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ABSTRACT

This study involves a non-linear partial differential equation known as Richard’s Equation. An unsteady infiltration
from trapezoidal periodic irrigation channel with root-water uptake is considered as the problem. To solve the problem,
A set of transformations, Kirchhoff transformation, dimensionless variables, Batu’s transformation and Laplace
transformation, are employed to transform Richard’s Equation into a modified Helmholtz equation. Finally, the
transformation is solved numerically using The Dual Reciprocity Method (DRM) with a predictor-corrector scheme.
Employing Gaver-Stehfest formulae and diffusivity factor, distributions of root water uptake process are obtained as

sink term of the problem.
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1. INTRODUCTION

The problems of unsteady water infiltration from
surface irrigation channels were studied by numerous
researchers. Basha [1] studied multidimensional
linearized nonsteady infiltration with prescribed
boundary conditions at the soil surface. Barry and
Parlange [2] considered Infiltration subject to time-
dependent surface ponding. Clements and Lobo [3]
examined A BEM for time-dependent infiltration from
an irrigation channel. In the previous reasearch, Zahroh
and Sholekhudin [4] have considered solution time
dependent infiltration at actual times by determining
soil water diffusivity according to Chaudhari and
Somawanshi [5]. However, the water absorption of
plant roots or root water uptake process including
unsteady infiltration was not taken under
consideration.

The present paper employs solutions to the problem
of the root water uptake process from different types of
homogeneous soil in unsteady infiltration. A
mathematical model to govern the problem is a
Richard’s Equation. By using a set of transformations
including Laplace Transform, the governed equation is
transformed into a modified Helmholtz Equation
which is solved numerically by employing Dual

Reciprocity Method (DRM) with a predictor-corrector
scheme simultaneously. Finally, the numerical
solutions are obtained by Gaver-Stehfest formulae and
diffusivity factor, until reaching the steady condition in
actual times. The numerical solutions are then applied
to examine the root water uptake process.

2. METHOD

The homogeneous soils considered in this study are
clay-loam, clay soils, and silt-loam with trapezoidal
channel irrigation furrows. The channels are assumed
identical and sufficiently long which are kept full filled
with water. It is also assumed no flux from the outside of
the surface channel. A row of crops is planted
equidistance between two contiguous channels. From the
situations, the processes of root water uptake from
unsteady infiltration are observed.

2.1. Model Formulation

Referred cartesian system OXYZ consider the
homogeneous soil lying in Z > 0 region as the positive
direction. Since it was assumed OY —direction does not
vary in geometrical shapes, the infiltration process may
be assumed as two-dimensional flow. Besides that,
Figure 1 of the problem described the plane X =
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#100k for k = 0,1,2, ... issymmetrical. Hence, region
R Dbounded by semi-infinite boundary C such
0<X<100 cmand Z>0 is sufficiently considered as the
domain of the problem, Figure 1 The distance between
the center of a channel and the closest crops is L + D.

Following Batu [7], we assume limg—izo and

lim E = 0 .For the root zone of crops, the transpiration

Z—00

process, the maximum rooting depth, and the maximum
rooting width are respectively denoted by 2Lt,Zm and
2Xm.
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Figure 1 Geometry of periodic trapezoidal channels with
the root water uptake.

2.2. Basic Equation

Model of water flow in unsaturated soils for unsteady
infiltration with root water uptake is given by

0 _ P oy
7 = o (KW 30) + 5 (K@) ) -
aK(w) _ Sz, 1/;)
Where 6 (-) is water content in the soil, T(T) is the time
of infiltration, K(LT™?) is the hydraulic conductivity,

(L) is the suction potential, and S(T?) is root water
uptake function.

@

Model of root water uptake is defined as

Lt ﬁ(X, Z)Tpot
Zm L+D -
e B(X,Z) dX dz

SX.Z,y) =vy(®) )

Here, y € [0, 1] is the water stress response function
L¢(L) is soil surface width of transpiration process, Ty
(LT) is potential transpiration, and B(X, Z)(L?) as the
spatial root-water uptake distribution is formulated by

B(X,Z) = (1 —L“:n") (1 —%) x
(e (5_51|Z z|+)’(’;‘1|x —(L+D—X)|)).

for L+D—-X, <X<L+D,and0<Z<Z, where
Px, Pz, X*, Z* are fitting parameters.

The matrix flux potential or MFP (L?T"1) is obtained
using Kirchhoff transformation defined by

6 =[* K(s)ds.
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Where K (1) = Kse®¥, a(L?) is an empirical parameter
and Kg(LT-1) is the saturated hydraulic conductivity.

