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Preface: International Conference on Science and
Applied Science (ICSAS) 2018

International Conference on Science and Applied Science (ICSAS) 2018 was held at the Solo
Paragon Hotel, Surakarta, Indonesia on 12 May 2018. The ICSAS 2018 conference is aimed
to bring together scholars, leading researchers and experts from diverse backgrounds and
applications areas in Science. Special emphasis is placed on promoting interaction between
the science theoretical, experimental, and education sciences, engineering so that a high level
exchange in new and emerging areas within Mathematics, Chemistry, Physics and Biology,
all areas of sciences and applied mathematics and sciences is achieved.

In ICSAS 2018, there are eight parallel sessions and four keynote speakers. It is an honour to
present this volume of AIP Conference Proceedings and we deeply thank the authors for their
enthusiastic and high-grade contribution. From the review results, there are 166 papers which
will be published in AIP Conference Proceedings We would like to express our sincere
gratitude to all in the Programming Committee who have reviewed the papers and developed
a very interesting Conference Program, as well as thanking the invited and plenary speakers.
Finally, we would like to thank the conference chairman, the members of the steering
committee, the organizing committee, the organizing secretariat and the financial support
from the Sebelas Maret University that allowed ICSAS 2018 to be a success.

The Editors

Prof. Dra. Suparmi, M.A., Ph.D
Dewanta Arya Nugraha, S.Pd., M.Pd., M.Si.

International Conference on Science and Applied Science (ICSAS) 2018
AIP Conf. Proc. 2014, 010001-1-010001-1; https://doi.org/10.1063/1.5054403
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The lower bound of the r-dynamic chromatic number of
corona product by wheel graphs

Arika Indah Kristiana'***, M. Imam Utoyo™”, Dafik'*®

'CGANT University of Jember Indonesia
’Mathematics Edu. Depart. University of Jember Indonesia
*Mathematics Depart. University of Airlangga Surabaya Indonesia

“Corresponding author: arikakristiana@gmail.com

L) m.iutoyo@fst.unair.ac.id
9 d.dafik@unej.ac.id

Abstract. The dynamic coloring of a graph G is proper coloring such that every vertex of G with degree has at least two
neighbors that are colored differently. A generalization of the dynamic coloring was also introduced by Montgomery in
[12], the generalized concept is called -dynamic k-coloring. An r-dynamic coloring of a graph G is a proper coloring ¢ of
the vertices such that [¢(N(v)| = min{r,d(v)}, for each v €/(G). The r-dynamic chromatic number of a graph G,
denoted y,(G) is the smallest k such that ¢ is an r-dynamic & coloring of G. We will find the lower bound of the r-
dynamic chromatic number of graphs corona wheel graph and some new results the exact value of 7-dynamic chromatic
number of corona graphs. In this paper, we study the lower bound of y,.(HOWy,), x»(W,®H) and we also prove the
exact value of r-dynamic chromatic number of some graphs.

INTRODUCTION

Let G be a graph. We denote the vertex set and the edge set of G, by V(G) and E(G), respectively. Thus for a graph
G, A(G), &(G) denote the maximum degree and the minimum degree of G, respectively. For v € V(G), let N(v)
denote the set of vertices adjacent to v in G, and d(v) = |[N(v)|. Vertices in N(v) are neighbors of v. The dynamic
coloring of a graph G is proper coloring such that every vertex of G with degree has at least two neighbors that are
colored differently. A generalization of the dynamic coloring was also introduced by Montgomery in [12], the
generalized concept is called r-dynamic k-coloring. The chromatic number of a graph G, denoted x,(G) is the
smallest & such that ¢ is an »-dynamic k coloring of G. The r-dynamic chromatic number has been studied by several
authors, for instance in [2], [3], [4], [5] and [9]. The following observations are immediate from the definition of -
dynamic coloring introduced by Montgomery [12] and the definition of corona product.

Observation 1 Let A(G) be the maximum degree of graph G. It holds y,.(G) = min{r, A(G)} + 1

Observation 2 Let G = G;®G, be corona product, then we have 8(G) = 8(G,) + | and A(G) = A(G)) + [(Gy)),
where A(G) is maximum degree of G and 6(G) is minimum degree of G.

