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Abstract Let R(G, H) denote the set of all graphs F satisfying F — (G, H) and
for every e € E(F), (F —e) - (G, H). In this paper, we derive the necessary and
sufficient conditions for graphs belonging to R(m K>, H) for any graph H and each
positive integer m. We give all disconnected graphs in R(m K>, H), for any connected
graph H. Furthermore, we prove that if F € R(mK,, P3), then any graph obtained
by subdividing one non-pendant edge in F' will be in R((m + 1)K>, P3).
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1 Introduction

The problem of finding Ramsey minimal graphs is one of the problems developed from
the classical Ramsey theory. Let F, G, and H be nonempty graphs without isolated
vertices. We write ' — (G, H) if whenever each edge of F is colored either red or
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blue, then the red subgraph of F, denoted F,, induced by all red edges contains a
graph G or the blue subgraph of F, denoted F}, induced by all blue edges contains
a graph H. A graph F is Ramsey graph for a pair of graphs (G, H) if F — (G, H).
If F = K,, then the problem of determining the smallest » such that K, — (G, H)
has been studied extensively, extensively [1,9,13,17]. Such an integer n = r(G, H)
is usually called (graph) Ramsey number of a pair (G, H).

A red-blue coloring of edges of F so that F contains neither a red G nor a blue H
is a (G, H)-coloring. A graph F is Ramsey (G, H)-minimal if F — (G, H) and for
eache € E(F), (F —e) - (G, H). The set of all Ramsey (G, H)-minimal graphs
will be denoted by R(G, H). The pair (G, H) is called Ramsey-finite if R(G, H) is
finite and Ramsey-infinite otherwise.

The main problem of Ramsey (G, H)-minimal graphs is to characterize all graphs
FinR(G, H), for given graphs G and H. Numerous papers have studied the problem
of Ramsey (G, H)-minimal graphs. Burr et al. [12] showed that the set R(G, H) is
Ramsey infinite when both G and H are forest, with at least one of G or H having
a non-star component. Luczak [14] showed that the set R(G, H) is infinite for every
forest G other than a matching and every graph H containing a cycle. Moreover,
Borowiecki et al. [6] characterized the graphs in R(K| 2, K1) for m > 3. Sev-
eral papers discussed characterizing infinite families of Ramsey (K 2, C4)-minimal
graphs (see [2,5,18]). Yulianti et al. [23] gave constructions of some infinite classes
Ramsey (K12, P4)-minimal graphs. Next, Borowiecki et al. [7] determined the graphs
in R(Kj 2, K3). Borowiecka-Olszewska and Hatuszczak [8] presented a procedure to
generate an infinite family of Ramsey (K ;;, G)-minimal graphs, where m > 2 and
G is a family of 2-connected graphs.

In this paper, we focus on Ramsey-finite. Burr et al. [10] proved that R(m K2, H)
is Ramsey finite for any graph H and positive integer m. They showed that
R(K>, H) = {H} for any graph H, R(2K3, 2K>) = {Cs, 3K»}, and R(2K>, K3) =
{Ks5,2K3, G1}, where G is the graph with the vertex set V(G1) = {vy, v2, ..., v7}
and the edge set E(G1) = {vivp,viv3,vov3} U {vju7 i = 1,2,...,6} U
{vivg, vovs, V3U6}. In the same paper, they described a collection of % non-
isomorphic graphs in R(2K2, K,,), for n > 4 and n — 2 non-isomorphic graphs in
R(2K>, K1 ), forn > 3. Later, Burr et al. [11] investigated R(G, H) for the special
case of G = 2K, and H = tK». Furthermore, Mengersen and Oeckermann [15] pre-
sented a characterization of graphs belonging to R(2K», K1 ,,), for n > 3. Baskoro
and Yulianti [4] characterized all graphs in R(2K3, P,) for n = 4,5. Mushi and
Baskoro [16] derived the properties of graphs belonging to the class R(3K2, P3) and
gave a proof to all members of the set R(3K», P3) claimed in [10]. Recently, Baskoro
and Wijaya [3] derived the necessary and sufficient conditions for graphs to be in
R(2K»>, H) for any connected graph H. Moreover, Wijaya et al. [22] gave all graphs
belonging to R(2K>, C4). Mostrecently, Wijaya et al. characterized all graphs belong-
ing to R(2K3, K4) in [19], and all unicyclic graphs belonging to R(m K>, P3) in [20].

