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Communicated by Weifan Wang

Let G = (V, E) be a simple, finite, undirected, and connected graph with vertex set
V (G) and edge set E(G). A bijection l : V (G) → {1, 2, . . . , k} is label function l if
opt(l) = min{max(li) : li vertex irregular labeling} and for any two adjacent vertices
u and v, w(u) ≠ w(v) where w(u) =

P
v∈N(u) l(v) and N(u) is set of vertices adjacent

to v. w is called local irregularity vertex coloring. The minimum cardinality of local
irregularity vertex coloring of G is called chromatic number local irregular denoted by
χlis(G). In this paper, we verify the exact values of volcano, broom, parachute, double
broom and complete multipartite graphs.

Keywords: Local irregular; chromatic number; chromatic number local irregular.
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1. Introduction

Let G = (V, E) be a simple, finite, undirected, and connected graph with vertex set
V (G) and edge set E(G). The distance irregular vertex k-labeling l is an assignment
l : V (G) → {1, 2, . . . , k} such that for two distinct vertices u and v in G, w(u) ̸=
w(v), where w(u), a weight of u, is the sum of the labels of all vertices distance
1 from u (or neighbor of vertex u). Thus, this labeling gives a condition that all
weights of the vertices are not the same. This concept is introduced by Slamin
[6]. For the development of this concept, Kristiana et al. [3] considered another
condition for any two adjacent vertices having to different weights. This concept is
named as local irregularity vertex coloring of graph. In future discussion, we will
explain about the local irregularity vertex coloring of graphs. Formally, they state
in the following definition.

Definition 1.1 ([3]). By the local irregularity vertex coloring, we recall a bijection
l : V (G) → {1, 2, . . . , k} is called vertex k-labeling and w : V (G) → N, where
w(u) =

∑
v∈N(u) l(v). A condition for w to be local irregularity vertex coloring if

(i) opt(l) = min{max{li}; li vertex irregular labeling}
(ii) for every uv ∈ E(G), w(u) ̸= w(v).

Definition 1.2 ([3]). The chromatic number of local irregular of G, denoted by
χlis(G), is the minimum cardinality of the largest label over all such local irregularity
vertex coloring.

Lemma 1.3 ([3]). Let G be a simple and connected graph, χlis(G) ≥ χ(G).

There are some results of this coloring. Kristiana et al. [2–4] presented the exact
value of the local irregular chromatic number of some of graphs as follows: bipartite
complete graph K{n,m}, the chromatic number local irregular is χlis(K{n,m}) = 2;
fan graph Fn, where n ≥ 4, the chromatic number local irregular is χlis(Fn) = 4;
and square book graph Bsn where n ≥ 2, the chromatic number local irregular is
χlis(Bsn) = 4. Then, Nadia et al. [1] presented the exact value of the chromatic
number local irregular of Hn graph, where n ≥ 2, the chromatic number local
irregular is χlis(Hn) = 4.

Umilasari et al. [7] presented the exact value of vertex shackle product graphs
as follows.

(a) Let Shack (Sn, v, m) be the vertex shackle of m star Sn for m ≥ 2 and n ≥ 3,
the chromatic number local irregular is χlis(Shack(Sn, v, m)) = 3.

(b) Let Shack (Kn, v, m) be the vertex shackle of m complete graphs Kn for m ≥ 2
and n ≥ 3, the chromatic number local irregular is χlis(Shack(Kn, v, m)) = n.

(c) Let Shack (Wn, v, m) be the vertex shackle of m wheels Wn for m ≥ 2 and
n ≥ 3, the chromatic number local irregular is χlis(Shack(Wn, v, m)) = 4 for n
even and χlis(Shack(Wn, v, m)) = 5 for n odd.

We refer to [5] for the other terms and notations.

2250022-2
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2. Main Result

In this section, we investigate the chromatic number local irregular of some special
graphs, i.e., volcano, parachute, broom, double broom and multipartite graph.

Volcano graph, denoted by Vn, is a graph constructed by a cycle C3 and Kn

where one vertex of C3 is adjacent to all vertices of Kn.

Theorem 2.1. If Vn be a volcano graph with n ≥ 2, then χlis(Vn) = 4.

Proof. Let V (Vn) = {xi | 1 ≤ i ≤ 3} ∪ {yi | 1 ≤ i ≤ n} and E(Vn) = {x1x2 , x2x3 ,
x3x1} ∪ {x2yi | 1 ≤ i ≤ n} be vertex set and edge set of Vn, respectively. First, we
show the lower bound χlis(Vn) ≥ 4. If each vertex receives label 1, we get w(x1 ) =
w(x3 ) = 2. It contradicts with Definition 1.1. It must be max(li) ≥ 2. Choose
opt(l) = 2. For any 2-labeling l, we know w(yi) = l(x2 ) < w(xj) for j ∈ {1, 3}. It
means w(yi) ̸= w(x1 ) ̸= w(x2 ) ̸= w(x3 ). So, we get χlis(Vn) ≥ 4. Next, we show the
upper bound value of χlis(Vn). Define a 2-labeling l by formula l(x1 , x2 , x3 , yi) =
(1, 1, 2, 1). This labeling gives the weights w(x1 , x2 , x3 , yi) = (3, n + 3, 2, 1). We
obtain χlis(Vn) ≤ 4. Combining with the lower bound, we get the exact value
χlis(Vn) = 4.

