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Abstract

Let G(V, E) be a simple and connected graph of vertex set V and

edge set E. By the 2-distance chromatic number of a graph G, we
mean a map ¢:V(G) —» {1, 2, 3, .., k} such that any two vertices

at distance at most two from each other have different colors. The
minimum number of colors in 2-distance chromatic number of G is

its 2-distance chromatic number, denoted by XZ(G). In this paper, we
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646  A. Indah Kristiana, M. Imam Utoyo, Dafik and Ridho Alfarisi
study the 2-distance chromatic number of some wheel related graphs,
and obtain the 2-distance chromatic number of %2(W,), %%(F,),

22(Hp) and XZ(Wz’n) for n > 3.
1. Introduction

All graphs in this paper are simple and connected graphs. Let G(V, E)
be a graph of vertex set V and edge set E. For detail definition of graph, see
[10, 4, 1, 5, 6]. A coloring of graph G is a map from ¢:V(G) — {1, 2, ..., k}
having property that c(u) = c(v) for every adjacent vertices u, v in G. It is

said to be a k-coloring of G, if we assign k colors to all vertices in G. We
will introduce and study a new concept, namely a 2-distance coloring.
By the 2-distance chromatic number of a graph G, we mean a map
c:V(G) - {1 2,3, ..., k} such that any two vertices at distance at most two
from each other have different colors. The minimum number of colors in 2-
distance chromatic number of G is its 2-distance chromatic number, denoted
by XZ(G). This concept was introduced by Borodin and lvanova [3]. The
2-distance chromatic number has also been studied by several authors, for
instance, in [9, 12, 2, 8, 11, 14]. Fertin et al. in [9] found 2-distance
chromatic number for the d-dimensional grid graph, x2(Gq(ny, Ny, ..., Ng))

= 2d + 1. Kramer et al. [12] also found the d-distance chromatic number of

the hexagonal lattice graph. Borodin and lvanova [3] proved Xz =A+1
whenever A > 31 for planar graphs of girth six with the additional assumption
that edge is incident with a vertex of degree two. Bonamy et al. [2] proved
every graph with maximum degree A at least 4 and a maximum average less

than % admits a 2-distance (A + 1)-coloring. Kim et al. [11] found the 2-

distance chromatic number of the direct product of two cycles. Some cases of
coloring were studied by Kristiana [13] and Dafik et al. [7]. In this paper, we
study the 2-distance chromatic number of some wheel related graphs.
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2. Main Results

In this paper, we have found the exact value of 2-distance chromatic
number of some related wheel graphs, namely wheel, fan, helm and web
graphs. All the values of their chromatic numbers attain the best lower
bound. The theorems are as follows:

Theorem 2.1. Let W,, be a wheel graph for n > 3. Then the 2-distance

chromatic number of wheel graph is x2(W,) = n + 1.

Proof. The graph W, is a connected graph with vertex set V(W) =

{x, x; :1<i £ n} and edge set
EW,) = {x :1<i<npU {XX,, XX :1<i<n=-1}.

The cardinality of vertices |V(W,)|=n+1 and the cardinality of edges
| EWq)| = 2n.

We will prove that the lower bound of the 2-distance chromatic number

of W, is XZ(Wn)z n+1. We assume that xz(Wn)> n+1 by taking

xz(Wn) = n. Thus, we have n-coloring of W,, and the graph W,, consists of
one central vertex and n vertices in its rim (outer cycle). Since the central
vertex is adjacent to all vertices in rim, it implies c;(x) # ¢q(v) with v is a
vertex in its rim. Hence, all vertices in rim have (n—1)-coloring. If we
assign all vertices in rim with (n—1) colors, then there are at least two

vertices which have same colors. It contradicts with the definition of 2-
distance chromatic number which states that every two vertices u, v at
distance at most two from each other should have different colors. We know
that diameter of W, is 2, since the shortest path between two vertices in
rimis u — x —v. If two vertices u, v in rim have the same color, then two
vertices at distance at most two from u — x —v have some colors, it is
a contradiction. Hence, we obtain that the lower bound of the 2-distance

chromatic number of W, is 22(Wp) = n +1.
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Furthermore, we define a map ¢; : V(W,) - {1, 2, 3, ..., k} with k-color
by the following function:

1 if v=x,

o (V) = {

i+1 ifv=x,1<i<n

It is clear to see that the maximum value of the set of colorsis n+1. In
other words, the upper bound of the 2-distance chromatic number of W,, is

xz(Wn) < n+1. It concludes that the 2-distance chromatic number of W,, is

22(Wp) =n+1. O

Theorem 2.2. Let F, be a fan graph for n > 3. Then the 2-distance

chromatic number of fan graph is Xz(Fn) =n+1

Proof. The graph F, is a connected graph with vertex set V(F,) =

{x, x; :1<i <n} and edge set
E(Fy)={xx:1<i<njU{XX,:1<i <n-1}.

The cardinality of vertices |V(F,)|=n+1 and the cardinality of edges
| E(Fy)| = 2n -1.

We will prove that the lower bound of the 2-distance chromatic number
of W, is XZ(Fn) > n+1. We assume that xz(Fn) > n +1 by taking Xz(Fn)
= n. Thus, we have n-coloring of F,. The graph F, consists of one central
vertex and n vertices in its rim (path). Since it is adjacent to all vertices in its
rim, ¢;(x) # c;(v) with v is the vertex in rim. Hence, all vertices in rim have
(n —1)-coloring. If we assign the vertex in rim with (n —1) colors, then

there are at least two vertices which have the same color. Based on definition
of 2-distance chromatic number, every two vertices u, v at distance at most
two from each other must have different colors. We know that diameter of
F, is 2, since the shortest path between two vertices in rimis u — x —v. If

two vertices u, v in rim have the same color, then two vertices at distance at
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most two from u — x — v also have some colors, it is a contradiction. Hence,
we obtain that the lower bound of the 2-distance chromatic number of F, is

22(F) > n+1.

16

Figure 2. Example of 2-distance coloring of Fs.
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Furthermore, define a coloring function ¢, :V(F,) - {1, 2, 3, ..., k}
with k-colors by the following:
1 if v=x,
Co(V) =
2(V) {i+1, if v=x,1<i<n
It is clear to see that the maximum value of the set of colorsis n+1. In
other words, the upper bound of the 2-distance chromatic number of F, is

XZ(Fn) < n+1. It concludes that the 2-distance chromatic number of F, is
wZ(F)=n+l O

Theorem 2.3. Let H,, be a helm graph for n > 3. Then the 2-distance
chromatic number of helm graph is

5, if n=23,
n+1 if n>4,

) =1

Proof. The helm graph H,, is a graph obtained from the wheel W,, by
attaching a pendant edge at each vertex of the cycle C,. Thus, the vertex

setis V(H,) = {X, X, yj :1<i < n} and the edge set is
E(Hp) = {05, X5 :1<i <npU {x,%, XX :1<i<n-1}.
The cardinality of vertices |V(Hp)|=2n+1 and cardinality of edges

|E(Hn)| =3n. To prove the least 2-distance chromatic number, we will
describe the proof in two cases as follows:

Case 1. For n = 3, we will prove that the lower bound of the 2-distance
chromatic number of H, is xz(Hn) > 5. We assume that xz(Hn) > 5 by

taking 2(H,) = 4. Thus, we have 4-colorings of H, and the graph H,
consists of one central vertex, 3 vertices in rim (inner cycle) and 3 vertices in
pendant edges. Since the central vertex is adjacent to all vertices in rim,
c4(x) # c4(v) = c4(u) with v, u as the vertices in rim and pendant edges,
respectively. Hence, all vertices in rim have 3-coloring. If we assign the
vertex in rim and pendant edges with 3 colors, then there are at least two