Based on the above results, the aim of this paper is to derive the necessary and
sufficient conditions for graphs in R(m K, H), for any graph H and integer m > 1.
Some specific properties of these graphs are also obtained. Moreover, we determine
all disconnected graphs in R(m K>, H) for any connected graph H. Finally, we prove
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that if ' € R(mK,, P3), then any graph obtained by subdividing one non-pendant
edge in F will be in R((m + 1)K», P3).

2 Main Results

The main results of this paper are given by three theorems. The first theorem (Theo-
rem 1) gives the necessary and sufficient conditions for Ramsey (m K», H)-minimal
graphs for any graph H. The second theorem (Theorem 4) shows that any disconnected
graph in R(m K>, H) is obtained from a disjoint union of graphs in R(s K2, H) and
R(tK>, H), where s +t = m, for any connected graph H. In the last theorem (Theo-
rem 6), we prove that if F € R(mK>, P3), then every graph obtained by subdividing
one non-pendant edge in F will be in R((m + 1) K3, P3).

Before we discuss these theorems, some definitions and notations will be intro-
duced. A complete graph and a path on n vertices are denoted by K, and P,
respectively. A union of m disjoint copies of K> is denoted by mK;. Let F be a
graph. For a k-subset Sy € V(F), k > 0, F[Sk] denotes the subgraph of F induced
by all vertices in Si. For odd k, we call odd induced subgraph F[Si]. The notation
F (S;) means that the subgraph of F induced by all edges incident with some vertices
in Si. For a nonnegative integer «, a disjoint union of « (not necessary isomorphic)
induced subgraphs F[Si] will be denoted by « F' (k). It means that

aF (k)= F[S{1U F[SF]1U...U F[S],

where S,i N S,{ = () forevery i # j. Note that, « = 0 in « F (k) means that an induced
subgraph of order k is not considered. If « = 1 then F (k) = F[Sk].

Lemma 1 Let F be a nonempty graph and t > 1 be an integer. The graph F has at
most t independent edges if and only if there exists a k-subset Sy C V(F) and o; odd
induced subgraphs F[S2i1+1] of F, where k + Z;Zl i =tand k, a; € [0, t], such
that F can be decomposed into

t
F=F(S) o (U o F(2i + 1)).

i=1

Proof Suppose that F has order n. It suffices to assume that F' is a connected graph.
Since for a disconnected graph, we can consider each of its components. Suppose that
F has at most ¢ independent edges. So, ¢ < |5|. Fort = |5 and odd n, choose a
0-subset Sy = ¥ C V(F) and the induced subgraph on 27 + 1 vertices F[Sy;+1]. Then
F = F[S24+1]. Fort = L%J and even n, choose any 1-subset S € V(F) and the
induced subgraph on the remaining vertices F[Sy,—1]. Then F = F(S1) & F[S2/—1].
Fort < L’%J, set ¢ independent edges in F, say, M = {e1, e2, ..., e}, where M is a
maximum matching in F. Suppose e¢; = v;vj4+;. Define S; = {u |u = v; oru = v;4,}.
If E(F(S;)) = E(F), then choose S; = S;. Thus, F = F(S). Otherwise, suppose
to the contrary that for each k-subset Sy € V(F) and «; odd induced subgraphs
F[S2i4+1] of F, where k + Zle i =tand k,o; € [0,1], F # F(Sx) & F, where
F = (Ul[-:l o; F(2i + 1)). It means that there is an e = uv € E(F), such that neither
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Fig. 1 The graph F with 5 independent edges and the graph F(Sy) where S» = {vg, vg}

e € F(Sy) nor e € E(F). Now, define Sy = S U {v}. Then the edge e € F(Sy). In
this case, F(Sy) has k + 1 independent edges. Therefore, F has ¢t + 1 independent
edges, a contradiction with the maximum matching M in F.