Parachute graph, denoted by PCn, is a graph constructed by a cycle C2n and
K1 where the first n vertices of Cn are adjacent to K1 . The chromatic local irregular
of this graph is given by the following theorem.

Theorem 2.2. If PCn is a parachute graph for n ≡ 0, 1 (mod 4) then χlis

(PCn) = 3.

Proof. Let V (PCn) = {c} ∪ {xi, yi | 1 ≤ i ≤ n} and E(PCn) = {cxi | 1 ≤ i ≤
n} ∪ {x1y1 , xnyn} ∪ {xixi+1 , yiyi+1 | 1 ≤ i ≤ n − 1}. If each vertex is labeled by 1,
then w(y1 ) = w(y2 ) = 2. We get a contradiction with Definition 1.1. So, it must be
max(li) ≥ 2. Choose opt(l) = 2. Clearly, Lemma 1.3 implies χlis(PCn) ≥ 3. Then,
we prove that χlis(PCn) ≤ 3. Divide into two cases.

Case 1. For n ≡ 0 (mod 4).
Define a 2-labeling l by formula l(x1 , x2 , x3 , x4 , x5 , x6 , x7 , x8 , . . .) = (1, 1, 1, 2,
1, 1, 1, 2, . . .), l(y1 , y2 , y3 , y4 , y5 , y6 , y7 , y8 , . . .) = (2, 2, 2, 1, 2, 2, 2, 1, . . .) and l(c) = 1.
By this labeling, we have w(x1 , x2 , x3 , x4 , . . .) = (4, 3, 4, 3, . . .), w(y1 , y2 , y3 , y4 , . . .)
= (3, 4, 3, 4, . . .) and w(c) = 5n

4 . So, we have χlis(PCn) ≤ 3.

Case 2. For n ≡ 1 (mod 4).
Use the 2-labeling l by formula l(x1 , x2 , x3 , x4 , x5 , x6 , x7 , x8 , . . .) = (2, 1, 1, 1, 2,
1, 1, 1, . . .), l(y1 , y2 , y3 , y4 , y5 , y6 , y7 , y8 , . . .) = (1, 2, 2, 2, 1, 2, 2, 2, . . .) and l(c) = 1.
This labeling gives the vertices weights w(x1 , x2 , x3 , x4 , . . .) = (3, 4, 3, 4, . . .),
w(y1 , y2 , y3 , y4 , . . .) = (4, 3, 4, 3, . . .) and w(c) = 5n+3

4 . So, we have χlis(PCn) ≤ 3.
From the two cases above, combine the lower bound and the upper bound, which

have been found, then χlis(PCn) = 3 for n ≡ 0, 1 (mod 4),

2250022-3
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Next, we determine the chromatic number local irregular of broom graph. A
broom graph, denoted by Bn,m, is a graph which is constructed by a path Pm

where one of the end vertices is incident to n − m pendant edges.

Theorem 2.3. If Bn,m is a broom graph with n − m ≥ 4 and m ≥ 4, then
χlis(Bn,m) = 4.

Proof. Let vertex set of Bn,m be given by V (Bn,m) = {xi | 1 ≤ i ≤ m}∪ {yi | 1 ≤
i ≤ n − m} such that the edge set be E(Bn,m) = {xixi+1 | 1 ≤ i ≤ m − 1}∪{x1yi | 1 ≤
i ≤ n − m}. If each vertex in Bn,m receives label 1, then w(x2 ) = w(x3 ) = 2. But,
that is not allowed by Definition 1.1. So, it must be max(li) ≥ 2. Choose opt(l) = 2.
For any 2-labeling l, we know that w(x1 ) ≥ n − m + 1 and w(xm) = l(xm−1 ) <
w(xm−2 ). It forces the condition w(xm) ̸= w(xm−1 ) ̸= w(xm−2 ) ̸= w(x1 ). There-
fore, χlis(Bn,m) ≥ 4. Now, we show that χlis(Bn,m) ≤ 4. Define 2-labeling l by
l(x1 , x2 , x3 , x4 , . . . , xm−1 ) = (2, 1, 2, 1, . . . ), l(xm) = 2 and l(yi) = 1. Furthermore,
we have the weights w(x1 ) = n − m+1, w(x2 , x3 , x4 , x5 , . . . , xm−2 ) = (4, 2, 4, 2, . . .),
w(xm−1 , xm) = (3, 2) for m is even, w(xm−1 , xm) = (4, 1) for m is odd and
w(yi) = 2. Consequently, the upper bound is χlis(Bn,m) ≤ 4. Thus, χlis(Bn,m) = 4.

Theorem 2.4. If n − m ≥ 2 and m = 3, then χlis(Bn,m) = 3.

