <
n < Mgy — 1 considered by Baskoro, Miller and Plesnik in [20] follows from a

straightforward counting argument.

Lemma 8.0.1 Any digraph of out-degree d > 2, diameter k > 2 and order n,
Map — Mgp—1+1<n< Mg, — 1, must be out-regular of out-degree d.

Proof. We suppose that the digraph contains a vertex u with out-degree

di < d (ie., d < d—1). Then considering the number of vertices in the

98
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out-bound spanning tree starting from vertex wu, the order of the digraph,

n < 1+di+dyd+--+dyd!
= 1+d1(1+d+...+dk—1)
< 1+d=-1D)A+d+---+d7
— (Q4dt ot d)— (A ddt -t dN

= Mg — Mgp—,

which is a contradiction. Hence the out-degree of any vertex in a digraph of
order n, Mgy — Mgr—1 +1 <n < My, — 1, must be equal to d, that is, the

digraph must be out-regular. O

G2 G3

Figure 8.1: Non-diregular digraphs G, and G3.

It is obvious that all Moore digraphs are in- as well as out-regular since the only
Moore digraphs are directed cycles Cyyq (which are 1-regular) and complete
digraphs K;.1 (which are d-regular). Alternatively, we can show in-regularity
of Moore digraphs as follows. Let v be an arbitrary vertex of a Moore digraph.
By the diameter assumption, all N*(v) must reach v within distance k, other-
wise v cannot reach all the other vertices in at most k steps. Since all vertices

in the set N, (v) are distinct, then v must be in every multiset 7' (v;), for
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1 =1,...,d, that is, the in-degree of v is d. Since v is an arbitrary vertex, it
follows that every Moore digraph is in-regular as well as out-regular, that is,

diregular.

Unlike for Moore digraphs, establishing the regularity of in-degree for an almost
Moore digraph was not so easy. It is well known that there exist digraphs of
out-degree d and diameter k£ whose order is just two or three less than the
Moore bound and in which not all vertices have the same in-degree. In Figure
8.1 we give two examples of digraphs of diameter 2, out-degree d = 2,3 and

order Mo — d, respectively, with vertices not all of the same in-degree.

V1 (%) V1
—_ >
: C i U3 Uzi :
T —— = >
Vs Ve Us Vg
(a) (b)

Figure 8.2: Digraph G € G(2,2,1) and G; € G(2,2,2) obtained from G.

Miller, Gimbert, Sirdii and Slamin [90] prove that digraphs of defect one are
diregular. For defect two, diameter £ = 2 and any out-degree d > 2, non-
diregular digraphs always exist. One example can be constructed from Kautz
digraphs. Kautz digraph has the property that there exist vertices with iden-

tical out-neighbourhoods.

Next we present vertex deletion technique which will be useful later in this
thesis. In [95], Miller and Slamin introduced the vertex deletion scheme. They
constructed new digraphs from existing digraphs using this technique. Let
G € G(d,k,0). Suppose that N*(u) = N7*(v) for some vertices u,v € G.

Let G; be a digraph obtained from G by deleting vertex u together with its
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outgoing arcs and reconnecting the incoming arcs of u to the vertex v. The new
digraph GG; has maximum out-degree the same as the maximum out-degree of

G and the diameter is at most k.

Figure 8.2(a) shows an example of digraph G € G(2,2,1) with the property
that N (v;) = NT(vy). Deleting vertex vy, together with its outgoing arcs,
and then reconnecting its incoming arcs to vertex vy, we obtain a new digraph

G1 € G(2,2,2) as shown in Figure 8.2(b).

Figure 8.3: Digraph G € G(3,2,1) and G; € G(3,2,2) obtained from G.

By applying vertex deletion scheme, we can obtain non-diregular digraph of
defect two, diameter £ = 2 and out-degree d > 2. Figure 8.2(b) shows an
example of non-diregular digraph G of order n = M5 — 2 generated from
Kautz digraph G of order n = M5 — 1 by deleting vertex vy, together with
its outgoing arcs, and then reconnecting its incoming arcs to vertex v;. Figure
8.3(b) shows an example of non-diregular digraph G of order n = M3, — 2,
generated from Kautz digraph G of order n = M35 — 1 by deleting vertex vy2,
together with its outgoing arcs, and then reconnecting its incoming arcs to
vertex vyy. For diameter £ > 3, Slamin and Miller [107] proved that digraphs

of out-degree d = 2 are diregular. For diameter £ > 3 and maximum out-
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degree d = 3, they proposed the following open problem.

Open Problem 8.0.1 Is every digraph of defect two of maximum out-degree
d =3 and diameter k > 3 diregular?

Table 8.1 gives a summary of our knowledge of diregular and non-diregular
digraphs of maximum out-degree d, diameter k& and order equal to Mg — 0,

for 6 < 2.

Table 8.1: Diregularity of digraphs of defect at most 2

d k n Diregularity Reference

1 [ >1 M, g, Only diregular | Plesnik and Znam (1974)

>1| 1 Mg Only diregular

>2 | >2| Mgy — 1| Only diregular | Miller, Gimbert, Sirdn and
Slamin (2000)
2 | >3 | Myy —2 | Ounly diregular | Miller and Slamin (2000)

2,3 | 2 | Mys—2 | Diregular and | Miller and Slamin (2000)

non-diregular

3| >3 | Mgy —2 Unknown

>4 2 | Mgs—2 Unknown

In this chapter we provide new results concerning diregularity of digraphs of
order two less than Moore bound. In the case of defect two with out-degree 2
and diameter k£ > 3, we present an alternative proof that a digraph of defect
two must be diregular. Furthermore, for any out-degree d > 3 and diameter
k > 2, we prove that all digraphs of defect two are either diregular or ‘almost

diregular’.

