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Abstract

A graph G of order p and size ¢ is called an (a,d)-edge-antimagic total if there
exist a bijection f : V(G)U E(G) — {1,2,...,p+ q} such that the edge-weights,
w(uv) = f(u) + f(v) + f(ww),uv € E(G), form an arithmetic sequence with first
term a and common difference d. Such a graph G is called super if the smallest
possible labels appear on the vertices. In this paper we study super (a,d)-edge-
antimagic total properties of disconnected graphs triangular ladder and lobster.

Keywords : (a,d)-edge-antimagic total labeling, super (a,d)-edge-antimagic total la-
beling, triangular ladder, lobster graph.

1 Introduction

By a labeling we mean any mapping that carries a set of graph elements onto a set of
numbers, called labels. In this paper, we deal with labelings with domain the set of all
vertices and edges. This type of labeling belongs to the class of total labelings. We
define the edge-weight of an edge uv € E(G) under a total labeling to be the sum of
the vertex labels corresponding to vertices u, v and edge label corresponding to edge
uv.

An (a,d)-edge-antimagic total labeling on a graph G is a bijective function f : V(G) U
E(G) —{1,2,...,p+q} with the property that the edge-weights w(uv) = f(u)+f(uv)+
f(v),uv € E(G), form an arithmetic progression {a,a + d,a + 2d,...,a + (¢ — 1)d},
where @ > 0 and d > 0 are two fixed integers. If such a labeling exists then G is said to
be an (a, d)-edge-antimagic total graph. Such a graph G is called super if the smallest
possible labels appear on the vertices. Thus, a super (a,d)-edge-antimagic total graph
is a graph that admits a super (a, d)-edge-antimagic total labeling.

The concept of (a,d)-edge-antimagic total labeling, introduced by Simanjuntak at al.
in [12], is natural extension of the notion of edge-magic labeling defined by Kotzig and
Rosa [10] (see also [1], [8], [11] and [15]). The super (a, d)-edge-antimagic total labeling
is natural extension of the notion of super edge-magic labeling which was defined by
Enomoto et al. in [7].



In this paper we investigate the existence of super (a, d)-edge-antimagic total labelings
for disconnected graphs. Some constructions of super (a,0)-edge-antimagic total la-
belings for nCy U mP;, and K1 ,, U K1, have been shown by Ivanco and Luckanicova
in [9] and super (a,d)-edge-antimagic total labelings for P, U P41, nP, U P, and
nPy U P,2 have been described by Sudarsana et al. in [13]. Dafik et al also found
some families of graph which admits super (a, d)-edge-antimagic total labelings, namely
mCr,mPy,mKn, n, ... nandm caterpilars in [4, 5, 6].
\_\s,_/

We will now concentrate on the disjoint union of m copies of triangular ladder and
lobster, denoted by m.£,, and m£; ;.

2 Some Useful Lemmas

We start this section by a necessary condition for a graph to be super (a,d)-edge-
antimagic total, providing a least upper bound for feasible values of d.
Lemma 1 If a (p, q)-graph is super (a,d)-edge-antimagic total then d < 22’;7(1;5.
Proof. Assume that a (p,q)-graph has a super (a,d)-edge-antimagic total labeling
f:V(G)UE(G) — {1,2,...,p+¢q}. The minimum possible edge-weight in the labeling
fisatleast 1+2+p+1=p+4. Thus, a > p+4. On the other hand, the maximum

possible edge-weight is at most (p — 1) +p+ (p+¢q) = 3p+ g — 1. So we obtain
a+ (¢—1)d < 3p+ q— 1 which gives the desired upper bound for the difference d. O

The following lemma, proved by Figueroa-Centeno et al. in [8], gives a necessary and
sufficient condition for a graph to be super edge-magic (super (a,0)-edge-antimagic
total).

Lemma 2 A (p,q)-graph G is super edge-magic if and only if there exists a bijective
function f : V(G) — {1,2,...,p} such that the set S = {f(u) + f(v) : wv € E(G)}
consists of q consecutive integers. In such a case, f extends to a super edge-magic
labeling of G with magic constant a = p+ q + s, where s = min(S) and S = {a — (p+
1)va_ (p+2)a"'va’_(p+Q)}'

In our terminology, the previous lemma states that a (p,q)-graph G is super (a,0)-
edge-antimagic total if and only if there exists an (a — p — ¢, 1)-edge-antimagic vertex
labeling.