Observation 3 Let graph W, be the r-dynamic chromatic number:

3, forneven
Xr=125(Wh) = {4, for n odd
r+1, forn=3kk>1
Xr=a5s(Wp) = { 6, forn=5
5, for n otherwise
r+1, for6<r<n+1

X’"(W")z{n+2, forr=n+ 2

International Conference on Science and Applied Science (ICSAS) 2018
AIP Conf. Proc. 2014, 020054-1-020054-7; https://doi.org/10.1063/1.5054458
Published by AIP Publishing. 978-0-7354-1730-4/$30.00

020054-1


mailto:arikakristiana@gmail.com
mailto:m.i.utoyo@fst.unair.ac.id
mailto:d.dafik@unej.ac.id
http://repository.unej.ac.id/
http://repository.unej.ac.id/

Alishahi, in [4] introduced an upper bound for the dynamic list chromatic number of regular graphs. Gao, et.al in
[8] given some upper bounds for %,(G) - %(G) of K, 4-free graphs and graphs without even cycles. The corona
product of G and H, denoted by GOH, is a connected graph obtained by taking a number of vertices |V(G)| copy of
H, and making the i of V(G) adjacent to every vertex of the i copy of V(H) introduced Furmanczyk in [7].
Furthermore, Ramya in [15] found acyclic coloring and star coloring of corona graphs. Pathinathan et.al/ in [14]
found chromatic number of corona with subdivision vertex and subdivision edge for graph path and cycle. Kristiana
et.al in [10] has initiated to study the coronation of path and several graphs and in [11] studied r-dynamic chromatic
number of coronation by complete graph.

THE RESULTS

In the following, we will find the lower bound of the r-dynamic chromatic number of graphs corona wheel graph
and some new results the exact value of y,-(G).

Lemma 1 Let G = HOW,, be a corona product of graph H and wheel graph W,,, the lower bound of r-dynamic
chromatic number is:

4, for meven
Xr=123(G) = {5’

for m odd
r+1, form=3kk=>1
Xr=45(G) = { 7, form=>5
6, for n otherwise
r+1, for6 <r<AH)+m+1

%(6) = {A(H) +m+2,  forr > ACH) +m+2

Proof: Let W,, be a wheel graph with vertex set, V(W,,) = {x, x;; 1< i < m} and the order | (W,,)| = m+1.
For case r = 1, 2, 3 and m even, choose r = 3, based on Observation 1, y,-(G) = min{3; A(G)} + 1 =3 + 1 =4 then
1A{G) = 4. For m odd is obtained y,(G) > 5 since wheel graph must have different colors, c(x,_1) # c(x,,) # c(xy),
hence add one color from m even. For case » =4, 5, choose m = 5, r = 5. The 5-dynamic coloring must has 6 colors,
for each vertex in Ws. Choose u € H, based defined of corona product, u € H ©W,, and based defined of »-dynamic
coloring, c(u) # c(x) # c(x;). Hence, xs5(G) > 7. For r = A(H) + m + 2, based Observation 1, we get x,(G) =
min{ r,A(G)} + 1 = min{r,A(H) + [V(W,,)|} + 1 = A(H) + m + 2. The proof is complete.

By Observation 3, Lemma | can be a proposition below.
Proposition 1 y,.(HOW,,) = x,(Wm) + 1.
Theorem 1 Let star graph S, and wheel graph W,,. For n,m > 3, the r-dynamic chromatic number is:

4, for meven
Xrer2a(HOW,) = {1

for m odd
r+1, form=3kk=>1
Xr=45(HOW;,) = { 7, form =75
6, for n otherwise

r+1, for6<r<n+m+1
Xr(HGWm)_{n+m+2, forr>n+m+2
Proof: The graph S,©W;, have vertex set, V(5,0Wp) = {x}U{x;l<i<n}ju{y;1<i<nl1<j<m}u
ol<isnju{pju{p;l<j<mand [V(5,0Wy,)|=nm+m+2n+2. The edge set is E(5,0OWy) =
xxpl<isnju{xpiU{xy; 1<isnju{xy;l<isnl<jsmjulyy;l<isnl<j<m}u
Wiyigry1<iSn1<j<m}u{ppji; 1Sj<miU{pp; 1 <j<mpU{yuYim; 1 <0 <n}U{pipn}
and |E(S,OW,;,))| = 3mn + 2m + 2n + 1. Thus, A(S,OW,,) =m +n+ 1.
We define four cases, namely for  y,—123(SnOWp), Xr=a5(SnOWn), Xo<rsmin+1(Sn®OW,)  and
Xraman+2(SnOW).
Casel: Forr=1;2;3
Sub Case 1: For m even
Based on Lemma 1, the lower bound y,(S,®OW,,) = 4. The upper bound for y,.(S,®OW,,)are by explicit
construction. We define c¢;: V(S,0OW,,) = {1,2, ... k} where n, m > 3, by following:

() =1

c(x)=21<i<n
a)=11<i<n

020054-2
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ci(p) =2
3, forjisodd,1<i<nl1<j<m
Cl(yl'f):{z;, forjiseven,1<i<n1<j<m
3, forjodd,1<j<m
Cl(pf) = {4, forjeven,1<j<m

A map c¢;:V(S,OW,) - {1,2,3,4} gives the upper bound x,-1,3(S,OW,,) <4, m even. Hence,

Xr=1,23 (S,OW,,) = 4.
Sub Case 2: For m odd
Based on Lemma 1, for the lower bound y,(S,®OW,,) =5. The upper bound x,(S,®OW,,)are by explicit

construction. We define c¢,: V (S,OW,,,) = {1,2, ... k} where n, m > 3, by following:

) =1
c(x)=21<i<n
a)=11<i<n

c;(p) =2

3, forjisodd1<i<nl<j<m-1
Cz(yij)={4, forjiseven,1<i<n1<j<m-1

5 forj=ml1<i<n

3, forjisodd,1<j<m-1
cz(pj) — {4, forjiseven,1<j<m-—1
5 forj=m

A map ¢,: V(S,,0OW,,) = {1,2, ...,5} gives the upper bound y,—1 5 3(S,®W,,) < 5, m odd. Hence,
Xr=123(5,OW,) = 5.