Conversely, suppose there is a k-subset Sy € V(F), and «; odd induced subgraphs
F[S2i+1] of F, where k + Z§:1 i; = t, and k, a; € [0, t], such that F can be
decomposed into F' = F(S;) @ F. We observe that each vertex in S; can be viewed
as the center of some star in F(Si). So, there is at most k independent edges of
F (Sk). On the other hand, the subgraph F[S2;+1] of F contains at most i independent
edges. So, there are at most Z;Zl ia; independent edges of F. Hence, F has at most
k+Yi_,io; = t independent edges. O

As an illustration, consider the graph F of Fig. 1 having 5 independent edges,
V1 V2, V3V4, U5Vg, U7V, UoV1g. Set S» = {vg, v9} and S7 = {vy, v, v3, V4, Vs, V7, V8}.
We obtain F = F(S,) ® F[S7]. Another decomposition, we can set S3 = {vg, v7, U9}
and S5 = {vy, va, v3, v4, v5} such that F = F(S3) & F[S5]. We also can set S4 =
{v1, v3, vs5, v9} and S3 = {ve, v7, vg} such that F = F(S4) @ F[S3]. But, there is no
Ss such that F = F(Ss).

Observe that if F' contains at most ¢ independent edges, then F contains a subgraph
mK», forsome m < t.Let F be a graph where every edge in F has either a red or blue
color. Clearly, F' can be decomposed into the red and blue subgraph, F = F, @ Fj.
Now, we apply Lemma 1 to obtain a Ramsey (m K, H)-minimal graph, namely how
to color a graph F by red and blue such that the red subgraph of F contain at most
(m — 1) independent edges. Let F be a graph of order n. Suppose that ¢ is a red-blue
coloring of edges of F such that the red subgraph F; has the maximal number of edges
containing at most # independent edges, where 1 < ¢ < |7 |. Then the red subgraph
F, can be decomposed into graphs as in Lemma 1. Furthermore, if we remove all red
edges of F, then we obtain all blue edges of F. Removing the edges in F'(Si) can be
done by deleting all vertices in Si. Note that, ' — Sy — E(F) = F, UN, where N is an
empty graph and F = Ule o; F(2i + 1). Hence, to check whether the blue subgraph
F}, contains a graph H or not, we can check whether the subgraph F — Sy — E(F)
contains a graph H or not.

2.1 Necessary and Sufficient Conditions for Graphs in R(m K>, H)
In this section, we discuss how to characterize all graphs F satisfying F — (mK», H)

and foreache € E(F), F —e -+ (mK»>, H). The following result gives the necessary
and sufficient conditions for such graphs F.
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Theorem 1 Let H be a graph and m > 1 be an integer. A graph F € R(mK»>, H) if
and only if the following two conditions hold:

(1) foreach k-subset Sy C V (F) and o; odd induced subgraphs F[S»i+1] of F where
k + Z:-":_ll i =m—landk,a; € [0,m — 1] we have

m—1
F—&—E(Uaﬁ@+b)2&

i=1

(i1) for each e € E(F), there exists a k-subset Sy C V(F) and «; odd induced
subgraphs F[S2i+1] of F, where k + Z;";ll i =m—1landk,o; € [0,m — 1],
such that

m—1
W—@—&—E(UmFm+D>2H

i=1

Proof We refer the notation in Lemma 1 that 7 = U;”z_ll a; F(2i 4+ 1). Suppose to the
contrary that F € R(mK», H), but for some k-subset Sy € V (F) and ¢; odd induced
subgraphs F[Sy;y1]of F wherek—i—zlmz_l1 i =m—1landk, o; € [0, m—1], we have
F — S — E(F) 2 H. Define a red-blue coloring of edges of F as follows. Color all
edges of F — Sy — E (F) with blue and the remaining edges with red. It is noticed easily
that under this coloring, the blue subgraph Fj, of F does not contain a blue H. While
the red subgraph F, of F is a subgraph F'(S;) @ F. By Lemma 1, the red subgraph of
F contains at most (m — 1) independent edges. So, we obtain an (m K>, H)-coloring
of edges of F, a contradiction. Next, by the minimality of F, foreache € E(F), there
exists an (m K>, H)-coloring ¢ of F — e. In such the coloring ¢, the red subgraph F;
of F — e contains at most m — 1 independent edges, while the blue subgraph F}, of
F — e does not contain a blue H. By Lemma 1, there is a k-subset Sy € V(F) and
a; odd induced subgraphs F[Sy;+1] of F — e, where k + Z;"z_ll ie; = m — 1 and
k,a; € [0, 1], such that F, = F(S;) @ F. Hence, (F —e) — Sy — E(F) 2 H.
Conversely, let both conditions (i) and (ii) be satisfied. Consider any red-blue col-
oring of edges of F not containing a red m K>. So, we have either all blue edges of
F or the red subgraph F, of F contains at most (m — 1) independent edges. Hence,
by Lemma 1, F,, = F(Sx) @ F. By condition (i), the blue subgraph Fj, of F contains
a blue H. Hence, F — (mK»>, H). Next, for each e € E(F), we color all edges of
(F —e) — Sy — E(F) with blue and the remaining edges with red. By condition (ii),
under this coloring, F' — e does not contain a blue H. By Lemma 1, F — e contains at
most (m — 1) independent red edges. So, we obtain an (m K>, H)-coloring of edges
of F — e. Hence, (F —¢e) - (mK»>, H). Therefore, F € R(mK»>, H). O