Next, we restate the following lemma that appeared in [14].

Lemma 3 [14] Let A be a sequence A = {c,c+1,c+2,...c+k}, k even. Then there
exists a permutation II(A) of the elements of A such that A+ II(A) = {2c+ &, 2c+ 5 +
L2+ 5420 2c+ 3 —1,2¢+ 3k},



3 Disjoint Union of Triangular Ladder

Disjoint union of m copies of triangular ladder denoted by m.£,, is a disconnected graph

with vertex set V(m&£,,) —{u‘ i1 <i<nl < j < m} and edge set E(mLy,) =
{ulul,  vlvl g ulvl, ) 1<z<n—11<]<m}U{u%J-1§i§n,1§j§m}.
Thus |V (m&£,)| =p=2mn and |[E(m£,)| = q=m(4n — 3).

If the disjoint union of m copies of a triangular ladder m£,,, has a super (a, d)-edge-
antimagic total labeling then, for p = 2mn and ¢ = m(4n — 3), it follows from Lemma
1 that the upper bound of d is d < 2 + 2m=3_ or d € {0, 1,2}.

Anm—3m

The following theorem describes an (a, 1)-edge-antimagic vertex labeling for disjoint
union of m copies of a triangular ladder.

Theorem 1 If m > 3 is odd and n > 2, then the graph m£, has an (a,1)-edge-
antimagic vertex labeling.

Proof. Define the vertex labeling a; : V(m£,) — {1,2,...,2mn} in the following

way:

L4 (i — 1)2m, for i =1(mod3) , j odd

4 %ﬁl + (i —1)2m, for i = 1(mod3) , j even
ai(v]) =% 3m+1—j+(i—2)2m, fori =2(mod3) , any j
dm + mTﬂ + (i —3)2m, fori = 3(mod3) , j odd

dm + 4 + (i — 3)2m, for i = 1(mod3) , j even

m 4+ mTﬂ + (1 —1)2m, for i = 1(mod3) , j odd

. m+ 4+ (i —1)2m, for i = 1(mod3) , j even
ar(ul) =< 3m+ % + (i — 2)2m, for i =2(mod3) , j odd

3m + %JH + (i —2)2m, fori =2(mod3), j even
6m+1—j+ (i—3)2m, fori = 3(mod3) , any j

The vertex labeling «q is a bijective function. The edge-weights of m.£,,, under the
labeling a1, constitute the following sets

ImA%+l 4 (i — 1)4m, fori = 1(mod3) and any j
2mJ%3 4 (; — 2)4m, for i =2(mod3) and j odd
Wall(ugvi) = M + (i — 2)4m, for i = 2(mod3) and j even
2m_Jt2 4 (j —3)4m, fori = 3(mod3) and j odd
M + (i — 3)4m, for i = 3(mod3) and j even

Imi2j+l 4 (; —1)4m, for i = 1(mod3) and any j

% + (i —2)4m, for i = 2(mod3) and j odd
w2 (uZ “z+1) M + (i —2)4m, for i = 2(mod3) and j even
Zm_J+2 4 (j —3)4m, for i = 3(mod3) and j odd
(i-3) (mod3)

2m_j+2 4 (; — 3)dm, for i = 3(mod3) and j even



m=J%8 4 (; —1)dm,
Tm-J43 4 (i — 1)4m,
1mJt2 4 (j — 2)4m,
Mm-J+2 4 (j — 2)4m,
21m—;2j+1 + (i — 3)4m,

for ¢ = 1(mod3
for ¢ = 1(mod3) and j even
w3 (vafﬂ) = for i = 2(mod3) and j odd
for ¢ = 2(mod3) and j even
for ¢ = 3(mod3) and any j

( 9m—2j+2 + (Z o 1)4m’

87”_2& + (i —1)4m, for i =1(mod3) and j even
wi (uZ ’UH_I) M + (i — 2)4m, fori = 2(mod3) and any j
M + (i — 3)4m for ¢ = 3(mod3) and j odd

(
(
(
(
(
for i = 1(mod3) and j odd
(
(
(
(

M + (1 —3)4m, fori = 3(mod3) and j even

3m+5
[ R R
) edge antimagic vertex labeling.