We now introduce the notion of almost diregularity. Throughout this chapter,

let S be the set of all vertices of G whose in-degree is less than d. Let S’ be
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the set of all vertices of G whose in-degree is greater than d; and let 0~ be the
in-excess, 0~ =0 (G) =Y co(d™(w)—d) = co(d—d(v)). Similarly, let
R be the set of all vertices of G whose out-degree is less than d. Let R’ be the
set of all vertices of G' whose out-degree is greater than d. We define the out-
excess, ot = ot (G) = Y cp/(dF(w) —d) =3 cp(d —d"(v)). A digraph of
average in-degree d is called almost in-reqular if the in-excess is at most equal
to d. Similarly, a digraph of average out-degree d is called almost out-reqular if
the out-excess is at most equal to d. A digraph is almost diregular if it is both
almost in-regular and almost out-regular. Note that if 0= = 0 (respectively,

ot =0) then G is in-regular (respectively, out-regular).

We will present our new results concerning the diregularity of digraphs of order

close to Moore bound in the following sections.

8.1 Diregularity of (2, k, 2)-digraphs

In this section we consider the diregularity of digraphs of defect two for the
case of out-degree d = 2 and any diameter £ > 3. In the case of diameter
k = 2, there are four non-isomorphic digraphs of defect two of out-degree 2,
with vertices not all of the same in-degree, as shown in Figure 7.4. Recall that
S is the set of all vertices of G whose in-degree is 1; and S’ is the set of all
vertices of G whose in-degree is greater than 2. We first present the following

lemma.

& Lemma 8.1.1 Let G € G(2,k,2). Let S be the set of all vertices of G whose
in-degree is 1. Let v € S. Then r(u) € N~ (v), for any vertex u € V(G).

Proof. Let N*(u) = {u1,us}. Since the diameter of G is equal to k, the
vertex v must occur in each of the sets T, (uy) and T)f (ug). It follows that

there exist vertices @1, 9 € {u} UT, | (u1) UT," | (us) such that zqv and v is
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an arc of G. However, since the in-degree of v is 1 then x; = x5. This means

that z; is a repeat of u. Therefore, r(u) € N~ (v). O

Combining Lemma 8.1.1 with the fact that every vertex in G has out-degree

2 gives
<& Corollary 8.1.1 |S] < 4.

<& Lemma 8.1.2 For k > 3 and d = 2, every (2, k,2)-digraph is either direg-

ular or almost direqular.

Proof. First we wish to prove that |S| < 2. Suppose |S| > 3. Then there exist
(d—

d~(v)) > 3. This implies that |S’| > 1. However, we cannot have |S’| = 1.

vy, v2,v3 € Ssuch that d~(v;) = 1, fori = 1,2,3. Thein-excesso™ =) ¢
Suppose, for contradiction, S” = {z}. To reach v, (and v;, i = 2, 3) from all the
other vertices in G' we must have = € ()._, N~ (v;), which is impossible as the
out-degree of z is 2. Hence |S'| > 2. Let v € V(G) and u # vy, ve, v3. To reach
v1, V2, v3 from u we must have N~ (v1) U N~ (vy) U N~ (v3) C {ri(u),r2(u)}.
Since d = 2 then |N~(vy) U N~ (v2) U N~ (v3)| = 2. Without loss of generality,
we suppose N~ (v) U N~ (ve) = {x1} and [N~ (v3)| = {22}, where 1,29 € S".
Now consider the multiset 7} (7). Since v; and vg, respectively, must reach
V2, v3 and vy, v3, within distance at most k then x; occurs three times in 7} (z1).
This implies that x; is a double selfrepeat. Since both v; and vy occur in the
walk joining two selfrepeats then v; and v, are selfrepeats, see Figure 8.4.

Then it is not possible for the two out-neighbours of x; to reach v3. Therefore
|S] < 2.

Now we shall prove that |S| = 2. If |S| = () then (2, k, 2)-digraph is diregular.
We now suppose |S| = 1. Let v € S and d (v) = 1. The in-excess 0~ =
Y wes(d—d™(v)) = 1. This implies that |S’| = 1, say S’ = {z} and d™(z) = 3.
By Lemma 8.1.1, x € N~ (v). Then it would not be possible to reach v from
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T

T (%)

/

U1 (%)

U1 V2

Figure 8.4: Tllustration of multiset T, (x1).

all the other vertices in G, since |1} (v)| < My — 2. This implies |S| = 2. It

follows that (2, k, 2)-digraph is almost diregular. O

With Lemma 8.1.2 in hand, we are now in a position to prove that every

(2, k, 2)-digraph is diregular.

<& Theorem 8.1.1 FEvery (2, k, 2)-digraph is direqular for k > 3.

Proof. Let G € G(2,k,2), k > 3. By Lemma 8.1.2, if G is an almost diregular
digraph which is not diregular then |S| = 2. Let S = {v;,v2}. Suppose
N~(v1) = {z1} and N~ (vy) = {x2}. Then the in-excess 0~ = ) _o(d —
d~(v)) = 2. This implies that 1 < |S’| < 2. Suppose || = 2. Then &’ =
{z1,22}. If d~(z1) = 3 then it is not possible to reach v; from all the other

vertices in G.