The first condition of Theorem 1 means that F — (mK;, H), while the second
condition of Theorem 1 means that for each e € E(F), F —e - (mK>, H) and
it is called the minimality property of a graph in R(mK,, H). Although we have
obtained the necessary and sufficient conditions for graphs belonging to R(m K>, H),
characterizing all graphs in R(m K>, H) for a given graph H is difficult. The following
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result provides another property of a graph F' satisfying FF — (mK;, H) based on a
Ramsey ((m — 1)K»>, H)-minimal graph.

Lemma 2 Let H be a graph and m > 1 be an integer. F — (mK»>, H) if and only if
the following three conditions hold:

(i) foreveryv € V(F), F — {v} — ((m — 1)K»>, H),
(ii) forevery K3 C F, F — E(K3) — ((Im — 1)K», H),
(iii) for every F[Som—1] of F, F — E(F[S2m—1]) contains a graph H.

Proof Suppose to the contrary that F — (m K>, H), butatleast one of three conditions
is violated. Suppose that there exists an ((m—1) K>, H)-coloring ¢ of edges of F —{v}.
Let us define a red-blue coloring ¢ of edges of F such that

b0 — {d)l(X) ifx € E(F - (v)).
red if x incident with v.
Thus, ¢ is an (m K, H)-coloring of edges of F, a contradiction. A similar argument
also leads to a contradiction when there exists an ((m — 1)K», H)-coloring of edges
of F — E(K3). Finally, suppose that for some F[Sy,,—1] of F, F — E(F[S2n—1]) does
not contain a graph H. Color all edges of F[S,,—1] with red and otherwise with blue.
We obtain an (m K, H)-coloring of edges of F, a contradiction.
Conversely, suppose that all conditions (i), (ii), and (iii) are satisfied. By applying
Theorem 1(i), we obtain F — (mK»>, H). m]

Theorem 1 may not be easy to apply to a given graph H and an integer m, since there
are many candidates of graphs satisfying the first condition. The following theorem
gives a relationship between graphs in R(m K>, H) and the ones in R((m — 1)K», H).

Theorem 2 Let H be a graph and m > 1 be an integer. If F € R(mK»>, H), then for
anyv € V(F)and K3 C F, both graphs F — {v} and F — E(K3) contain a Ramsey
((m — 1)Ko, H)-minimal graph.

Proof Suppose to the contrary that for some v € V(F), F — {v} contains no G €
R((m — 1)K,, H). This implies the existence of an ((m — 1)K», H)-coloring ¢ of
F — {v}. It means that F — {v} - ((m — 1)K», H). By Lemma 2, F -~ (mK», H),
a contradiction.

Next, the proof for the case of F' — E(K3) containing a Ramsey ((m — 1)K3, H)-
minimal graph for any K3 C F is similar. O

Note that, Theorem 2 can be used to construct a graph F satisfying F — (mK», H)
based on a Ramsey ((m — 1)K, H)-minimal graph. For example, the construction
can be seen in Wijaya et al. [21], where they use it to construct all graphs belonging
to R(3K», K3).