It is not difficult to see that the set UT N4
of consecutive integers. Thus «; is a (3m+3

= {3mt3 ., Bmn=SmEl consists

|

Theorem 2 If m > 3 odd and n > 2 then the graph m£, has a super (w, 0)-

edge-antimagic total labeling and a super (w, 2)-edge-antimagic total labeling.
Proof.
Case 1. d=10

We have proved that the vertex labeling «aq is a (37”2+3, 1)-edge antimagic vertex label-
ing. With respect to Lemma 2, by completing the edge labels p+1,p+2,...,p+q, we
are able to extend labeling a; to a super (a,0)-edge-antimagic total labeling, where,

3m(4n—1)+3

for p = 2mn and ¢ = m(4n — 3), the value a = 5

Case 2. d =2 ‘ ‘ ‘
Label the vertices of m£,, with as(v]) = a;1(v]) and as(ul) = a1 (u
and 1 < j < m; and label the edges with the following way.

1), for i =1,2,..n

2mn + 5+ (i — 1)4m,
(4n+9) ]+2 + (l _ 2>4m7

2m(2n+29)—]+1 + (’L . 3)4m’
m(4n+127)—]+1 + (Z _ 3)4:7”7
m(2n +3) + j + (i - 1)4m,
ol ) = { I L gy,
2m(2n+212) ]+1 +( )4m
{ m(4n+223)*]+1 + (i — 3)4m,
m(4n+23)—j+2 + (i — 1)4m,
o 4m(n+21)*]'+2 + (Z _ 1)4m’
ap(v]v]yy) = § AROEDZIEL 4 (i 9)am,
m(4n+121)—]+1 + (Z o 2)4:777‘7
[ 2mn+9m+j + (i — 3)4dm,

4

for i = 1(mod3) and any j

for i =2(mod3) and j odd

for i =2(mod3) and j even

for i = 3(mod3) and j odd
(mod3)

for ¢ = 3(mod3) and j even

for i = 1(mod3) and any j
for i =2(mod3) and j odd
for i =2(mod3) and j even
for i = 3(mod3) and j odd
for i = 3(mod3)
(mod3)
(mod3)
(mod3)
2(mod3)
3(mod3)

and j even

for ¢ = 1(mod3) and j odd
for i = 1(mod3) and j even
for ¢ = 2(mod3) and j odd
for ¢ = 2(mod3) and j even
for ¢ = 3(mod3) and any j



w + (i—1)4m, fori = 1(mod3) and j odd

‘ % + (i—1)4m,  for i = 1(mod3) and j even

ag(uzvzﬂ) 2mn +6m + j + (i — 2)dm, for i = 2(mod3) and any j

W + (i —3)4m, fori = 3(mod3) and j odd
w + (i — 3)4m, for i = 3(mod3) and j even

The total labeling «y is a bijective function from V(m£,) U E(m£,) onto the set

{1,2,3,...,6mn — 3m}. The edge-weights of m£,, under the labeling «s, constitute

the sets

w + (i —1)8m, fori = 1(mod3) and any j
M + (i — 2)8m, for i =2(mod3) and j odd
W (ulv?) = M + (i — 2)8m, for i = 2(mod3) and j even
W + (i — 3)8m, for i = 3(mod3) and j odd
w + (i —3)8m, fori = 3(mod3) and j even
w + (i —1)8m, fori = 1(mod3) and any j
w + (i — 2)8 , for i =2(mod3) and j odd
Wi (uzuf_H) = w + (i —2)8m, fori =2(mod3) and j even
w + (i — 3)8m, for i = 3(mod3) and j odd
w + (i — 3)8m, for i = 3(mod3) and j even
m(4n+92)_2j+5 + (i —1)8m, fori = 1(mod3) and j odd
m(4n+121)_2j+5 + (i —1)8m, fori = 1(mod3) and j even
w3 (vazjﬂ) w + (i — 2)8m, for i = 2(mod3) and j odd
m(4n+2§)723+3 + (i — 2)8m, for i = 3(mod3) and j even
| mAn+39)+45H+1 | (i —3)8m, fori = 3(mod3) and any j
( w + (i —1)8m, fori = 1(mod3) and j odd
w + (i —1)8m, for i = 1(mod3) and j even
wi (uZ ’UZ+1) W + (i —2)8m, for i = 2(mod3) and any j
M + (i — 3)8m, fori = 3(mod3) and j odd
\ M + (i —3)8m, fori = 3(mod3) and j even
Tt is not difficult to see that the set U AW = {m(4n+3)+5, m(4n;3)+ ey 20’”"59’”“
contains an arithmetic sequence with the ﬁrst term w and common difference
2. Thus a9 is a super (w, 2)-edge-antimagic total labeling. This concludes the
proof. g