As discussed by Solekhudin and Ang [6], For The
Equation % can be expressed as

96 1 06
oT  D(8)dT
Then, Equation (1) can be transformed to

1 00 aze 0% _ 00
D@YaT _ox2 a2z %oz
—S(X, Z,9).

The diffusivity may be assumed constant d [6] and the
suction potential is

1 [SLod
'(l} = ;ln (K_S)
Applying dimensionless variable

7o a a
(p(x’Z’t)zvo_L’ XZEXJ ZZEZ;LLZ
a?d

4

)

21 2 21

u= U, v= Vi & =

voal voal

voalL
and the transformation
@ = xe.
We obtain the equation as below
ax 0°x  0°x

ot oz a2 X ®)
— 1 (s (%, 2)e7*
where

" o 1 avgLye™%
Y(X)_y(aln( 7Kg ))
and s,,"(x, z) is similar to Solekhuddin and Ang [8]

18" (x,2) Tpot

S X,Z —
m'(%,2) = “szmf B*(x,z) dx dz Vo

with
p*(x,z) = (1 — bx_ x) (1 — i) e—a(fxlx -(b- ac)|+’JZ |z* Z|)

m Zm

forb—x, <x<b and0<z <z,

a a
here, I, = ;Lt, = ;x*, 7R — EZ*, X = ;Xm,

a

a
i = 2 pe = $Pp, = SR, D = (L4 D)

Then, suction potential can be expressed ad

1 javylye™
)
v a n K

We first consider the nonlinear term y*(y) as a
constant. Making use of Laplace transform
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¢(x,2,5) =J-e_“)((x,z, t)dt
0
with the initial condition
x(x,2,0) =0

Equation (3) can be transformed into a modified
Helmholtz equation as below

0% 9%
Eror P G

e zZ
+TV*(X)Sm*(x: z)

Using the set of transformations above, the boundary
conditions for unsteady infiltration with root water
uptake are expressed by

(4)

% _ 2T -

a - ¢n2 + alLs e z Cl’ (5)
d

2=—¢ C, and Cs, (6)
a

2=0 C; and C,. @

The term n, in boundary condition Equation (5) is the
vertical component normal vector region R.

2.3. The DRM with A Predictor-Corrector
Scheme

The integro-differential equation of the modified
Helmholtz Equation (4) and the boundary conditions
Equation (5)-(7) is

AEMPEn,s) =

-1 ( b(2,5) aY(XéZn 6D

Y(x,z; ¢,0) a¢(6xr,1z,s)) ds(x,z) +

[, YCoz5 6.0 (551 (0sm™ () + (1 +

s)p(x, z, s)) dxdz.

®)

Where Y(x, z; ¢, ) is the fundamental solution of two-
dimensional Laplace equation and

A, ) = {% (¢,m) on smooth Part of C
1 (¢,m) on domain R.

Equation (8) can be solved numerically using DRM
and a predictor-corrector scheme simultaneously. The
function y*(y) is determined by using a predictor-
corrector scheme. The procedure can be referred to [9]
for the detailed method. The process will be stopped until

“(0) _ o+

I-V+My} —yj_1|=6<s

i=1

to acquire the convergence condition.

The numerical results of this problem are obtained in
the Laplace domain. Then, the dimension MFP numerical
value is determined by employing The Stehfest formulae
as inverse of Laplace transform. The formulae are
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log(2
x(x,z,6) = B2 32 K, p(x,2,5).

Where

5p = plogt(Z), Kp — (_1)(p+P) x

Zmin(p,P) m?2(2m)!
m:pTH (P—-m)!m!(m-1)!(p—-m)!(2m—p)!

p, P are positive integers, P = %p

Based on dimensionless variable t =
2

“4—dT and d is water diffusivity factor of
soils.

3. RESULT AND DISCUSSION

This section describes the numerical result through a
problem of root water uptake process for different types
of homogeneous soil in unsteady infiltration. The
explained methods in the previous section evaluate the
unsteady infiltration for clay-loam, clay, and silt-loam
homogenous soils. The hydraulic properties of soils
based on Warrick’s study [10] and the soil water
diffusivity according to Chaudhari and Somawanshi [5]
are presented in Table 1.

Table 1. Values a, Ks and D

a(m™)  Ks(cm/day)  D(cm’min)
clay-loam  1.9x10? 6.24 3,3x10°6¢3646v
silt-loam 2x1072 10.8 4.8x10221.96v
clay 8x1073 48 4.39x 1083830V

Here, Ov is the saturated volumetric water content of
soils. the values are 0.5 for clay-loam, 0.4 for silt-loam
and 0.6 for clay. Corresponding values of TEC and SAR
to determine D(@) are 5 meq I* and 5 m mol*? |12,
respectively.