Case 2: Forr=4; 5

Sub Case 1: For m =5

Based on Lemma 1, for the lower bound y,(S,®W,,) = 7. The upper bound for y,(S,,®OW,,) are by explicit
construction. We define ¢5:V(S,0OW,,) = {1,2, ... k} where n, m >3, by following:

c;(x) =1
c3(x)=21<i<n
c(y)=11<i<n

c3(p) =2

cs(yyj)=2+j,1<i<nl1<j<m
c3(pj)=2+j,1San

A map c3: V(S,0W,) - {1,2,...,2 + j} gives the upper bound for y,_, 5(S,OWy,) < 2 +m = 7 for m = 5. Hence,
Xr=4,5(5n®Wm) =7.

Sub Case 2: Form =3k, k> 1

Based on Lemma 1, for the lower bound y,(S,,©OW,,) = r + 1. The upper bound for x,(S,OW,,) are by explicit
construction. We define c,: V(S,0OW,,) = {1,2, ... k} where n, m > 3, by following:

c(x) =1
c(x)=2,1<i<n
ay)=11<i<n

ci(p) =2
3, forj=1(mod3),1<j<m

cs(p;) =44, forj=2(mod3),1<j<m
5 forj=0(mod3),1<j<m

020054-3
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3, forj=1(mod3),1<j<ml1<i<nr=4
cs(yij) =44, forj=2(mod3),1<j<ml<i<nr=4
5, forj=0(mod3),1<j<ml1<i<nr=4
4, forj=1(mod3),1<j<m,1<i<nr=5
c4(yl-j)= 5 forj=2(mod3),1<j<ml1<i<nr=5
6, forj=0(mod3),1<j<m1<i<nr=5

A map cy: V(S,0W,,) = {1,2,...7 + 1} gives the upper bound for y,_,5(S,OW;,) <r +1for m = 3k, k2> L.
Hence, x;—45(S,OW,) =1+ 1.
Sub Case 1: For m otherwise
Based on Lemma 1, for the lower bound y,-(S,®OW,,) = 6. The upper bound for y,(S,OW,,) are by explicit
construction. We define c5: V (S,OW,,,) = {1,2, ... k} where n, m > 3, by following:
cs(x)=1
cs(x))=2,1<i<n
cs(y)=11<i<n
cs(p) =2
3, forj=1(mod4),1<j<m1<i<n
c ( ) k. {4, forj=2(mod4),1<j<m1<i<n
s\ij) = s, forj=3(mod4),1<j<m,1<i<n
6, forj=0(mod4),1<j<m,1<i<n
(3, forj=1(mod 4),1<j<m
_{4, forj=2(mod4),1<j<m
Cs(pj) )5, forj=3(mod4),1<j<m
6, forj=0(mod4),1<j<m
A map c5:V(S,0W,) — {1,2,...,6} gives the upper bound for y,_,s5(S,OW,,) < 6 for m otherwise. It gives
Xr=4,5(5n®Wm) = 6.
Case3: For6<r<m+n+1
Based on Lemma 1, for the lower bound xg < <m +n+ 1(SnOW,,) = r + 1. The upper bound r-dynamic
chromatic number G = S,, ©W,,are by explicit construction.
n=23;m=3;r=6s0that y,_c(S30OW;) =7
n=3;m=3;r=7sothat y,—,(S;0OW;) = 8
n=3;m=4;r=6sothat y,_¢(SsOW,) =7
n=3;m=4;r="7so that y,_,(S;OW,) =8
n=23;m=5;r="7sothat y,-,(S3;0OWs) = 8
n=3;m=25;r=38so that y,_g(S;OWs) =9
n=3;m=5;r=9sothat y,_¢(S;OWs) = 10
It gives the upper bound for Yg <y <m+n+1(SnOWy) <1 + 1. Hence, Ye<r<m+n+1(SnOWy) =7+ 1.
Case4: Forrzm+n+2
Based on Lemma 1, for the lower bound ¥,smins2(Sn®W;,) = m + n+ 2. The upper bound for y, (S,OW,,) are
by explicit construction. We define ¢,: V(S,OW,,) = {1,2, ..., k} where n, m > 3, by following:

c;(x)=1
c;(x))=1+i,1<i<n
y)=14+n1<i<n
c;(p)=1+n
c7(yij)=2+n+j,1SiSn,1SjSm
c(pj))=2+n+j,1<j<m

A map ¢;:V(S,0W,) - {1,2,..,2 + n + m} gives the upper bound for ¥,smins2(SnOW,,) < m + n + 2. Hence,
Xreman+2(SnOWp) =m +n+ 2.