Theorem 3 The graph m£,, has a super (dmn+ 2, 1)-edge-antimagic total labeling for
m>2 andn > 2.

Proof. Construct the bijective function of total labeling a3 : V(m£,) U E(m&£,) —
{1,2,3,...,6mn —3m}, for i =1,2,3,...n and 1 < j < m, as follows:

az(ul) = m4j+(i—1)2m



as(v!) = j+(i—1)2m,
ag(ugvlj) (6n—3)ym+1—j5— (i —1)2m,
ag(ugugﬂ) = An—-3m+1—j—(i—1)2m,
053(’027)2_’_1) = (An—-2m+1—j—(i—1)2m,
ag(ugvgﬂ) = 6n—4)m+1—j—(i—1)2m.

The total labeling ag is a bijective function from V(m£,) U E(m&£,) onto the set
{1,2,3,...,6mn — 3m}. The edge-weights of m£,,, under the labeling a3, constitute
the sets

Wé3(ufvi) = 2mBn—-1)4+j+ 1+ (i—1)2m,
Wa (ulul ) = m(An+1)+j+1+ (i—1)2m,
W3 (vlvl,)) = dnm+j+1+(i—1)2m,
Wiulvl ) = m6n—1)+j+1+(i—1)2m.
Hence, the set | J2_; We, = {4nm+2,4nm~+3...,8mn—3m+1} consists of consecutive
integers. Thus ag is a super (4nm + 2, 1)-edge-antimagic total labeling. O

Apart from those cases, we do not have the complete answer. Therefore we propose
the following open problem.

Open Problem 1 For the graph m£,, m > 2 even and n > 2, determine if there is
a super (a,d)-edge-antimagic total labeling with d € {0,2}.

4 Disjoint Union of Lobster Graph

Lobster graph is a tree in which if we omit the leaves then it forms a caterpillar. Now, we
will study super edge-antimagicness of a disjoint union of m copies of lobster, denoted
by m£; ;. It is a disconnected graph with vertex set V (£, ;1) = {«] Ui Ui, 1<
i<n,2<j<pl1<k<I1<s<m}andedge set E(£; 1) = {zfrf :1<1i <
n—11<s Sm}U{xf:cijUa:ijxfjk 1<i<n1<j<pl<k<I1<s<m}.
Thus |V (m&£; k)| =p=5mn and |[E(m£; ;i) = ¢ = 5mn —m.

If the disjoint union of m copies of a lobster m£; j i, has a super (a, d)-edge-antimagic
total labeling then, for p = 5mn and ¢ = 5mn — m, it follows from Lemma 1 that the
upper bound of dis d < 3 + m?ﬁ% or d € {0,1,2,3}. We concentrate on the super
edge-antimagicness of m£; j for 1 <i<mn,1 <j<2and k= 1.

The following theorem describes an (a, 1)-edge-antimagic vertex labeling for disjoint
union of m copies of the lobsters.

Theorem 4 If m > 3 is odd and n > i > 2 is even, then the graph m£; ;. has an
(a, 1)-edge-antimagic vertez labeling, for 1 < j <2 and k = 1.