http://repository.unej.ac.id/
http://repository.unej.ac.id/

The 2-distance Chromatic Number of Some Wheel Related Graphs 651

vertices which have same color. Based on definition 2-distance chromatic
number, it states that every two vertices v, w at distance at most two from
each other have different colors (the vertex v in rim and w in pendant edges).
We know that distance between each vertex in rim is 2, since the shortest
path between two vertices in rim and pendant edges is w—x—v. If
two vertices w, v in rim and pendant edges have same color, then two vertices
at distance at most two from w-—x—v also have some colors, it is
a contradiction. Hence, we obtain that the lower bound of the 2-distance

chromatic number of H,, is x2(H,) > 5.

Furthermore, define a map c3:V(H,) > {1 2, 3, ..., 5} with k-colors
by the following coloring function:

1, if v=x,
c3(v)=4i+1, ifv=x,1<i<3
S, if $a= i I

It is clear to see that the maximum value of the set of colors is 5. In other
words, the upper bound of the 2-distance chromatic number of H, is

xz(Hn) < 5. It concludes that the 2-distance chromatic number of H,, is
xz(Hn) =5 for n = 3.

Case 2. For n > 4, we will prove that the lower bound of the 2-distance
chromatic number of H, is xz(Hn) >n+1. We assume that y%(H,) >

n+1 by taking %2(H,)=n. Thus, we have n-coloring of H, and the
graph H,, consists of one central vertex, n vertices in rim (inner cycle) and n
vertices in pendant edges with condition that central vertex which is adjacent
to all vertices in rim should satisfy c4(x) # c4(v) = c4(u) with v, u as the
vertices in rim and pendant edges, respectively. Hence, all vertices in rim
have (n —1)-coloring. If we assign the vertex in rim with (n —1) colors, then
there are at least two vertices which have same color. Based on definition of

2-distance chromatic number, it states that every two vertices v, w at distance
at most two from each other have different colors. We know that distance
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between each vertex in rim is 2, since the shortest path between two vertices
in rim is w— x —v. If two vertices w, v in rim have same color, then two
vertices at distance at most two from w — x —v also have some colors, it
is a contradiction. Hence, we obtain that the lower bound of the 2-distance

chromatic number of H, is x2(H,) > n +1.

Furthermore, define a coloring function ¢4 :V(H,) - {1, 2, 3, ..., k}
with k-colors by

1 if v=x,

i+1, ifv=yx,1<i<n,
Ca(v) =4i =1, T Vi, 31 <N,

n =L iffVs v,

n, if v=y,

It is clear to see that the maximum value of the set of colors is n+1. In
other words, the upper bound of the 2-distance chromatic number of H,

is x2(H,) < n+1. It concludes that the 2-distance chromatic number

of Hy, is x2(H,)=n+1 for n> 4.

Figure 3. Example of 2-distance coloring of Hqg.
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Theorem 2.4. Let W, |, be a web graph with n > 3. Then the 2-distance
chromatic number of web graph is

7, if n=3,
n+1 if n>4.

%*(Wa, ) :{

Proof. The web graph W, , is a graph obtained by joining the pendant

vertices of helm graph to cycle (outer cycle) and adding one pendant edge to
each vertex in outer cycle with vertex set V (W, ) = {X, Xj, yj, zj :1<i<nj}

and edge set

E(Wz,n)= {xXi, XjV¥i, ¥jzi :1<i<n}

U {XnXe, YnY1 XiXisa, ViVieg 110 <n—1}
The cardinality of vertices |V(W, ) | = 3n +1 and cardinality of edges

| EW, )| =5n. To prove the least 2-distance chromatic number, we will

describe the proof in two cases as follows:
Case 1. For n = 3, we will prove that the lower bound of the 2-distance

chromatic number of W, |, is XZ(Wz,n) > 7. We assume that Xz(Wz,n) >7

by taking XZ(WZ n) = 6. Thus, we have 6-colorings of W, , and the graph
W, , consists of one central vertex, 3 vertices in inner cycle, 3 vertices in