For the root zone of crops, we set Lt =Xm =
50 cm and Zm = 100 cm as reported by Vrugt [9]. The
fitted parameters of the root zoneare X* = 0 cm, Px =
1.00 , Z* = 20cm , and Pz = 1.00. Potential
transpiration in this study is set to be 0.4 cm/day The
relation between root-water stress response function, y
and suction potential, s, is the same as that reported by
Utset et al [11].

The Laplace Transform of DRM with a predictor-
corrector needs discretization for boundary (N) and
interior points (M). After performing several
computational experiments, we set N = 407, M = 899 for
Clay, N =401, M = 892 for Clay-Loam, and Silt-Loam.

3.1. MFP and Root-Water Uptake Process

The numerical results of the water absorption effect
by crop roots are obtained by comparing the MFP value
from the corresponding problem with and without root-
water uptake process. The MFP are evaluated from time

115


http://repository.unej.ac.id/
http://repository.unej.ac.id/

ATLANTIS

PRESS

to time until reaching the steady condition for Clay-Loam
Silt-Loam and Clay Soils. The results obtained are
presented in Figure 2- Figure 4

7 = 150cm

———

Z = 270cm
Figure 2 Variation of MFP with T for infiltration with
root-water uptake (solid lines), and without root-water
uptake (dashed lines) in Clay-Loam soil at three
locations along Z-axis.

f—
[:]
o/ .
/ O A=Sm
Z =270cm

Figure 3 Variation of MFP with T for infiltration with
root-water uptake (solid lines), and without root-water
uptake (dashed lines) in Silt-Loam soil at three locations
along Z-axis.

Z =270cm

Figure 4 Variation of MFP with T for infiltration with
root-water uptake (solid lines), and without root-water
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uptake (dashed lines) in Clay soil at three locations along
Z-axis.

The Figure 2 - Figure 4 show the variation of MFP as
T increases in Clay-Loam, Silt-Loam, and Clay soils, for
infiltration with and without root-water uptake along with
three different locations, Z =30cm, Z = 150cm
and Z = 270cm, respectively. For each horizontal
location, three points are selected such one point
equidistant from two boundaries (X = Ocm and X =
100cm), at X = 50cm, and the others near to the
boundary,at X = 10cmand X = 90cm.

These figures present the difference in MFP between
infiltration with and without root-water uptake increases
as X increases. It describes when the distance from the
plant decreases, the difference in MFP rises. This implies
that the water-uptake process of crop roots at a point near
the plant is higher than those at points further. In other
words, the maximum uptake is the nearest to the plant.

Comparing the infiltration process between three
homogeneous soils in Figure 2 - Figure 4, It can be seen
that the difference MFP values between infiltration with
and without root-water uptake the highest to the lowest
respectively are in Figure 4, Figure 2, and Figure 3. In
other words, the root water uptake process or the total
amount of water absorbed among the three homogeneous
soil, Clay gives the highest and Silt-Loam gives the
lowest. Based on the hydraulic properties of soils, The
empirical parameter of soil, «, indicates the coarseness
texture of the soil. The greater value of « gives the more
coarseness texture of soil. As given in Tabel 1, These
results imply that the root-water uptake process in finer
soil types provide higher amount of water absorbed than
those coarser.

3.2. Distribution of Root Water Uptake in The
Root Zone

The estimation of distribution root water uptake is
evaluated to obtain the amount of water absorbed for each
zone by crop roots in three types of homogeneous soils.
To estimate the actual amount of water absorbed by
crops, parameters are transformed back using the
dimensionless variables. Then, Equation (2) as the sink
term of Equation (1) is used to determine the S value.

In this study, the root zone is defined by
{(X,2) :50 cm <X <100 cmand 0 <Z <100 cm}.

hbh

T = Z‘i{ours T = 4 hours
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Figure 5 Surface plot of root uptake function for Clay-
Loam soil at two times.

1]

T = 2 hours T = 4 hours

Figure 6 Surface plot of root uptake function for Silt-

Loam soil at two times.

T = 2 hours T = 4 hours

Figure 7 Surface plot of root uptake function for Clay
soil at two times.