Therefore, |S'| = 1, 21 = x5(= z) and d(x) = 4. We first consider the
multisets T} (v1) and T} (v2). Since v; must reach v, within distance at most
k and at the same time v, also must reach v; within distance at most k,

vertex x must occur at distance exactly k£ — 1 from both v; and v,. It follows
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that 2 occurs three times in the multiset 7, (z), which means that z is a
double selfrepeat. Vertex x is also a repeat for every other vertex in G. Let
y; € N~ (z), for all i = 1,2, 3,4. Then two of y; occur at distance k — 2 from v;
(respectively, v;). Without loss of generality, we suppose that y; € N ,(vs)

and yo € N, ,(v1). Tt follows that y; and ys are each a selfrepeat exactly once.

Let S; and Sy be multisets. We denote S = S; W Sy the multiset defined as
follows. If z occurs n; times in S; and ny times in S, then x occurs ny + no
times in S. Consider the multiset T, (y1) = V(G) W {z} & {y1 }. Alternatively,
we can express T, (y1) = T;F ((c1) W T () W {y1}. Combining these two

equations gives
V(G) W {z} = T, (c)wT,,(2) (8.1)

Consider the multiset T} (y9) = V(G) W {z} W {y2}. Similarly, we can express
T (y2) = To ((c2) WTF (x) W {y2}. Combining these two equations gives

V(@) w{e} = T () 8T, (2) (8.2)

From Equations (8.1) and (8.2), it follows that T} ,(¢;) = T} ,(c2). Since
N, (ca) € Ty ((x), we get ¢; = co, otherwise y; has at least three repeats,

namely, {y;} W {z} W {ulu € N}' , (c2) NT," ,(ca)}, which is impossible.

We now consider the multiset 7, (y3) = V(G) W {z} W {r(y3)}. We have also
T (y3) = Tp ((c3) WT, (z) W {ys}. Combining these two equations gives

V(@) iz} = T,7(cs) W T (2) W {ys} — {r(ys)} (8.3)

We need to show that r(y3) = y3. We consider the multiset T} ;(c3). Since
y1 and y, are each repeat exactly once, namely, 7(y1) = y; and r(y2) = yo, it
follows that vy1,y2 & T} | (c3). Vertex y, must not be y3, otherwise there exists
a cycle of length k£ — 1 in G, which is impossible. This implies that y, = ys. It

follows that ys occurs twice in the multiset 7}’ (y3), which means that y; is a
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Figure 8.5: Illustration for the case |S| = 2.

selfrepeat. Then Equation (8.3) gives

V@) wiz} = T, () 8T, () (8.4)

By combining Equations (8.1) and (8.4), we get T, ,(c1) = Ty ,(c3). Since
N, (c3) € TS | (x), see Figure 8.5, we have ¢; = c3, otherwise y; has at least
three repeats, namely, {y;} W {z} W {u|lu € N, |(c3) N T} (c3)}, which is
impossible. Therefore, ¢; = ¢ = ¢3(= ¢). Since ¢; € NT(y1), c2 € N*(y2) and
c3 € NT(ys3), it follows that ¢ € N*(y1) N N*(y2) N N7 (y3). This implies that

S" = {x,c}, which is a contradiction. O

8.2 Diregularity of (d, k,2)-digraphs

In this section we present a new result concerning the diregularity of digraphs
of defect two, for maximum out-degree d > 3 and diameter k > 2. As before,
let S be the set of all vertices of G whose in-degree is less than d; let S” be the
set of all vertices of G whose in-degree is greater than d. We first present the

following lemma.
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& Lemma 8.2.1 Let G € G(d, k,2). Let S be the set of all vertices of G whose
in-degree is less than d. Then S C N*t(ri(u)) U NT(ry(u)), for any verter u.

Proof. Let v € S. Consider an arbitrary vertex u € V(G), u # v, and let
N*t(u) = {uy,us,...,uq}. Since the diameter of G is equal to k, the vertex v
must occur in each of the sets T} (u;), i = 1,2, ..., d. It follows that, for each 1,
there exists a vertex z; € {u}UT}" | (u;) such that z;v is an arc of G. Since the
in-degree of v is less than d, the in-neighbours x; of v are not all distinct. This
implies that there exists some vertex which occurs at least twice in T} (u).
Such a vertex must be a repeat of u. As G has defect 2, there are at most

two vertices of G which are repeats of w, namely, r;(u) and ro(u). Therefore,

S C Nt(r(u)) UN*t(ra(u)). O

Combining Lemma 8.2.1 with the fact that every vertex in G has out-degree

d gives

<& Corollary 8.2.1 |S| < 2d.

In principle, we might expect that the in-degree of v € S could attain any
value between 1 and d — 1. However, the next lemma asserts that the in-

degree cannot be less than d — 1.

& Lemma 8.2.2 Let G € G(d, k,2). If vy € S then d™ (vy) =d — 1.