Proof. Use 1-labeling on this graph.

A double broom graph, denoted by DBn,m, is a graph which is constructed by a
path Pm where the first and the last end vertices are incident to n−m

2 pendant edges,
respectively. This following theorem gives an exact value of chromatic number local
irregular of double broom graph.

Theorem 2.5. If DBn,m is a double broom graph, where n−m
2 ≥ 4 and m is odd,

m ≥ 5, then χlis(DBn,m) = 3.

Fig. 1. The chromatic number local irregular B12 ,6 be a broom graph with n−m = 6 and m = 4,
then χlis(B12 ,6 ) = 4.

2250022-4
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Fig. 2. The chromatic number local irregular DB17 ,5 be a broom graph with n−m = 6 and m = 5,
then χlis(DB17 ,5 ) = 3.

Proof. We define the vertex set of DBn,m as V (DBn,m) = {xi | 1 ≤ i ≤ m} ∪
{yi | 1 ≤ i ≤ n−m

2 } ∪ {zi | 1 ≤ i ≤ n−m
2 } and the edge set as E(DBn,m) =

{xixi+1 | 1 ≤ i ≤ m − 1} ∪ x1yi | 1 ≤ i ≤ n−m
2 } ∪ {xmzi | 1 ≤ i ≤ n−m

2 }. If we
use 1-labeling, we get w(x2 ) = w(x3 ) = 2. Contradiction with Definition 1.1. It
must be max(li) ≥ 2. Choose opt(l) = 2. We know that for any 2-labeling, it
is clearly that the weight of x1 and xm is greater than the other vertices. Also,
we avoid two adjacent vertices to receive the same color. This condition requires
w(x1 ) ̸= w(x2 ) ̸= w(x3 ). So, we obtain the lower bound χlis(DBn,m) ≥ 3. Now,
put 2-labeling l on DBm,n by rules l(x1 , x2 , x3 , x4 , . . . , xm) = (2, 1, 2, 1, . . . , 2) and
l(yi) = l(zi) = 1. By this labeling, the vertices weights are w(x1 ) = w(xm) =
n−m

2 + 1, w(x2 , x3 , x4 , x5 , . . . , xm−1 ) = (4, 2, 4, 2, . . . , 4) and w(yi) = w(zi) = 2.
It shows χlis(DBn,m) ≤ 3. Combining with the upper bound above, we then have
χlis(DBn,m) = 3.

Theorem 2.6. If m = 3 and n−m
2 ≥ 2, then χlis(DBn,m) = 3.

Proof. Use 1-labeling on this graph.

A complete multipartite graph, denoted by Kn1,n2,...,nm , is a graph which has
a set of graph vertices decomposed into m disjoint sets such that no two ver-
tices within the same set are adjacent and every pair of vertices in the m sets is
adjacent.

Theorem 2.7. Let n1 , n2 , . . . , nm be positive integer numbers, if Kn1,n2,...,nm is a
complete multipartite graph for m ≥ 2, then χlis(Kn1,n2,...,nm) = m.

Proof. For simplify, we assume G = Kn1,n2,...,nm . Let the vertex and the edge set
of G be V (G) =

⋃m
j=1 Vj where Vj = {vj

i | 1 ≤ i ≤ nj} and E(G) = {vj
i v

t
s | 1 ≤ i ≤

nj, 1 ≤ s ≤ nt, 1 ≤ j ̸= t ≤ m}. Clearly, for each u, v ∈ Vj with j ∈ {1, 2, . . . , m}, we
have w(u) = w(v). It means that if there is a vertex irregular k-labeling of G, then
we can conclude χlis(G) ≤ m. Also, we have χlis(G) ≥ m by Lemma 1.3. Therefore,
if there exists some k such that opt(l) = k, then χlis(G) = m. It is important to show
the existence of such k number. We show that opt(l) ≤ m. Without loss generality,

2250022-5
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suppose that n1 ≤ n2 ≤ · · · ≤ nm. Label the vertices of G with l(u) = j for every
u ∈ Vj and j ∈ {1, 2, . . . , m}, then we obtain w(u) ̸= w(v) for each uv ∈ E(G). So,
we get χlis(G) = m. Suppose that opt(l) = m − 1, then there are two possibilities:
(i) for each uv ∈ E(G), w(u) ̸= w(v) that is the graph G has a vertex irregular
(m − 1)-labeling, or (ii) there is an uv ∈ E(G) satisfying w(u) = w(v) for any
(m − 1)− labeling that requires opt(l) = m. Similarly, suppose that opt(l) = m − 2
then also we have the condition either: (i) for each uv ∈ E(G), w(u) ̸= w(v), for
some vertex irregular (m − 2)-labeling of G, or (ii) there is an edge uv such that
w(u) = w(v) for any (m − 2)-labeling that forces m − 1 ≤ max(l) ≤ m. By continuing
this process, we certainly obtain opt(l) = k for some k ∈ {1, 2, . . . , m}. The existence
of the value k has been shown. Thus, we can conclude χlis(Kn1,n2,...,nm) = m.
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