Proof. Define the vertex labeling ay : V(md£, ;i) — {1,2,...,5mn} in the following

way:
m(bi— )—i—s foriodd, 1<s<m
ag(zf) = M +1, for i even, s odd
w 4+ 1—m, for i even, s even
%—ks—Qm, forj =1, ieven, 1 <s<m
%4_5_1117 for j = 2, ieven, 1 <s<m
Smnt)=s 11 _9m, for j = 1, i odd, s odd
044@?,;‘) = %4_1 -m, forj= 2, iodd, sodd
w +1, forj= 1, iodd, s even
\ W-FL for j = 2, iodd, s even
(Tl)+s forj= 1, t0odd, 1<s<m
m(5’ 1)+ forj = 2, 10odd, 1<s<m
. 5m(n+2’ D- 41, for j = 1, ieven, s odd
(s ) = wjtl for j = 2, i even, s odd
%4—1 2m , for j = 1, ieven, s even
M-H 7 for j = 2, i even, s even

The vertex labeling a4 is a bijective function. The edge-weights of m£; ;;, under the
labeling a4, constitute the following sets

Wi, = {wh (z23,,):for 1<i<n—1 and sodd}
{omntlOmizmts 7 for 1 <i<n-—1 and s odd},
Wa24 = {w}ll(a:fxfﬂ) sfor 1 <i<n-—1 and s even}

= {245 4 5mi+1:for 1 <i<n-—1 and s even},

w3 = {wél(a:lej): forj= 1,1<i<n and s odd}
— {M—i—l:forj:1,1§i§nandsodd}
Wi = {wh (a5 z;;): for j= 2,1<i<n and sodd}
— { (5”+1OZ )+S+1: forj: 2,1<i<n and SOdd}
Wi, = {wal(mz, zf;): forj=1,1<i<mn and s even}
{M+m(5i—3)+1: forj=1,1<i<n and s even}
W§4 = {wél(xzx”): for j = 2,1<i<n and s even}

= {2045 4 (50 —2)+1: for j= 2,1<i<n and s even}



Wi = {wh (x52f.,): forj=1,1<i<n and s odd}

[e71 4,7 1,5,k
_ {m(5n+10z Nts 4 4, for j = 1,1<i<n and s odd}
W§4 = {wél(m”m”k): for j = 2,1<i<n and s odd}
_ {m(5n+101 3ts 4, for j = 2,1 <i<n and s odd}
W34 = {wél(:): on p): forj=1,1<i<n and s even}
_ {m(5n+1201 8% 1 1. forj= 1,1<i<n and s even}
Wl = {wél(;pfjxfjk) s forj= 2,1<i<n and s even}
_ {m(5n+210i)+5+1_m; for j= 2,1<i<n and seven}
It is not difficult to see that the set U71~0:1 Wy, = {5m”§m+3 bmntmth - Lomnomtl)
consists of consecutive integers. Thus a4 is a (m 1)-edge antimagic vertex la-
beling. O

Theorem 5 If m > 3 is odd and n > i > 2 is even then the graph m£; ;. has a

25mn—m—3 0

super <2, )—edge—antimagic total labeling and a super (%

,2)-edge-

antimagic total labeling.

Proof.

Case 1. d=10

We have proved that the vertex labeling ay is a , 1)-edge antimagic vertex
labeling. With respect to Lemma 2, by completing the edge labels p+1,p+2,...,p+q,
we are able to extend labeling a4 to a super (a, 0)-edge-antimagic total labeling, where,
for p = bmn and ¢ = 5mn — m, the value a = M

Case 2. d =2
Label the vertices of m&£; jx with as(z]) = au(zi), as(2] ;) = au(x; ;) and as(z]; ;) =
a4(a:f,j,k), for1<i<n,1<j<2k=1land1l<s<m; and label the edges with the
following way.