The proof is complete.
Theorem 2 Let G = W,,©OW,, be a corona product of W, and W,,. For n, m > 3, the r-dynamic chromatic number is:
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4, for m even
Xr=123(C) = {5, for m odd
r+1, form=3kk=>1
Xr=45(G) = { 7, form=5
6, forn otherwise
r+1, fore<r<n+m+1

XT(G):{n+m+2, forr=n+m+2

Proof: The graph W,®OW,, have vertex set, V(W,,0OW,,) = {x}u{x;1 <i<n}u {yij; 1<i<nl<j<m}u
{ys1<i<nju{piufp;1<j<m}and [VIW,OW,)| =nm+m+2n+2. The edge set is E(W,OW,) =
{fxx;1<i<niuf{xx,p;l1<i<n—1}U{xxJuf{xplu{xy;1<i Sn}U{xiyi,-;l <is<nl<j<m}u
yj1<i<ni<j<mlu{yjygrpl<isni<j<m-1}Juf{ppl1<j<m-1}ufpp;1<)<
m}U (¥ Yim; 1 < i < n}U {ppy} and |E(W,OW,)| = 3mn + 3m + 3n. Thus, A(W,OW,,) = m +n + 1.

We define four cases, namely for  tr—sos(Wh@Win), Xress(Wy@Win), Xosremsnss (Wy@Win) and
Xremin+1 (W,OW,,). To prove the y,-(W,,©W,,) is the same as the proof of y,.(S,OW,,).

Case 1: Forr=1; 2; 3, m even

Based on Lemma 1, for the lower bound y,(W,®W,,) = 4. The upper bound y,(W,®W,,) are by explicit
construction. We defined cg: V(W,OW,,,) = {1,2, ..., k} where n, m > 3, by following:

cg(x) =1
cg(y)=1,1<i<n
cg(p) = 2

2, fori=1(mod3),1<i<n
cg(x;)) =43, fori=2(mod3),1<i<n
4, fori=0(mod3),1<i<n
2, forjoddievenl,<i<nl1<j<m
cs(yij): 3, forjodd,iodd,1<i<nl1<j<m
4, forjeven,1<i<n1<j<m
(3, forjodd,1<j<m
Cs(pj)—{4, forjeven,1<j<m

A map cg: V(W,0OW,,) - {1,2,3,4} gives the upper bound for y,_,,3:(W,OW;,) <4 for m is even. Hence,
Xr:1,2,3 (VVnGWm) = 4'~

Case2: Forr=4,5and m=3k, k=1

Based on Lemma 1, for the lower bound y,.(W,,®©W,,,) = r + 1. The upper bound y,.(W,, ©W,,) are by explicit
construction. We defined cq: V(W,,OW,,) — {1,2, ..., k} where n, m > 3, by following:

co(x) =1
co(x)=2,1<i<n
o) =11<is<n
co(p) = 2
3, forj=1(mod3),1<j<m
cg(pj) =44, forj=2(mod3),1<j<m
5 forj=0(mod3),1<j<m

3, forj=1(mod3),1<j<ml1<i<nr=4%
cg(yl-j)= 4, forj=2(mod3),1<j<m,1<i<nr=4
5 forj=0(mod3),1<j<ml<i<nr=4%
4, forj=1(mod3),1<j<m,1<i<nr=5
cg(yij)= 5 forj=2(mod3),1<j<m1<i<nr=5
6, forj=0(mod3),1<j<m1<i<nr=5
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A map co: V(W,0OW,,) = {1,2, ..., 7 + 1} gives the upper bound for y,_, s (W,OW,,) <1 +1,m=3k k> 1.
Hence, xy=45(W,0OW,) =1+ 1.

Case3: Forrzm+n+2

Based on Lemma 1, for the lower bound ¥,smins2 (W,OW,,) = m + n + 2. The upper bound y,.(W,, OW;,) are by
explicit construction. We defined c,o: V(W,,OW,,) = {1,2, ..., k} where n, m > 3, by following:

cro(x) =1
colx)=1+i,1<i<n
o) =1+n1<i<n
co(@=1+n
cm(yl-]-)=2+n+j,1£i£n,1£j£m
clo(pj)=2+n+j,1 <jsm

A map c¢;0: V(W,OW,,) - {1,2,...,2 + n + m} gives the upper bound for Yrsminsz(W,OW,) <m+n+ 2.
Hence Yromins2z(W,OWp) =m +n + 2.
The proof is complete.