The next two results are similar to Lemma 2 and Theorem 2. We present the property
of a graph F satisfying F — (mK»>, H) based on a Ramsey ((m —2)K,, H)-minimal
graph and the relationship between graphs in R(m K>, H) and the ones in R((m —
2)K»>, H).
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Lemma 3 Let H be a graph and m > 2 be an integer. If F — (mK»,, H), then the
following three conditions hold:

(i) foreveryu,v e V(F), F —{u,v} — ((m —2)K>, H),
(i) foreveryu € V(F)and Kz in F, F — {u} — E(K3) — ((m — 2)K», H),
(iii) for every2Ksin F, F — EQ2K3) — ((m —2)K,, H).

Proof Suppose to the contrary that at least one of three conditions is violated. Suppose
first for some u, v € V(F), there exists an ((m — 2)K,, H)-coloring ¢ of edges of
F — {u, v}. We now define a red-blue coloring ¢ of F such that ¢ (x) = ¢;(x) for all
x € E(F — {u,v}) and ¢ (x) = red otherwise. Thus, ¢ is an (mK,, H)-coloring of
edges of F, a contradiction. A similar argument works for the conditions (ii) and (iii).

O

Theorem 3 Let H be a graph and m > 2 be an integer. If F € R(mK,, H), then
forany u,v € V(F) and tK3 in F witht = 1,2, each of the graphs F — {u, v},
F —{u} — E(K3), and F — E(2K3) contains a Ramsey ((m — 2)K,, H)-minimal
graph.

Proof It follows directly from Lemma 3. O

2.2 Disconnected Graphs in R(mK,, H)

In this section, we show that all disconnected graphs in R(m K>, H) are obtained from
a disjoint union of graphs in R(s K, H) and in R(t K>, H), for any connected graph
H and for every positive integer s, f, and m, where s 4+t = m. Moreover, we show
a class of disconnected Ramsey (m K>, U§:1 H;)-minimal graphs for any connected
graph H;, foreachi € [, ¢].

Theorem 4 Let F' and G be graphs and H be a connected graph. The graph FUG €
R(mK,, H) if and only if F € R(sKa, H) and G € R((m — s)K2, H) for every
positive integer s < m.

Proof Before the details of the proof is given, we begin with some colorings. Let ¢;
be an (s K>, H)-coloring of edges of F' — e and ¢, be a red-blue coloring of edges of
G such that G contains a red (m — s) K7 but it has no blue H.

Suppose to the contrary that F — (sKz, H) and G — ((m — s)K2, H) but
F UG -» (mKy, H). Then there is an (mKj, H)-coloring ¢ of edges of F U G,
namely ¢(x) = @(x) for all x € E(F) and ¢(x) = ¢a(x) for all x € E(G).
Therefore, ¢ must be an (s K>, H)-coloring of edges of F. This leads to a contradiction
with F — (sK»2, H). To prove the minimality, suppose e € E(F U G). It suffices to
consider e € E(F). Now, define ¢ as a red-blue coloring of edges of (F U G) — e
such that ¢ (x) = ¢1(x) forall x € E(F —e) and ¢ (x) = ¢ (x) for all x € E(G).
We obtain an (m K,, H)-coloring of edges of (F U G) — e.

Conversely, suppose to the contrary that F UG € R(mK;, H), F ¢ R(sK,, H)
but G € R((m — s)K,, H) for some positive integer s < m. If F - (sK», H), then
define a red-blue coloring ¢ of F' U G such that ¢ (x) = ¢(x) for all x € E(F) and
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¢(x) = ¢a(x) forall x € E(G). Then ¢ is an (m K, H)-coloring of edges of FF U G,
a contradiction. If F — (sK7, H) but F is not minimal, then there exists a Ramsey
(sK2, H)-minimal graph F* C F. By the first case, we have F* U G is a Ramsey
(mK»>, H)-minimal graph. This contradicts the minimality of F U G. O

For a connected graph H, Theorem 4 shows that the characterization of discon-
nected graphs belonging to R(m K>, H) has completely done. But, characterizing
all connected graphs in R(mK»>, H) is still open. For a disconnected graph H, the
following theorem provides a disconnected graph belonging to R(m K>, H).