Proof. Let v; € S. Consider an arbitrary vertex u € V(G), u # vy, and let
N*(u) = {ug,ug, ...,uq}. Since the diameter of G is equal to k, the vertex v;
must occur in each of the sets T} (u;), i = 1,2, ...,d. Tt follows that, for each
i, there exists a vertex z; € {u} U T, ,(u;) such that z;v; is an arc of G. If
d~(v1) < d — 3 then there are at least three repeats of u, which is impossible.
Suppose that d~(v;) < d — 2. By Lemma 8.2.1, the in-excess must satisfy

0" = (d(x)—d) =Y (d—d (n)) =S| <2d.

zeS’ v1ES
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We now consider the number of vertices in the multiset 7, (v1). To reach v,
from all the other vertices in GG, the number of distinct vertices in 7}, (v1) must

be

e

Ty (o)) < D[N (0)]. (8.5)

t

Il
=)

To estimate the above sum we can observe the following inequality
INC(e)l < Y d(w) =dINZy ()] + (8.6)
weN;  (v1)
where 2 <t < kandey+es3+...+e, <o. lf d (v1) =d—2 then [N~ (vg)| =
|INT (v1)| = d—2. It is not difficult to see that a safe upper bound on the sum
of |T, (v1)] is obtained from Inequality (8.6) by setting €2 = 2d, and ¢, = 0 for
3 <t < k. This gives

Ty (o) < T4 Ny ()] + [Ny (01)| + [Ny (01)[ + -+ [N (o))
= 1+ (d—2)+(d(d—2)+e2) + (d(d(d — 2) + 3) + &3)
(I+d+---+d?
= 14+ (d—2)+ (d(d—2)+2d)+ (d(d(d — 2) +2d) + 0)
Q+d+---+d?)
= 1+d—2+&+dQ+d+---+d"?)

= Md,k — 2.

Since €9 = 2d, ey = 0 for 3 < t < k, and G contains a vertex of in-degree
d — 2, we have |S| =d. Let S = {vy,v,...,v4}. Every v;, for i =2,3,...,d,
has to reach v; at distance at most k. Since v; and every v; have exactly the
same in-neighbourhood, vertex v; is forced to be selfrepeat. This implies that
v1 occurs twice in the multiset 7} (vy). Hence |77 (vy)| < Mgy, — 2, which is a

contradiction. Therefore, d~(v;) = d — 1 for any v; € S. O

<& Lemma 8.2.3 If S is the set of all vertices of G whose in-degree is d — 1
then |S| < d.
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Proof. Suppose |S| > d+1. Then there exist v; € S such that d~(v;) = d—1,
fori =1,2,...,d+ 1. The in-excess 0~ = > .o(d —d (v)) > d+ 1. This
implies that |[S’| > 1. However, we cannot have |S’| = 1. Suppose, for a
contradiction, S” = {x}. To reach v; (and v;, i = 2,3,...,d + 1) from all the

other vertices in G, we must have z € (|} N~ (v;), which is impossible as the

out-degree of z is d. Hence |S| > 2.

Let u € V(G) and u # v;. To reach v; from u, we must have Uf;l N~ (v;) C
{r1(u),72(u)}. Since G has out-degree d, it follows that ||| N~ (v)| = d.
Let ri(u) = x; and ro(u) = xo. Without loss of generality, we suppose z; €
U?Zl N~ (v;) and 2 € N~ (v441). Now consider the multiset T, (z;). Since
every v;, fori = 1,2, ..., d, respectively, must reach {v,}, for j =1,2,...,d+
1, within distance at most k, then x; occurs three times in T} (z1), otherwise
21 will have at least three repeats, which is impossible. This implies that x; is
a double selfrepeat. Since two of v;, say v and vy, for k,1 € {1,2,...,d+ 1},
occur in the walk joining two selfrepeats then vy, and v; are selfrepeats. Then

it is not possible for the d out-neighbours of x; to reach vy 1. O

<& Theorem 8.2.1 Ford > 3 and k > 2, every (d, k, 2)-digraph is out-regular
and almost in-regular. Moreover, if k = 2 then d —1 < |S| < d and if k > 3
then |S| = d.

Proof. Out-regularity of (d, k,2)-digraphs was established in the introduc-
tion. Hence we only need to prove that every (d, k, 2)-digraph is almost in-
regular. If S = () then (d, k, 2)-digraph is diregular. By Lemma 8.2.2, if S # ()
then all vertices in S have in-degree d — 1. This gives
o= (d(z)—d)=) (d—d (v)) =S| < 2d.
zeSs’ veS
Take an arbitrary vertex v € S; then [N~ (v)| = |N; (v)] = d — 1. By the

diameter assumption, the union of all the sets N, (v) for 0 < ¢ < k is the
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entire vertex set V(G) of G, which implies that

k

V(@) <D N ()], (8.7)
To estimate the above sum we can observe that

INS@< Y d(w) = ANy ()] + &, (8.8)

ueN,_,(v)
where 2 <t<kand ey +e3+...+¢, <o.
It is not difficult to see that a safe upper bound on the sum of |V (G)| is obtained
from Inequality (8.8) by setting g5 = o = |S], and ¢, = 0, for 3 < ¢ < k; note
that the latter is equivalent to assuming that all vertices from S\ {v} are

contained in N, (v) and that all vertices of S belong to Ny (v). This way we

successively obtain:

V()]

IN

L+ [Ny (o) + [Ny (0)[ + [N (0)] + .- + [N (v)]

IN

1+(d—=1)+dd-1)+|S)A+d+ - +d"?)
d+d*+-+d"+ (S| -1 +d+ - +d?)

= My =2+ (S| —d) (1 +d+---+d"?) + 1.

But G is a digraph of order Mgy — 2; this implies that

(I1S|—d)(1+d+---+d"?)+1 > 0
k—1

d 1
—d)—+1 >
(81— ) ——+1 = 0

d—1

L

If ¥ =2and d > 3 then |S| > d — 1. Since 1 < |S| < d. This implies
d—1< S| <d Ifk>3andd > 3then |S| > das 0 < 35 < 1. This

implies |S| = d. In both cases d — 1 < |S| < d, for k = 2, and |S| = d, for

k > 3, we obtain an almost in-regular digraph. O



Chapter 9

On the Diregularity of
(3, k, 2)-digraphs

In this chapter we present a new result concerning the diregularity of a digraph
of defect two, for the case of out-degree d = 3 and diameter k£ > 3. When
k = 2 and out-degree 3, there are four non-isomorphic digraphs of defect two

with vertices not all of the same in-degree, see Figure 7.6.