Lemma 2 Let G = W,,®H be a corona product of wheel graph ¥, and graph H # K,,, C,, the lower bound of r-
dynamic chromatic number is:
3, forneven
Xr=12(G) 2 {4, for n odd
)((G)>{ r+1, for3<r<n+|V(H)|+1
Ut “ W+ |V(H)| + 2, forr =n+ |V(H)| + 2
Proof: Vertex set of wheel graph, W, is V(W,) = {x,x; 1 <i < n}. Choose x € W,, based defined of corona
product, x € W,,©OH. For r =2, |C(N(x))| > min{r,d(x)} = 2 and added the color itself so that y,—,(W,OH) = 3
for n even. Based on Observation 2, A(G = W,,®OH) = n + |V(H)| + 1. For r > n + |V(H)| + 2, based on Observation
1 and choose = nHV(H)+2, we get x,(W,OH) = min{r, AW, ©H)}+ 1 =n+ [V(H)| + 2. The proof is
complete.
By Observation 3, Lemma 2 can be a proposition below.

Proposition2 y _, (W,0H) = X=12 w,).

CONCLUSION

We have found the lower bound of the r-dynamic chromatic number of corona product by wheel graph and some
new results the exact value of -dynamic chromatic number of corona graphs. We obtain the r-dynamic chromatic
number of y,.(S,OW,,) and y,- (W, OW,,) for n, m > 3.
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Abstract. The dynamic coloring of a graph G is proper coloring such that every vertex of G with degree has at least two
neighbors that are colored differently. A generalization of the dynamic coloring was also introduced by Montgomery in
[12], the generalized concept is called r-dynamic k-coloring. An r-dynamic coloring of a graph G is a proper coloring ¢ of
the vertices such that |¢(N(v)| = min{r,d(v)}, for each v €{(G). The r—dyanic chromatic number of a graph G,
denoted %,(G) is the smallest k such that ¢ is an r-dynamic & coloring of . We will find the lower bound of the r-
dynamic chromatic numbea graphs corona wheel graph and some new results the exact value of r—caamic chromatic
number of corona graphs. In this paper, we study the lower bound of y, (HOW,,), r,.(W,®H) and we also prove the
exact value of r-dynamic chromatic number of some graphs.

INTRODUCTION

Let G be a graph. We denote the vertex set and the edge set of G, by M(G) and E(G), respectively. Thus for a graph
G. A(G), 8(G) denote the maximum degree and the minimum degree of G, respectively. For v eV(G), let N(v)
denote the set of vertices adjacent to v in G, and d(v) = |[N(v)|. Vertices in N(v) are neighbors of v. The dynamic
coloring of a graph G is proper coloring such that every vertex of G with degree has at least two neighbors that are
colored differently. A generalization of the dynamic coloring was also introduced by Montgomery ialZ], the
generalized concept is called r-dynamic k-coloring. The chromatic number of a graph G, denoted ,(G) is the
smallest & such that ¢ is an r-dynamic & coloring of G. The r-dynamic chromatic number has been studied by several
authors, for instance in [2], [3], [4]. [5] and [9]. The following observations are immediate from the defmition of r-
dynamic coloring intr@Juced by Montgomery [12] and the defmition of corona product.

Observation 1 Let A(G) be the maximum degree of graph G. It holds x,.(G) = min{r, A(G)} + 1

Dbservatioal Let G = G;®G, be corona product, then we have §(G) = 8(G,) + 1 and A(G) = AMG)) + |I(G)l.
where A(G) is maximum degree G and () is minimum degree of G.

Observation 3 Let graph ¥, be the r-dynamic chromatic number:

3, forneven
Xr=123(Wn) = {4 for n odd
r+1, forn=3kk=1
Xr=45(W,) =1 6, forn=5
5, forn otherwise
r+1, for6<r<n+1
x*{w*‘)_{n+2, forr =n+2
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Alishahi, in [4] introduced an upper bound for the dynamic list chromatic number of regular graphs. Gao, EBal in
[8] given some upper bounds for y,(G) - %(G) of K, 4-free graphs and graphs without even cycles. The corona
product of G and H, denoted by GOH, is a connected graph obtained by taking a number of vertices |F{G)| copy of
H, and making the i of W(G) adjacent to every vertex of the i copy of V(H) introduced Furmanczyk in [7].
Furthermore, Ramya in [15] found acyclic coloring and star coloring of corona graphs. Pathinathan et.al in [14]
found chromatic number of corona with subdivision vertex and subdivision edge for graph path and cycle. Kristiana
et.al in [10] has initiated to study the coronation of path and several graphs and in [11] studied r-dynamic chromatic
number of coronation by complete graph.

THE RESULTS

In the following, we will find the lower bound of the r-dynamic chromatic number of graphs corona wheel graph
and some new results the exdgj value of x,.(G).