outer cycle and 3 vertices in pendant edges. Since the central vertex is
adjacent to all vertices in rim, c5(X) # c5(v) = ¢c4(2) # c5(u) with v, u, z as
the vertices in inner cycle, outer cycle and pendant edges, respectively.
Hence, all vertices in outer have 3-colorings. If we assign the vertex in inner
cycle and outer cycle with 5 colors, then there are at least two vertices which
have same color. Based on definition 2-distance chromatic number, every
two vertices v, u at distance at most two from each other have different colors
(the vertex v in inner cycle and u in outer cycle). We know that distance
between each vertex in inner cycle and outer cycle is 2 such that the shortest
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path between two vertices in rim and pendant edges is u — x —v If two
vertices u, v in rim and pendant edges have same color, then two vertices
at distance at most two from u - x—v also have some colors, it is
a contradiction. Hence, we obtain that the lower bound of the 2-distance

chromatic number of W, , is XZ(WZ n)=>T.

Furthermore, define a coloring function ¢5 :V(W, ) = {1, 2,3, ..., 7}

with k-colors by

1, if v=x

i+1 if v=x;,1<i<3
(V) =<n+i+l ifv=y,1<i<3

2, if v=z3,

et T 1T VISR Sales 2.

It is clear to see that the maximum value of the set of colors is 7. In other
words, the upper bound of the 2-distance chromatic number of W, , is

2
X (Wz,n) =17

It concludes that the 2-distance chromatic number of W, ,, is XZ(Wzl n)
= 7 for n =S8
Case 2. For n > 4, we will prove that the lower bound of the 2-distance

chromatic number of W, , is XZ(WZ’n) > n +1. We assume that XZ(Wzl n)

>n+1 by taking XZ(Hn) =n. Thus, we have n-colorings of W, , and
the graph W, |, consists of one central vertex, n vertices in inner cycle, n

vertices in outer cycle and n vertices in pendant edges with condition that
central vertex adjacent to all vertices in inner cycle, then cg(x) = cg(z)

cg(v) = cg(u) with v, u, z as the vertices in inner cycle, outer cycle and

pendant edges, respectively. Hence, all vertices in inner cycle have (n —1)-
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colorings. If we assign the vertex in inner cycle with (n—1) colors, then
there are at least two vertices which have same color. Based on definition
2-distance chromatic number, every two vertices v, w at distance at most two
from each other have different colors. We know that distance between each
vertex in inner cycle is 2 such that the shortest path between two vertices in
inner cycle is w— x —v. If two vertices w, v in rim have same color, then
two vertices at distance at most two from w — x — v also have some colors, it
is a contradiction. Hence, we obtain that the lower bound of the 2-distance

chromatic number of W, , is XZ(WZ n)=n+1.

Furthermore, define a coloring function cg :V(W, ) > {1, 2,3, ..., 7}

with k-colors by

il if v=xandv=z,1<i<n,
i+1 if v=x;,1<i<n,

CG(V)Z ; . B L
-1 if v=1y;,3<i<n,

nHi-1 ifv=y,1<i<2

It is clear to see that the maximum value of the set of colors is n+1. In
other words, the upper bound of the 2-distance chromatic number of W , is

XZ(WZ,n) <n+1. It concludes that the 2-distance chromatic number of

Wy is XZ(WZ‘n)=n+1forn24. O

3. Conclusion

In this paper, we have given some results on the 2-distance chromatic
number of some wheel related graphs, namely fan, wheel, helm, and web
graph. However, we need to characterize the other wheel related graphs,
especially for any graph G. Hence the following problems arise naturally.