As in the previous chapter, let S be the set of all vertices of G whose in-degree
is less than 3; let S’ be the set of all vertices of G whose in-degree is greater
than 3. By the notion of almost dregularity, a digraph G of average in-degree

3 is called almost in-regular if the in-excess is at most equal to 3.

From now on, let G € G(3,k,2),k > 3. In this chapter, we present a possible
approach towards proving the in-regularity of (3, k, 2)-digraphs. Although we
did not manage to completely prove the diregularity, our method is novel and

we hope it will lead to the full proof of the diregularity of (3, k, 2)-digraphs.

Applying Theorem 8.2.1 from the previous chapter asserts that |S| = 3. This
means that the in-excess 6~ is 3 and so |S’| < 3. We will next show that

1 #3.
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<& Lemma 9.0.4 |5| # 3.

Proof. Suppose |S’| = 3. Then G has in-degree sequence (2,2,2,3,...,4,4,4).
Let S = {vy,va,v3} and S" = {x,y, 2}, where d™(z) = d (y) = d (2) = 4.
Since the only possible in-neighbours of v; are the vertices x,y which form
a pair of vertices whose sum of in-degree is less than nine, it would not be

possible to reach v; from all other vertices in G. O

If |S’| # 3 then the only possible in-degree sequences are (2,2,2,3,...,3,4,5)
and (2,2,2,3,...,3,6). Next we shall outline our method for proving the
diregularity of (3, k,2)-digraphs. When trying to prove the nonexistence of
the two remaining cases, we shall combine the two cases into one case by
transforming G with either of those in-degree sequences to a particular digraph
G* of defect three with in-degree sequence (1,1,1,3,3,...,3,3,3,3,9). We will

utilize Theorem 1 from [95] to achieve the transformations.

Theorem 9.0.2 [95] If G € G(n,d, k) and N*(u) = N*(v), for any vertex
u,v € G, then there exists G € G(n — 1,d, k), K < k.

To be able to utilise the above theorem, first we need to establish that in

G € G(3,k,2), there exist two vertices with the same out-neighbourhoods.

Let G be a digraph of in-degree sequence (2,2,2,3,...,3,4,5). To reach each
vertex of in-degree 2 from other vertices in G, clearly, only the vertices of in-
degree 4 and 5 can be chosen as the in-neighbours of three vertices of in-degree
2. This implies that the out-neighbourhoods of the vertices of in-degree 4 and

5 are the same. Therefore, Theorem 9.0.2 can be applied to this case.

Let G be a digraph of in-degree sequence (2,2,2,3,...,3,6). Let S = {vy, vq,
vs} and S” = {z}, where d () = 6. To reach v; (and vy, vs) from other
vertices in G, clearly, x and some vertex of in-degree 3 can be chosen as the

in-neighbours of a vertex of in-degree 2. Since there are three vertices of
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in-degree 2, there will be three pairs of vertices, namely, {z,y;}, {z,y2} and
{z,ys}. Since the in-degree of all vertices, apart from vy, v, v3, x, is three, there
are many possibilities to chose y1,y2,y3 of in-degree 3. To be able to apply
Theorem 9.0.2, we establish that y; = y» = y3. The following observation and

lemmas are very useful prior to establishing the equality.
<& Observation 9.0.1 Let v;,v; € S. The distance dist(v;,v;) =k, fori # j.

<& Lemma 9.0.5 Let vi,v9,v3 € S. The vertices vy, vy, v3 are all selfrepeats.

Proof. First we consider the number of distinct vertices in the multiset 7}, (v1),
denoted by |T} (v1)|. By diameter assumption, both vertices vy and vs have
to occur at distance at most k to v;. Both vertices v and vs cannot be in the

multiset T, ;(y1) at the same time, otherwise we will have

T ()] < 14+3+9+27+...+3-2

= MS,k - 2

T
A\ 5
v

3

Y1 2

Figure 9.1: Ilustration of the multiset T}, (vy).

However, since x occurs twice in the multiset 7} (y1), it follows that |7} (y1)] <

M5 1, — 3, which is impossible. Therefore, without loss of generality, we suppose
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that vy is in the multiset 7}, (x), see Figure 9.1. We now consider T, (v2). By
Observation 9.0.1, all other vertices of in-degree 2 must occur at distance k to
vy. On the other hand, v, is in the multiset 7, (z) and z is an in-neighbour

of vy. Therefore vy is a selfrepeat.

We now consider the multiset 7}, (v2). By diameter assumption, both vertices
v; and v3 have to occur at distance at most k£ to vs. But both v; and wvs
cannot be in the multiset 7, ,(y2), otherwise |1} (y2)| < Ms) — 3, which is
impossible. Without loss of generality, we suppose that v; is in the multiset
T,_,(z). We now consider the number of distinct vertices in the multiset
T, (v1). By Observation 9.0.1, all other vertices of in-degree 2 must occur at
distance k to v;. But vy is in the multiset 7}, (x) which implies that v, is a

selfrepeat.

U1 V2 U3

U1 Vg U3 U3 V1 Vg Vs

Figure 9.2: Tllustration of the multiset 7}’ ().