Lemma 1 Let G = HOW,, be a corona product of graph H and wheel graph I¥,,, the lower bound of r-dynamic
chromatic number is:

Xr=1.2,3(6) = {g‘ e m even

for m odd
r+1 form=3kk=1
Xrhs(6) 2 { 7, form = 5
6, Blor n otherwise

X(GJ>[ t+1, foro6<r <AH)+m+1
ST AH) +m+ 2, forr = A(H) +m + 2
Proof: Let I, be a wheel graph with vertex set, V(W) = {x, x;; 1< i <m} and the order |F(W,,)| = m+1.
For case r =1, 2, 3 and m even, choose r = 3, based on Observation 1, ¥, (G) = min{3; A(G)} + 1 =3+ 1=4 then
1A G) = 4. For m odd is obtained 7%,(G) = 5 since wheel graph must have different colors, co(x,, ;) # c(x,) # c(x;).
hence add one color from m even. For case r =4, 5, choose m= 5, r = 5. The 5-dynamic coloring must has 6 colors,
for each vertex in Ws. Choose u € H, based defined of corona product, u € H @W,, and based defined of r-dynamic
coloring, c(u) # c(x) # e(x;). Hence, %5(G) = 7. For r = A(H) +m + 2, based Observation 1, we get y,.(G) =
min{r, A(G)} + 1 = min{r, A(H) + [V(W,)I} + 1 = A(H) + m + 2. The proof is complete.
By Observation 3, Lemma 1 can be a proposition below.
Proposition 1 y,.(HOW,,) = x,.(Wm) + 1.
Theorem 1 Let star graph S, and wheel graph W,,. For n,m = 3, the r-dynamic chromatic number is:
Xr=1,2,3(H@Wm) = {g: t;:rn;::;;l
r+1, form=3kk=1
Xr=a,5(HOWp) = [ 74 form =5
g 6, ﬁfm’6 n otherwise )
T kg rosr=n+m-+
Xr (HOWE) = {n+m+ 2, forr=n+m+2
Proof: The graph 5,@OW,, have vertex set, V(5,OWp) = {xjU{x;l<i<nju{yp;l<i<nl<j<m}u
pl<isnjuplulpsl<j<mand |V(Sn@n)| =nm+m+ 2n+ 2. The edge set s E(S,0W,) =
{xxpl<isnjU{xplU{xyy; L<i<n} wiplsisnlsj<smiulyyl<isnl<sj<sm}u
Dijyigaylsisnlsj=smivppjwq; LsjsmiU{pp; 1 Sjsmpuyayim L SESa}V {pipn}
and |E(S,0OW,)| = 3mn + 2m + 2n+ 1. Thus, A(S,OW,,) = m+n+ 1.
We define four cases, namely for )p=123(5nOWn), Xr=as(EnOWn), Yesremint1 ($nOW,)  and
Xraman+2(Sn OWpy).
Case 1: Forr=1;2; 3
Sub Case 1: For m even
Based on Lemma 1, the lower bound x,(S,©W,) = 4. The upper bound for x,(S,OW,,)are by explicit
construction. We define ¢1: V(S,OWn) — {12, ... k} where n, m = 3, by following:

ax)=1

qlx)=21<i<n
ca(y)=11<i<n
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[ =2
3, forjisWkdil<i<nl<j<m
"1(3’0')=[4, forjisevggl<i<ml<j<m
3, fogodd,1<j<m
er(p)) = {4, forjevenl <j<m

A map c¢:V(5,0W,) — {1,2,3,4} gives the upper bound Yr=123(S.OW;,) <4, m even. Hence,
Xr=1ER (5, OW;,) = 4.

Sub Case 2: For m odd

Based on Lemma 1, for the lower bou X (S,OW,,) = 5. The upper bound y,.(S,OW,,)are by explicit
construction. We define ¢,:V (S5,0OW,,) — {12, ... k} where n, m = 3, by following:

(g1
calx)) =Zims=n
oy)=11<i<n
c(p) =2
forjisoddl1<is=nl<jsm-1
e(yy) =14 forjisevenl FP<nl<j<m-1
5 forj=ml=<i<n
3, forjisoddl<j<m=1
4, forjiseven,l1<j<m-1
5 forj=m

(o)) =

A map cz: V (S, @OWs,) — {1,2,...,5} gives the upper bound yy=1 2 3(S,OWy,) < 5, m odd. Hence,

Xr=1,23 (5,0W,,) =5.

Cas@): For r=4; 5

Sub Case 1: Form =5

Based on Lemma 1, for the lower boundffl,(S,®W;,) = 7. The upper bound for y,(S,OW,,)are by explicit
construction. We define ¢;:V(S,,OW,,) = {1,2, ... k} where n, m =3, by following:

co{x) ="
cs(x)=21<i<n
(y)=11<i<n
C3 =2
03(yij)=2+j,1ii5n,1£j£m
ap))=2+j1<j<n

A map ¢3: V(S,0W,,) = {1,2, ..., 2 + j} gives the upper bound for y,-45(S,®W,,) < 2 +m = 7 for m = 5. Hence,
Xr:asnowm) =7.