Figure 5- Figure 7 visualize the root water uptake in
two similar times of unsteady infiltration in order to
compare the water distribution among Clay-Loam, Silt-
Loam, and Clay soils. From the figures, it can be seen that
the maximum uptake occurs at the point about X = 100
cm from the line Z = 0 cm until Z = 20 cm from the
surface of the soil. These results are suitable to fitting
parameters of root-uptake function according to X* =
0cm,and Z* = 20 cm. It can also be seen that value
of S decrease as T increases, at any point in the root zone.

100,

Zone A Zone B

Z (cm) s0

Zone D Zone C
Y (ecm)

100
50 75 100

X (cm)

Figure 8 Four zones of root water uptake.

To examine the difference in the total amount of water
absorbed between such regions quantitatively, this root
zone with a length of 100 cm along OY direction is
considered and then divided into four zones, namely
Zone A, Zone B, Zone C, and Zone D which illustrated
by Figure 8

Advances in Computer Science Research, volume 96

Zone A = {(X,Y,2): 50cm < X < 75cm,0 <
Y < 100cm,and 0 < Z < 50 cm},

Zone B = {(X,Y,Z2): 75cm £ X £ 100cm,0 <
Y < 100cm,and 0 < Z < 50 cm},

Zone C = {(X,Y,Z2): 75cm < X < 100cm,0
Y < 100cm,and 50 cm < Z < 100 cmj},

Zone D = {(X,Y,Z): 50cm < X < 75cm,0 <
Y < 100cm,and 50 cm < Z < 100 cm}.

A

The formulae used to compute the total amount of water
absorbed from Zone A, Zone B, Zone C, and Zone D, are
50 75

100><f fS(X,Z,LIJ) dX dz, 9)

0 50
50 100

100 x f f S(X,Z, ) dX dZ, (10)

0 75
100 100

100 x f f S(X,Z, ) dX dz, (11)

50 75
100 75

100 x j f S(X,Z, ) dX dZ. (12)
50 50
The function S can only be estimated numerically
because the water-stress response function, y(y), may not
be determined analytically. Thus, each zone is divided
into 50 x 50 rectangular region with breadth Ax and
length Az, to compute Equation (9)-(12) numerically.
Hence, Equation (9)-(12) may be approximated by
50 50
100 x Z Z SijAx;Az; (13)
j=1i=1
where S;; is the value of S at one corner of the rectangular
region at i-th row and j-th column, and Ax; = Ax and
Az; = Az are the breadth and the length of this
rectangular regions.

Employing Equation (13), the numerical results of the
water uptake or the total amount water absorbed by crop
roots at 2 hours and 4 hours are given in Table 2.
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Table 2. Root water uptake at different zone in three
different types of homogeneous soils

The total amount of water absorbed by crop
roots (cm3/day)

t(time)  ZoneA ZoneB  ZoneC ZoneD Total
2 13173 676.35 129.06 26.50 963.64
c 4 130.67 67029 12745 26.2 954.61
2 12378 63442 119.98 24.63 902.80
- 4 12333 631.91 119.30 24.50 899.04
2 174.29 790.72  517.96 113.19 1596.15
¢ 4 172.4 790.71 509.23 106.98  1579.32

Table 2 shows the root water uptake from Zone B is
much higher than those from other zones. Visually, it can
be seen from Figure 6 — Figure 8. Besides that, the
amount of water absorbed by crop roots decreases as T
increases.

The total amount of water absorbed by crop roots
from Clay-Loam, Silt-Loam, and Clay soils at 2 hours
over are 963.64 cm®/day, 902.80 cm®/day, 1579.32
cm®/day, and at 4 hours are 954.61cm®/day,
899.04cm®/day, 1579.32cm®/day. In other words, The
total amount of root water uptake from higher to lower
respectively are Clay > Clay — Loam > Silt — Loam.
As expected from the previous discussion, these
numerical values indicate that crops absorb more water
from finer soils than coarser soils.

4. CONCLUSION

A problem of root water uptake process from different
types of homogeneous soil in unsteady infiltration has
been solved numerically. The numerical method are dual
reciprocity method with a predictor-corrector scheme in
the Laplace domain. After the governing equation is
solved numerically, Stehfest formulae and diffusivity
factor are employed to obtain MFP in actual time until
going steady. Finally, MFP are used to estimate the root
water uptake or the water absorption by crop roots in two
times to compare the numerical result between three
types of homogeneous soils.

The results indicate that the water-uptake process of
crop roots at a point near the plant is higher than those at
points further. In other words, the maximum uptake is the
nearest to the plant. From a time-dependent perspective,
the amount of water absorbed by crop roots decreases as
time increases. Besides that, these results also imply that
the root-water uptake process in finer soil types provide
higher amount of water absorbed than those coarser.
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