Finally, we consider vs. Since both vertices vy, vy are selfrepeats, x must be
a double selfrepeat. We now consider T;f (), see Figure 9.2. Vertex y; must
occur within distance at most k& from z. But y3 cannot be in either T} (v;)
or T} | (va). Suppose y3 € T, |(v1). Then vy is a repeat of vy. Let N (vy) =

{wy, we,ws}. To reach vy from wy, ws, w3, we must have either x or y occur
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twice in T,f (v;) which would give too many repeats for v;. This implies that

v3 is a selfrepeat. O

<& Lemma 9.0.6 N~ (v1) = N~ (v3) = N~ (v3).

Proof. Let Nﬁ(vl) - {xvyl}aNiO}Q) = {$7y2} and Nﬁ(vfﬂ) = {I7y3}' We
shall prove that y; = y2 = y3 (= y). Let NT(v1) = {wy, we, ws}. To reach
vy from wy, wsy, w3, either x or y; must occur twice in T,j (v). To prove this

lemma, we consider two cases.

Case 1. v € {v1,v9,v3} such that  is not a repeat of v. Suppose v = v; and
x is not a repeat of v. Then y; is a repeat of v, and also y, and y3 must occur
twice in 7}’ (v) in order to reach vy and vs. Since the vertex v is a selfrepeat, we

can only have one other repeat of v. This is possible only if y; = y» = y3 (= y).

Case 2. Vertex x is a repeat of v € {vy,ve,v3}. Consider the multiset 7} (vy).
By using Lemma 9.0.5, we have T, (v1) = V(G) W {z} W {v1} and T} (v) =
T, (1) WT,_;(x) W{v;}. Combining these two equations gives

V@) Wiz} = T, W1, (2) (9.1)

Similarly, consider the multisets T}, (v2), we have T} (vs) = V(G) W {z} W {vy}

and T (ve) =T, (y2) WT,_,(z)W{v}. Combining these two equations gives
VG Wiz} = Ty (y) W, (2) (9:2)

From Equations 9.1 and 9.2, it follows that T,_,(y1) = T,_;(y2), see Figure
9.3. Since N,_, {(y2) € T,_(z), it follows that y; = yo, otherwise v; has at
least three repeats, namely, {vi} W {z} W{ulu € N, ;(y2) N1, _;(y2)} which

is impossible.

Finally, we consider the multisets 7} (v3), we have T} (v3) = V(G)wW{z}w{vs}

and T (vs) =1, 4 (ys) W1, ;(x) W {vs}. Combining these two equations gives

VG Wiz} = T y(ys) Wy (2) (9.3)
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Figure 9.3: Illustration of the multisets 7} (v;) and T} (v2).

From Equations 9.2 and 9.3, it follows that T, (y2) = T)_,(y3). Similarly,
since N, , ,(y3) € T, {(z), it follows that y» = y3, otherwise vy has at least
three repeats, namely, {vo} W {z} W {u|lu € N_, ;(y3) N T,_,(y3)} which is
impossible. This implies that y; = yo = y3(= y). O

<& Lemma 9.0.7 If G has in-degree sequence (2,2,2,3,...,3,4,5) or(2,2,2,3,
...,3,6) then G can be transformed into G* € G(3,k,3) of in-degree sequence
(1,1,1,3,...,3,9).

Proof. Consider the in-degree sequence (2,2,2,3,...,3,4,5). Let S = {vy, vs,
v} and S" = {z,y} where d~(z) = 4 and d~(y) = 5. Consider the number of
vertices in the multiset 7). (vy). To reach vy (and v,, vs) from other vertices in
G, clearly, only  and y can be chosen as the in-neighbours of three vertices of
in-degree 2. Let 2,y € ();_, N~ (v;). It follows that N*(z) = N*(y). We now
consider the in-degree sequence (2,2,2,3,...,3,6). Let S = {v,v9,v3} and
S" = {z}, where d~(z) = 6. To reach v; (and vy, v3) from other vertices in G,
clearly z and some vertex of in-degree 3 can be chosen as the in-neighbours of

three vertices of in-degree 2. Since there are three vertices of in-degree 2, there
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will be three pairs of vertices, namely, {z, vy}, {z,y2} and {z,y3}. By Lemma
9.0.6, we have y; = yo = y3(= y). It follows that N*(z) = N*(y). Applying
Theorem 9.0.2 in both cases, we can delete vertex y, together with its outgoing
arcs, and then reconnect its incoming arcs to vertex x, so that we obtain a

new digraph G* of defect three, with in-degree sequence (1,1,1,3,...,3,9). O

From now on, we assume that G* € G(3,k,3) is a digraph of defect three,
out-degree 3 and diameter k£ > 3, with in-degree sequence (1,1,1,3,...,3,9).
Next we prove some structural properties of (3, k, 3)-digraphs. Based on this
properties, for k = 3, we prove that a digraph with out-degree 3 and in-degree

sequence (1,1,1,3,...,3,9) does not exist.

& Lemma 9.0.8 Let G* € G(3,k,3). Let x € S'. Ifd (x) =9 then z is a
triple selfrepeat.

Proof. Let S = {vy,ve,v3} and S’ = {x}, where d(z) = 9. To reach vertex
v1 (and respectively vq,v3) from all the other vertices in G, we must have
{r} = N~ (v1) = N~ (v3) = N~ (v3). This implies that = occurs at distance at
most k — 1 from vy, v9 and v3, respectively. It then follows that x occurs four

times in the multiset 7} (). Therefore, z is a triple selfrepeat. O

<& Lemma 9.0.9 Let N~ () = {vy1,y2,...,Y9}. Then three of y1,y2, ..., Yo

are selfrepeats.