Sub Case 2: Form =3k, k21

Based on Lemma 1, for the lower bound )nSn@Wm) =r + 1. The upper bound for y,(S,OW,,) are by explicit
construction. We define ¢4 : V(SyOWs,) — {1.2, ... k} where n, m = 3, by following:

ea(x) =i
c(x)=21<i<n
ay)=1,1<i<n
ca(p) =2
forj=1(mod3),1=j<m
calpy) =14 forj=2(mod3),1<j<m
5 forj=0(mod3),1<j<m
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3, forjE1(mod3),15j$m,15i5n,r=
Cq_(y{j): 4, forj=2(mod3),1<j<ml1<i<nr=4
5, forj = 0(mod 3), jEml<i<nr=4
4, forjE1(mod3),nSjSm,15i£n,r=5
04(31;}-): 5 forj=2(mod3),l1<j<ml<i<nr=5
6, forj=0(mod3),l1<j<ml<i<nr=5

-

2
A map ¢,: V(S,0W,) - {1,2,...r + 1} gives the upper bound for y,_,s(S,OW,,) S?‘.+ 1form =3k k= 1.
IIC“ Xr=45 (5,0OW) = r + 1.
Sub Case 1: For m otherwise
Based on Lemma 1, for the lower boundnr(Sn(DWm) = 6. The upper bound for y,(S,®W,,) are by explicit
construction. We define c5:V(5,OW,,) — {1,2, ... k} where n, m = 3, by following:
celx) =1
es(x)=21<i<n
cs(y)=11<i<n
cs(p) =2
(3 forj= 1(mod4),1<j<m,1<i<n
_ |4, forj=2(moed4),1<j<ml1<i<n
Cs[yij)_i for j = 3(mod4),n5j5m,151'5n
6, forj=0(mod4),1=sj<ml<i<n
3, Bri= 1(mod4),1<j<m
_ )4 forj=2(moed4),1<j<m
es(p,) = 5, forj=3(mod4),1<j<m
6, forj=0(mod4),1<j<m
A map c5:V(S,0OW,,) = {12, ...,6} gives the upper bound for y,_,5(5,,OW,,) < 6 for m otherwise. It gives
Xr=4,5(5,OWp,) = 6.
Case3:For6<r<m+n+1
Based on Lemma 1, for the lower band Yo<r<m+n+1(Sn@Wy) =7+ 1. ’I‘h¢ upper bound r-dynamic
chromatic number G S,@W,,are by expliff construction.
n=3:m=3;r=06s0that y,_(S;OW;) =7
P3-3:m=3;r=17 so that y,_;(S; OW;) =)
n=3;m=4; r=6so that y,—(S:OW,) = 7
n=3;m=4;r=7so that y,—7(S:OW,) =
n=3;m=5;r=7so that y,_,(S;OW;) =8
B=3:m =5; =8 so that y,—g(S:OW;) =9
n=3;m=5;r=09so that y,_¢(S;OW:) = 10
It gives the upper bound for g rem+n+1(SnOWe) 7 + 1. Hence, Ygerement 10nOWy) =7+ 1.
Cased:Forr2m+n+2
Based on Lemma 1, for the lower bound xr2m+n+2(s,nwm) =m + n+ 2. The upper bound for x,.(S,OW,,) are
by explicit construction. We define c7: V(S,0W;,) — {1,2, ..., k} where n, m = 3, by following:

C?(x)]-
cxp) =1+L1<i<n
) =1+nl1<i<n
c;(p)=1+n
c(yy)=2+n+j1<i<n1<j<m
cpj)=2+n+j,1<j<m

A map ¢;: V(5,0W,) = {1,2,...,2 + n + m} gives the upper bound for Y,sminsz(SnOW,) < m+ n + 2. Hence,

Xremin+2($OW,) =m +n + 2.
The proof is complete.
Theorem 2 Let G = W, ©W,,, be a corona product of W), and W,,. For n, m = 3, the r-dynamic chromatic number is:
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4, m even
Xr=123(6) = [5, for m odd
r+1, form=3kk=1
Xr=45(G) = l 7/} form=5
6, for notherwise

(G)=[ r+1, for6<r<n+m+1
Xr n+m+2, forr=n+m+2

Proof: The graph W, ®W,, have vertex set, VIW,OW,,) ={x}u{xzl<i<nlu{y;l<i<nl<j<mju
{ys1<isn}u{p}u{p;l<j<m}and |[V(W,0W,)l =nm+m+2n+ 2. The egge set is E(W,0W,) =
fxplsisnjui{xxpl<isn-—-1Jufrnx u{plu{xysi<isnju{yy;l<isnl<j<miu
ypt<isnigjsmiu{yyyml<isni<j<sm-1}ufpp;l<j<m-1jufppsl<j<
M}V Yi1Yimi 1 < 0 < n}U (0P} and |[E(W,,OW;,))| = 3mn + 3m + 3n. Thus, A(W,OW,,) = m +n + 1.