(M
2

ag(atat, ) = MEnHSi =1+ (32, for 1<i<n—1, sodd
PV T m(Bn + 5i) + (5™, for 1<i<n—1, seven

Fori1<i<nand1<j;<2

m(5n+ 5i —4) + (3£), forj= 1, 1<s<n, sodd

o5 (2528 ) = m(5n + 5i — 3) —11— (7ﬁ), fOI‘j: = 2, 1<s<n, sodd
g S5m(n + 1) + (“”Jr )y, forj= 1, 1 <s<n, seven
Sm(n+1) + 5+1 Smy . forj= 2, 1<s<n,seven

For1<i<n,1<j<2and k=1

Sm(n+i—1)+ (42), forj= 1, 1<s<n,sodd

oz at ) = m(5n + 5i —2) + (2), for j = 2, 1<s<n, s odd
LTk 5m(n +1) + (SH2 9m) forj =1, 1 <s<n, seven
5m(n+ i)+ (SH22), forj = 2, 1<s<n,seven



The total labeling as is a bijective function from V(m.£; ;1)U E(mdL; 1) onto the set
{1,2,3,...,10mn —m}. The edge-weights of m£; ; , under the labeling as, constitute
the sets

Wi =W} + as(zizi ) for 1 <i<n—1,and s odd
= {omntl0miomts 4 1} 4 (5mn + 5mi —m + (1£2)}

W2 =WZ, +as(afxs, ) for 1<i<n—1,and s even
= {Bmts 4 S 1) + {5mn + bmi + (1F57m))

W3 =W3, +as(afxs);for 1 <i<n,j=1 and s odd

77,7

= {BmndlOpi=Tmts 4 1} + {5mn + 5mi — 4m + (331)}

Wa45 = Wa44 +as(xfxs);for 1 <i<n,j=2 and s odd

A 1 Z:j
— {5mn+107éu—5m+s 4 1} 4 {5mn+5mi —3m + (%)}
W2 =W, + as(zizi;);for 1 <i<n,j=1 and s even
= {245 4 5mi — 3m + 1} + {5mn + 5mi + (SHTm)}

WS =WS +as(azfzs);for 1<i<n,j=2 ands even

7 17]
= {585 4 5mi — 2m + 1} + {Smn + 5mi + (SHF2m)}
Wi =W[ + a5 (@] 7)) for 1<i<n,j=1 and s odd
= (mOnFl0EOEs 4 4y 4 (5 4 Bmi — 5m + (551)}

w8 = VVoég4 + a5(xf’jxf,j’k); for1<i<n,j=2,and s odd
_ {m(5n+10i—3)+5

5 + 1} + {smn + 5mi — 2m + ()}
W3, =Wy, + as (@] s, ) for 1<i<n,j=1 and s even
= {mEnHI08 s |y L (5 Bmi + (SH59m))
Wa0 = W20 + as(af a5, )i for 1<i<n,j=2 and s even
:{w—&-l—m}—i-{&rm—i-&m + (sHEmy)

It is not difficult to see that the set J!°, Wy, = {iomngmtd Iomntmtd  S5mn-dmily
contains an arithmetic sequence with the first term % and common difference
2. Thus aj is a super (w, 2)-edge-antimagic total labeling. This completes the
proof. O

Theorem 6 The graph m£; ;. has a super (10mn + 2, 1)-edge-antimagic total labeling
form >3 odd and n > i > 2 even.

Proof. For m > 3 odd and n > ¢ > 2 even, consider the vertex labeling a4 of the
graph m£; ;. from Theorem 4 which is a (W, 1)-EAV labeling. Let a sequence
A={c,c+1,c+2,...,c+ k} be the set of edge-weights of the vertex labeling ay for
c= 5"””2'7"”3 and k = dmn —m — 1. In light of Lemma 3, there exists a permutation
II(A) of the elements of 2 such that A + [I[(A) — ¢+ 5mn + 1] = {c + 2m2mtl oy
omnomtl g e 4 2moosmely If [II(A) — ¢+ 5mn + 1] is an edge labeling of



m&; ;i then A+ [II(A) — c+5mn+ 1] gives the set of the edge-weights of m£; ; 1, which
implies that the resulting total labeling is super (10mn + 2,1)-EAT. This concludes the
proof. |

Apart from those cases, we have not found any super (a, d)-edge-antimagic total label-
ing. Therefore we propose the following open problems.

Open Problem 2 For the graph m£; ., m > 3 odd and n > i > 2 even, determine
if there is a super (a,d)-edge-antimagic total labeling with d = 3.

Open Problem 3 For the graph m£; ;. either m > 3 odd and n > i > 2 odd; or
m > 3 even and n > i > 2, determine if there is a super (a,d)-edge-antimagic total
labeling with d € {0, 1,2, 3}.
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