Proof. By Lemma 9.0.8, vertex z is a triple selfrepeat and y; € N~ (z),
for j = 1,2,...,9. This implies that three of y; occur at distance k — 2
from vy, vy and wvs, respectively. Without loss of generality, we suppose that
y1 € N7 o(v1), y2 € N7 5(v2) and y3 € N, ,(v3). We now consider the multiset
T (1), T,f (y2) and T (y3). Since z € N*(y1)NN T (ya) NN (y3), it follows that
T (z) C T (y1) T, (y2) N'T,F (y3). This implies that yy, 2, y3 are selfrepeats.

O
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<& Lemma 9.0.10 If y,,y, € {y;} then [N*(y,) " N*(y,)| = 1 or 3.

Proof. Since y; € N~ (), for all j = 1,...,9, it is obvious that |[N*(y,) N
N*(y,)| = 1. Now, suppose |[N*(y,) N N*(y,)| = 2, this situation is depicted
in Figure 9.4. We wish to prove that ¢, = ¢;. Suppose ¢s # ¢; and either ¢ is
in the multiset T} (¢;) or ¢, is in the multiset T} (¢;). If ¢s occurs at distance
at most k — 2 from ¢; or ¢; occurs at distance at most k£ — 2 from ¢, then there
will obviously exist more than three repeats, which is impossible. However, if
cs occurs at distance exactly k—1 from ¢;, or ¢; occurs at distance exactly k—1
from c;, then N*(c;) = {{r(ce) UL, (d)UT,_y (2)} = {{r(c))}u{r(c)}u{z}}
and N*(cr) = {{r(c) T, (d) UT;, (2)} = {{r(cs)} U{r(e0) U {a}}, giving
N*(cs) = N*t(c;). This forces cg, ¢; to be selfrepeats, which is a contradiction.

This completes the proof. O

Ct

N (e.) . - .

Figure 9.4: Tllustration of the multisets 7' (y,) and T;f (y,).

From Lemma 9.0.10, it immediately follows that

<& Corollary 9.0.2 All the vertices y1, s, . . ., Yo are selfrepeats.
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<& Corollary 9.0.3 The set of vertices {y1,Ya, ..., Yo} can be partitioned into

three sets of three vertices, each triple having the same out-neighbourhoods.

We will next prove that (3, k, 2)-digraphs must be diregular if k£ = 3. To prove
the diregularity of such digraphs we will prove that G* € G(3,k,3) with in-
degree sequence (1,1,1,3,...,3,9) does not exist if £ = 3. By applying the
previous lemmas and theorems, such a digraph can be partially depicted in

Figure 9.5.

Figure 9.5: Illustration of the multisets 7} (y;), for i = 1,2,...,9.

<& Theorem 9.0.3 Every (3, k,2)-digraph is diregqular for k = 3.

Proof. By Corollary 9.0.3, it follows that N*(y;) = Nt (ys) = NT(ys) =
{er,di,x}, NT(y2) = N (ya) = N¥(yo) = {c2.do,x} and N¥(ys) = N (y5) =
N*(y;) = {cs,ds, x}. Since k = 3, we can assume that N (vy) = {y1, v4, 05},
NT(v9) = {ya,v6,v7} and NT(v3) = {y3,vs,v9}. The multiset Ty (z) is de-

picted in Figure 9.6.



Chapter 9. On the Diregularity of (3, k, 2)-digraphs 121

Figure 9.6: Tllustration of the multiset T3 ().

Y2

Figure 9.7: Tllustration of the multiset T4 (ys).

We now consider the multisets T3 (y;) and T3 (ys). By Lemma 9.0.8, it follows
that z is a double repeat of y;. This implies that x occurs in both T3 (¢;) and
Ty (dy). To reach z from ¢; and dy, we must have N~(z) € {y7,yo} otherwise
vy, will have either too many repeats, namely, {y;} W {z} & {z}{ulu € NJ ()N
Ty (1) NTy (dy)}, or a cycle of length less than 3, both impossible situations.
Similarly, to reach x from ¢y and dy, we must have N~ (x) € {ys, ys}, see Figure
9.7. Without loss of generality we suppose that N*(c1) = {y7}, NT(d1) = {yo}
and N*(2) = {ys}, N*(da) = {us}.

We now consider the multiset 75 (ys). We know that vg,ds € N~ (ys), see
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Figures 9.6 and 9.7. To reach yg from v; we have N~ (yg) € {u|u € (N*(v4) U
Nt (ws))\{va,ys5}} as © € {y4,ys}. But then it is not possible to reach ys
from y; within distance at most k = 3 as (N*(c1) U NT(dy)) ) (N (va) U

N+ (v5))\{ya, y5}) = (). This contradiction completes the proof. O
X s U1 1
vs Y2
do
U8
Ys

Figure 9.8: Illustration of the multiset 75 (ys).

T co do Y1 V4 U5 x c3 ds3

Figure 9.9: Tllustration of the multiset T3 (y1) = T35 (v6) = Ty (ys)-

Alternatively, we can prove Theorem 9.0.3 as follows.

Alternative Proof of Theorem 9.0.3. Consider the multisets T3 (y;) =
T (ys) = Ty (yg) in Figure 9.9. By diameter assumption, the vertices cs, ds
and cs3,d3 occur at distance at most k£ from y,ys and yg. But they will not
be in the multiset T, (x), otherwise there will be too many repeats. Without

loss of generality, we assume cy,dy € Ty (1) and c3,ds € Ty (dy). Then we
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have yg € N*(c;) and y; € N*(d;), otherwise v; will have too many repeats,

namely, either vy, z, x,y4 or vy, x, x, Y5, both impossible.