We  define  four cases, namely for o 23(W,OW), ¥rcs s (W OW), Xocremints (W, OW,,) and
Xrement1(W,OW,,). To prove the y,.(W,,®W,,) is the same as the proof of x,.(S,, OW,,).

Case 1: For r=1; 2; 3, m even

Based on Lemma 1, for the lower bound y,.(W,®W,,) = 4. The upper bound y,(W,®W,,) are by explicit
construction. We defined cgq: V(W,OW;,,) — {1,2, ..., k} where n, m = 3, by following:

cg(a= 1
cg(y)=1,1<i<n
cg(p) =2

2, FEE 1(mod3),1=i<n
3, fori= 2(mod3),£i£n
4, fori=0(mod3),1<i<n
2, forj@ld,ievenl,<i<nl<jsm
cg(vij) =43, forjoddiodd,1<i<nl<j<m
4, forjaen,lSESn,lstm
3, rjodd,1<j<m
CB(pj)z{4, forjeven,1<j<m

cgloy) =

A map cg: V(W,0OW;,) — {1,2,3,4} gives the upper bound for Xr=1,2,3(%@wm) <4 for m is even. Hence,
Yr=123(WL,OW,) = 4.

Case 2: Forr=4,5and m=3k k21

Based on Lemma 1, for the lower bound y,. (VE§OW,,,) = r + 1. The upper bound y,- (W, OW,,,) are by explicit
construction. We defined cq: V(W,,©OW,,) = {1,2, ..., k} where n, m = 3, by following:

co(2)= [l
x)=21<i<n
(y)=11<i<n

co(p) = 2
forj=1(moed3),1<j<m

co(p;) =44 forj=2(mod3),1<j<m
5 forj=0(mod3),1=j<m

3, forj= 1(mod3),nsj5m,1si5n,r=4
co(yy) =44, forj=2(mod3) g<j<m1<i<nr=4
5 forj=0(mod3),1<j<m,l<i<nr=4
4, j=1(lmed3),1<j<m,1<i<nr=5
co(yy) =15 forj=2(mod3),1<j<m1<i<nr=35
6, forj=0(mod3),1<j<m,1<i<nr=5
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A map cg: V(W,OW,) = {1,2,...,7 + 1} gives the upper bound for ), s(W,OW,)) <7 + 1, m=3k k=1.
Hence, yy=45 (W, OW,,) =7 + 1.

Case3:Forr2m+n+2

Based on Lemma 1, for the lower bound ¥,»pin+2 (WEBPW,,) = m + n + 2. The upper bound x, (W,OW;,) are by
explicit construction. We defined c,q: V(W,OW,,) = {1,2, ..., k} where n, m =3, by following:

Cm(-’f) 1
colx) =1+iL1<is<n
cpv)=1+ml1<i<n
co@)=1+n
coj)=2+n+j1<i<nl<j<m
cm(pj)= 24n+j,1<j=m
2

A map ¢ V(W,0W,,) = {1,2,...,2 + n + m} gives ge upper bound for Yispinee(W,OW,) <m +n+ 2.
Hence Yromin+z(Wa@OWy) =m +n + 2.
The proof is complete.

3
Lemma 2 Let G = W,®H be a corona product of wheel graph W, and graph H # K,,, C,, the lower bound of r-
dynamic chromatic number is:
3, forneven
Xr=12(6) 2 {4, for n odd
r+1, for3<r<n+|V(H)|+1
x(6) = {n+ V(| +2, forr=n+|VEH)|+2
Proof: Vertex set of wheel graph, W, is V(W) = {x,x; 1 <i < n}. Choose x € W,, based defined of corona
product, x € W,OH. Forr=2, |C(N (x))| = min{r,d(x)} = 2 and adca the color itself so that y,._,(W,OH) = 3
for n even. Based on Observation 2, A(G = W,®OH) =n+ |V(H)| + 1.Forr=n + |F(H)| + 2, based on Observation
1 and choose = nt{F(H)|+2, we get y-(W,0H) = min{r, A(W,OH)}+1 =n+ |V(H)| +2. The proof is
complete.
By Observation 3, Lemma 2 can be a proposition below.

Proposition 2 x,_ ,(W,0H) = x,_,,(W,).

CONCLUSION

We have found the lower bouff of the r~dynamic chromatic number of corona product by wheel graph and some
new results the exact value of r-dynamic chromatic number of corona graphs. We obtain the r-dynamic chromatic

number of y, (S, OWy,) and y - (W,,OWy,) for n, m = 3.
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