Open problem 3.1. Determine exact value of k-distance chromatic
number or sharp lower bound and upper bound XZ(G) when G is any wheel
related graph?
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Open problem 3.2. Determine lower and upper bounds of the k-distance

chromatic number of graph operation including corona, Cartesian, comb
product and others?
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Abstract

Let G(V, E) be a simple and connected graph of vertex set V and
edge set E. By the 2-distance chromaticnlmber of a graph G, we
mean a map c:V(G) — {1, 2,3, .., k} such that any two vertices
at distance at most two from each other have different colors. The

minimum number of colors in 2-distance chromatic number of G is

its 2-distance chromatic number, denoted by %2 (G). In this paper, we
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study the 2-distance chromatic number of some wheel related graphs,

and obtain the 2-distance chromatic number of 3>(W,), %*(F,),

v2(H,) and ;(_Z(WL,,) for n = 3.
1. Introduction

All graphs in this paper are simple and connected graphs. Let G(V, E)
be a graph of vertex set J and edge set £. For detail definition of graph, see
(10,4, 1, 5, 6]. A coloring of graph G is a map from ¢ : V(G) — {1, 2, ..., k}
having property that ¢(u«) # c(v) for every adjacent vertices u, v in G. It is
said to be a k-coloring of G, if we assign k colors to all vertices in G. We
will introduce and study a new concept, namely a 2-distance coloring.
By the 2-distance chromggic number of a graph G, we mean a map
¢:V(G)— {1, 2,3, ..., k} such that any two vertices at distance at most two
from each other have different colors. The minimum number of colors in 2-
distance chromatic number of ( is its 2-distance chromatic number, denoted
by XZ(G)Ad'his concept was introduced by Borodin and Ivanova [3]. The
2-distance chromatic number has also been studied by several authors, for
instance, m [9, 12, 2, 8, 11, 14]. Fertin et al. in [9] found 2-distance
chromatic number for the d-dimensional grid graph, x> (Gy(ny, nayy oy ny))

= 2d + 1. Kramer et al. [12] also found the d-distance chromatic number of

the hexagonal lattice graph. Borodin and Ivanova [3] proved xz =A+1
whenever A = 31 for planar graphs of girth six with the additional assumption
that edge is incident with a vertex of degree two. Bonamy et al. [2] proved

every graph with maximum degree A at least 4 and a maximum average less
than % admits a 2-distance (A + 1)-coloring. Kim et al. [11] found the 2-

distance chromatic number of the direct product of two cycla Some cases of
coloring were studied by Kristiana [13] and Dafik et al. [7]. In this paper, we
study the 2-distance chromatic number of some wheel related graphs.
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2. Main Results

In this paper, we have found the exact value of 2-distance chromatic
number of some related wheel graphs, namely wheel, fan, helm and web
graphs. All the values of their chromatic numbers attain the best lower

bound. The theorems are as follows:
Theorem 2.1. Let W, be a wheel graph for n = 3. Then the 2-distance
chromatic number of wheel graph is xz(Wn) =n+1.

Proof. The graph W, is a connected graph with vertex set V(W) =

{x, x; : 1 <7 < n} and edge set
EW,) = {xx; :1<i <n}pU {xx,, x;X;41 : 1 SE< n =1

The cardinality of vertices |F(W,)|=n+1 and the cardinality of edges
| E(W,)| = 2n.

We will prove that the lower bound of the 2-distance chromatic number

of W, is Xz(WH) >n+1. We assume that XZ(W“)> n+1 by taking

XZ(WH) = n. Thus, we have n-coloring of W, and the graph W, consists of
one central vertex and n vertices in its rim (outer cyecle). Since the central
vertex is adjacent to all vertices in rim, it implies ¢;(x) # ¢;(v) with v is a
vertex in its rim. Hence, all vertices in rim have (n — l)-coloring. If we

assign all vertices in rim with (n —1) colors, then there are at least two
vertices which have same colors. It contradicts with the definition of 2-
distance chromatic number which states that every two wvertices u, v at
distance at most two from each other should have different colors. We know
that diameter of W, is 2, since the shortest path between two verticeggin
rim is u — x —v. If two vertices u, v in rim have the same color, thenen,/o
vertices at distance at most two from u# —x —v have some colors, it is

a contradiction. Hence, we obtain thgthe lower bound of the 2-distance

chromatic number of W,, is XZ(W,,) >n+1l.
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Furthermore, we define a map ¢ : V' (W,) — {1, 2, 3, ..., k} with k-color

e
1, if v=ux,
Cl(")z{

i+1, ifv=x,1<i<n

by the following function:

It is clear to see that the maximum value of the set of colorsis n+ 1. In

other words, the upper bound of the 2-distance chromatic number of ), is
XZ(WH) < n + L. It concludes that the 2-distance chromatic number of W), is

XZ(WH)=J1+1. O
Theorem 2.2. Let F,, be a fan graph for n = 3. Then the 2-distance

chromatic number of fan graph is vy Z (F,)=n+1.

Proof. The graph F, is a connected graph with vertex set V(F),) =

{x, x; : 1 £i £ n} and edge set
E(F)={xx:1<i<n}U{xx:1<i<n-1.

The cardinality of vertices |V(F,)| =n+1 and the cardinality of edges

|ECF,)| <.

We will prove that the lower bound of the 2-distance chromatic number
of W, is ;(2 (F,) = n +1. We assume that xz(FH) > n + 1 by taking XZ(FH)
= n. Thus, we have n-coloring of F,. The graph F, consists of one central
vertex and » vertices in its rim (path). Since it is adjacent to all vertices in its
rim, ¢;(x)# ¢;(v) with v is the vertex in rim. Hence, all vertices in rim have
(n — 1)-coloring. If we assign the vertex in rim with (7 —1) colors, then

there are at least two vertices which have the same color. Based on definition
of 2-distance chromatic number, every two vertices u, v at distance at most
two from each other must have different colors. We know that diameter of
F

18 2, since the shortest path between two vertices in rim is u — x — v. If

two vertices i, v in rim have the same color, then two vertices at distance at
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most two from u — x — v also have some colors, it is a contradiction. Hence,

we obtain that the lower bound of the 2-distance chromatic number of F, is

Y2 (F)=n+1.

14 13
Figure 1. Example of 2-distance coloring of Wi;.

8 9

16

Figure 2. Example of 2-distance coloring of Fs.
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Furthermﬁ:, define a coloring function ¢, : V(F,) — {1, 2,3, ..., k}

with k-colors by the following:

1, if v=x,
ea(v) =y, W .
i+l ifv=x,1<i<n

It is clear to see that the maximum value of the set of colors is #n + 1. In

other worta the upper bound of the 2-distance chromatic number of F is

v2(F,) < n + 1. It concludes that the 2-distance chromatic number of F, is

(5]

r(F,)=n+1. O

Theorem 2.3. Let H, be a helm graph for n = 3. Then the 2-distance
chromatic number of helm graph is

5: if R=33
n+l, if nz4

2()= |

Proof. The helm graph H, is a graph obtained from the whﬁ W, by
attaching a pendant edge %each vertex of the cycle C,. Thus, the vertex
setis V(H,)={x, x;, y; : 1 <i < n} and the edge set is

E(H,) = {xx;, x;; :S i<ntU{xx, xxq:1<i<n-—1}
The cardinality of vertices | V(H,)|= 2n+1 and cardinality of edges
| E(H,)|=3n. To prove the least 2-distance chromatic number, we will

describe the proof in two cases as follows:
Case 1. For n = 3, we will prove that the lower bound of the 2-distance
chromatic number of H, is x>(H,) > 5. We assume that y>(H,)> 5 by

taking 7°(H,) = 4. Thus, we have 4-colorings of H, and the graph
consists of one central vertex, 3 vertices in rim (inner cycle) and 3 vertices in
pendant edges. Since the central vertex is adjacent to all vertices in rim,
ca(x) # c4(v) = eq(u) with v, u as the vertices in rim and pendant edges,

respectively. Hence, all vertices in rim have 3-coloring. If we assign the

vertex in rim and pendant edges with 3 colors, then there are at least two
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vertices which have same color. Based on definition 2-distance chromatic
number, it states that every two vertices v, w at distance at most two from
each other have different colors (the vertex v in rim and w in pendant edges).
We know that distance between each vertex in rim is 2, since the shortest
path between two vertices in rim and pendant edges is w—x—v. If
two vertices w, v in rim and pendant edges have same color, then two vertices
at distance at most two from w —x— v also have some colors, it is

a contradiction. Hence, we obtain that the lower bound of the 2-distance

chromatic number of H, is %> (H,)=S5.