Y2 V6 U7

Figure 9.10: Ilustration of the multiset 75 (y2) = T5 (y4) = T5 (yo).

We consider the multisets T35 (y2) = T5 (ya) = Ty (yo) in Figure 9.10. By
diameter assumption, the vertices ¢q,d; and c3, d3 occur at distance at most &
from 5, y4 and yg. Without loss of generality, we assume c¢;,d; € Ty (co) and
c3,dz € Ty (dy). Then we have ys € NT(c) and y5 € NT(dy), otherwise vy will
have too many repeats, namely, either vy, z, x, yg or v, , x, y7, both impossible.
We now finally consider the multisets T3 (y3) = Ty (y5) = T3 (y7) in Figure
9.11. By diameter assumption, the vertices ¢y, d; and co, dy occur at distance at
most k from 3, y5 and y7. Without loss of generality, we assume ¢y, d; € Ty (c3)
and cz,dy € Ty (d3). Then we have yg € N*(c3) and y, € N (d3), otherwise
vg will have too many repeats, namely, either vy, z,x,ys or vy, x,x,y9, both
impossible.

We finally consider the vertices yg, y7. The vertices yo, y7 must occur in both
multisets T3 (v1) = Ty (ys) = T4 (ys) and T3 (y2) = Ty (ya) = T5 (ye). Since
N~ (y;) = {di,v7} and N~ (y9) = {c1,v9}, see Figure 9.9 and Figure 9.6, we
have |N*(dy) N N*(d3)| = 2, which contradicts Lemma 9.0.10. O

At this stage we have proved that (3, 3, 2)-digraphs are diregular. To settle the

question of the diregularity of all (3, k, 2)-digraphs, it remains to answer the
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T c\d) Y3 U8 V9 Y9 yr z ¢ da

Figure 9.11: Tlustration of the multiset T3 (y3) = Ty (y5) = T (y7).

following open problem.

Open Problem 9.0.1 Does there exist a digraph G € G(3,k,3), for k > 4,
with in-degree sequence (1,1,1,3,3,...,3,3,3,3,9)7

Although we are unable to completely settle the question of diregularity of all
(3, k, 2)-digraphs, we propose the following conjecture.

Conjecture 9.0.1 Ewvery (3, k,2)-digraph is diregular, for k > 3.



CONCLUSION

In this thesis, we have considered two different problems of the underlying

graph of a network, namely, graph labeling and structural properties of graphs.

In this chapter we summarise our results and list open problems and conjec-

tures arising from this thesis.

Graph labeling

The question of whether a particular family of graphs admits a particular
labeling is in general still open, even though there is a large number of results
concerning various types of graph labelings, including antimagic labeling. To
decide whether a graph G admits a vertex-magic or an edge-magic labeling
is equivalent to the problem of deciding whether a set of linear homogeneous
Diophantine equations has a solution. No polynomial time bounded algorithm

is known for determining whether G is a vertex-magic or an edge-magic graph.

We have presented a new result on super (a,d)-edge antimagic total labeling
for disjoint union of multiple copies of special families of graphs. Our main
problem was the following: if a graph G is super (a, d)-edge-antimagic total, is
the disjoint union of multiple copies of the graph G super (a, d)-edge-antimagic
total as well? We gave some new results when the graph G was either cycle,

path, star, m-crowns, caterpillar or complete s-partite graph.

125
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Based on our results, we have proposed the following conjecture.

Conjecture 1 (5.2.1) There is a super (a,1)-edge-antimagic total labeling
Jor the graph mKn n, ... n, for s >5 and for every m > 2 and n > 1.
—_———

s

The outstanding open problems in this area can be found in Chapters 3,4 and
5. In addition there are many other classes of graphs, such as multiple copies
of friendship graphs, fans, wheels, generalised prisms and antiprisms, ladders
and generalised Petersen graphs, on which almost no work has been done so

far.

It is not true that if a graph G admits super (a,d)-edge-antimagic total la-
beling then the disjoint union of multiple copies of the graph G admits super
(a, d)-edge-antimagic total labeling as well. There is scope to explore further

properties of this type of labelings for future research.

Open Problem 1 Find relationships between labeling of connected graph and

labeling of disconnected graph.

Open Problem 2 Find new methods of generating antimagic labeling schemes
for disconnected graphs from known antimagic labeling schemes for connected

graphs.

Structural properties of graphs

In this area, we considered the diregularity of digraphs of order close to the
Moore bound, that is, digraphs of defect two. We gave an alternative proof for
the diregularity of digraphs, defect two of out-degree d = 2 and diameter & > 3.
We proved that digraphs of order two less than Moore bound, with maximum
out-degree d > 3 and diameter k£ > 2, are out-regular and almost in-regular.

Additionally, concerning the direguarity of (3, k,2)-digraphs, for k£ > 3, we



CONCLUSION 127

partially solved an open problem. We have proved that (3,3, 2)-digraphs are
diregular. To settle the question of the diregularity of all (3, k, 2)-digraphs, it

remains to answer the following open problem.

Open Problem 3 (9.0.1) Does there exist a digraph G € G(3,k,3), for k >
4, with in-degree sequence (1,1,1,3,3,...,3,3,3,3,9)?

As stated in Chapter 8, we believe that the answer is “no”. This has led us to

propose the following conjecture.

Conjecture 2 (9.0.1) Every (3, k,2)-digraph is direqular, for k > 3.

Finally, we believe that the following stronger conjecture also holds.

Conjecture 3 Fvery digraph of defect two of out-degree d > 3 and diameter
k > 3 s direqular.
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