Theorem 5 Letm andt be positive integers and H; be a connected graphfori € [1, t].
IfH; # Hj and H; ¢ H; foreveryi # j, andi, j € [1,1], thenm™ € R(mK>, H),
where H = | Ji_, H;.

Proof Observe that mH — (m K>, H). We now prove that for each e € mH, mH —
e - (mKy, H). Observe that mH — e = (m — 1))H U (H — e). We can only consider
when ¢ € H;. Hence, H —e¢ = (H —e) U (U;ZZ Hi). Let us define a red-blue
coloring ¢ of edges of m’H — e such that every edge of H; in (m — 1)(H) is colored
by red and the remaining edges are colored by blue. Under the coloring ¢, the red
subgraph of mH — e is a graph (m — 1)K»> and the blue subgraph of mH — e is a
graph m(U?Z2 H,-) Um(H; — e). Since H; # Hj and H; ¢ H; forevery i # j, and
i, j € [1,1], the graph m(\Ji_, H;) Um(H; — e) does not contain a graph Hj. So, ¢
is an (m K7, ‘H)-coloring of edges of mH — e. O

2.3 Subdivision of Graphs in R(mK;, P3)

In this section, we discuss how to obtain a graph in R((m + 1)K3, P3), namely, by
subdividing one non-pendant edge of a graph in R(m K>, P3). We begin with some
lemmas.

Lemma 4 Let H be a connected graph and m be a positive integer. Suppose F €
R(mK,, H). For each e € E(F), let ¢ be an (nK>, H)-coloring of edges of F — e.
Then there exists ared (im — 1)K, in F — e.

Proof Let F € R(mK»>, H), e € E(F), and ¢ be an (mK,, H)-coloring of edges of
F —e. Clearly, ared (m — 1)K7 in F' — e exists for H = K3, since R(mK», K7) =
{mK>}. We now consider H # K». Suppose to the contrary that the red subgraph of
F — e contains a red (m — 2) K> under coloring ¢. Define ¢ as a red-blue coloring
of edges of F such that ¢(x) = ¢(x) forall x € E(F — e) and ¢ (e) = red. Hence,
¢1 is an (m Ko, H)-coloring of edges of F, a contradiction. O

Lemma 5 Let m be a positive integer, F € R(mK2, P3), and e = uv be an edge in
F for some u,v € V(F). Let ¢ be an (mK», P3)-coloring of edges of F — e. Then u
or v is incident with a blue edge in F — e.

Proof Suppose to the contrary that ¢ is an (m K, P3)-coloring of edges of F — e but
both vertices u# and v are incident with the red edges in F' — e. Define ¢ as a red-blue

coloring of edges of F such that ¢1(x) = ¢(x) forall x € E(F — ¢) and ¢1(e) =
blue. Hence, ¢ is an (m K;, P3)-coloring of edges of F, a contradiction. O
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Lemma 6 Let m be a positive integer and F € R(mK»>, P3). Let e = uv be an edge
of F for some u,v € V(F). The following three statements are equivalent.

(1) There exists an (mK»>, P3)-coloring of edges of F — e.
(ii) There exists a red-blue coloring of edges of F such that F contains a red (m —
1)K> and a unique blue P3 or Py.
(iii) There exists a red-blue coloring of edges of F such that F contains a red mK,
where one independent red edge is represented by a K, but F does not contain
a blue Pj3.

Proof Let ¢ be an (mK»>, P3)-coloring of edges of FF — e. Under the coloring ¢y,
by Lemma 4, F' — e contains a red (m — 1)K», and by Lemma 5, u or v is incident
with a blue edge in F — e. Now, let ¢ be a red-blue coloring of edges of F such
that ¢(x) = ¢1(x) for all x € E(F — ¢) and ¢(¢) = blue. Hence, F contains a
red (m — 1)K, and a unique blue P3 or P4. Next, we change the one of a blue edge
in P3 or the middle blue edge in Py to red ones. Then F contain a red m K, where
one independent red edge is represented by a K, but F does not contain a blue Ps.
Finally, by deleting the one independent red edge e represented by a K>, we obtain an
(mK»>, P3)-coloring of edges of F — e. O

Our final theorem shows that if F € R(mK>, P3), then any graph obtained by
subdividing on one non-pendant edge e of F, for each e € E(F), will be in R((m +
1)K», P3). To do this, we begin with the following definition.

The subdivision (k vertices) of a graph G on the edge e = uv, denoted by SG (e, k),
is a graph obtained from the graph G by removing the edge e and adding k new
vertices wi, wa, ..., wg and (k + 1) new edges uwi, wiws, wrw3, ..., Wr—1 Wk,
wyv. Therefore, SG (e, k) has the vertex set

V(SG(e,k)) = V(G)U{wi, wa, ..., wr}
and the edge set
E(SG(e, k) = E(G —e) U{uw;, wiwy, ..., Wg_| Wk, WiV}.

Let F € R(mK>, P3) and e be a non-pendant edge of F. Suppose that SF (e, 3) is
the subdivision (3 vertices) of a graph F on the edge e. Let SF(3) = {SF(e,3) | e €
E(F) and e is a non-pendant edge}. Then we have the following theorem.

Theorem 6 If F € R(mK>, P3), then SF(3) € R((m + 1)K2, P3).

Proof Let F* € SF(3). Then F* = SF(a,3) for some the subdivided edge a
in F. We will prove that F* € R((m + 1)K,, P3). Suppose first to the contrary
that F € R(mKy, P3) but F* - ((m + 1)K, P3). It means that, there exists an
((m+1)K,, P3)-coloring ¢ of F*. By Lemma4, there exists ared m K> in F*. Then the
edges ai, a», a3, as can contribute to either a red K, or a red 2K». If the edges
ai, az, az, as contribute to a red K», then both edges a; and a4 are not adjacent
to each blue edge in F. Next, replace the edges ai, a», a3, as with the edge a and color
it with blue. Then F contains a red (m — 1)K, but F does not contain a blue P3, a
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contradiction. While, if the edges ay, az, as, a4 contribute to a red 2K», and replace
them with the edge a and color it by red, then F contains a red (m — 1) K but F does
not contain a blue P3, a contradiction. Hence, F* — ((m + 1)K», P3).

It remains to show the minimality of F*. Let e € E(F*). There are two cases:
either e € E(F) or e ¢ E(F) (it means that e is a1, az, a3, or aq). We first consider
e € E(F). Then by Lemma 6(i), there exists an (mK,, P3)-coloring ¢ of F — e.
Under the coloring ¢, the subdivided edge a can have either a red or a blue color,
namely either ¢ (a) = red or ¢1(a) = blue. Let us define ¢ be a red-blue coloring of
edges of F* — e as follows. When ¢ (a) = red, color the edges aj, a3, and as with
red and a; with blue. When ¢ (a) = blue, color the edges a; and a3 with red and a;
and a4 with blue. Otherwise ¢ (x) = ¢1(x). We obtain an ((m + 1) K3, P3)-coloring
¢ of edges of F* — e.

Next, we considere ¢ E(F). Then e can be either a; or as, since a similar argument
works for a3z and a4. We consider e = a;. By Lemma 6(i), there exists an (m K>, P3)-
coloring Y| of F — a. If a; is deleted from F*, then a; is a pendant edge of F* —a;.
We define i as a red-blue coloring of edges of F* — a; such that ¥ (x) = v|(x) for
allx € E(F —a), ¥(a3) = Y¥(as) =red, and ¥ (a2) = blue. By Lemma 6, under the
coloring 1, there exists neither a red (m + 1)K, nor a blue P3 in F* — a;. Hence, ¢
is an ((m + 1)K, P3)-coloring of edges of F* — e. We now consider e = ay. If aj is
deleted from F*, then both a; and a3 are pendant edges of F* —aj;. Let b be an edge of
F which is adjacent to a4. By Lemma 6(i), there is an (m K>, P3)-coloring ¢ of F —b.
Let us define ¢ be a red-blue coloring of edges of F* —ay, such that p(a;) = ¢(a3) =
blue, p(as) = ¢(b) = red, and otherwise ¢(x) = @1(x). By Lemma 6, the edge a
is not adjacent to a blue edge. Thus, ¢ is an ((m + 1)K;, P3)-coloring of edges of
F* — ap. Hence, for each e € E(F™*), there exists an ((m + 1)K», P3)-coloring of
edges of F* —e. O
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