Furthermore, define a map ¢3 : V(H,) — {1, 2, 3, ..., 5} with k-colors
by the following coloring function:

il if v =x,
ca(v)=qi#l, fv=x,1<i<3

i ifv=y,1<i<3.
It isdear to see that the maximum value of the set of colors is 5. In other

words, the upper bound of the 2-distance chromatic number of f//, is
12(&n) < 5. It concludes that the 2-distance chromatic number of H, is

xz(ﬂﬂ) =5 for n = 3.
Case 2. For n = 4, we will prove that the lower bound of the 2-distance

chromatic number of /1, is x> (H,)zn+1. We assume that xz(H”) >

n+1 by taking xz(Hﬂ) = n. Thus, we have n-coloring of H, and the
graph H, consists of one central vertex, n vertices in rim (inner cycle) and n
vertices in pendant edges with condition that central vertex which is adjacent
to all vertices in rim should satisfy c4(x) # c4(v) = c4(u) with v, u as the
vertices in rim and pendant edges, respectively. Hence, all vertices in rim
have (n — 1) -coloring. If we assign the vertex in rim with (n — 1) colors, then
there are at least two vertices which have same color. Based on definition of

2-distance chromatic number, it states that every two vertices v, w at distance

at most two from each other have different colors. We know that distance
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between each vertex in rim is 2, since the shortest path between two vertices
in rim is w —x —v. If two vertices w, v in rim have same color, then two

vertices at distance at most two from wx — v also have some colors, it
is a contradiction. Hence, we obtain t}‘a the lower bound of the 2-distance

chromatic number of H,, is y>(H,) = n +1.

Furthermore, define a coloring function ¢4 : V(H,) — {1, 2,3, ..., k}
with k-colors by [2)
1, if v=x,
i+l ifv=x,1<i<n,
cp(v)=1<i=1, ifv=y,3<i<n,
n—1, ifv=y,
n, if v=y,

It is clear to see that the maximum value of the set of colors is # + 1. In
other words, r& upper bound of the 2-distance chromatic number of #,,
is x2(H,) < n+1. It concludes that the 2-distance chromatic number

of H, is y*(H,)=n+1 for n> 4.

Figure 3. Example of 2-distance coloring of f¢.
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heurem 24. Let Wy, be a web graph with n = 3. Then the 2-distance
chromatic number of web graph is
7, if n=3,
n+l, if nz4.

Proof. The web graph W, ,, is a graph obtained by joining the pendant

vertices of helm graph to u:]e (outer cycle) and adding one pendant edge to

each vertex in outer cycle with vertex set V(W, ,)={x, x;, y;, z; :1<i<nf

and edge set

E(W, 3) = {og, X Y. 52 1 1 SE< n}

U {xnX1, Yud1, XiXis1, yivier 11 SIS n -k
The cardinality of vertices | F(W, ,,)| = 3n +1 and cardinality of edges
| EW; ) | = 5n. To prove the least 2-distance chromatic number, we will
describe the proof in two cases as follows:
Case 1. For n = 3, we will prove that the lower bound of the 2-distance

chromatic number of /5 ,, is Zz(Wz,” )= 7. We assume that xZ(WL”) >7

by taking xz(Wz,ﬂ) = 6. Thus, we have 6-colorings of # ,, and the graph
Wy consists of one central vertex, 3 vertices in inner cycle, 3 vertices in

outer cycle and 3 vertices in pendant edges. Since the central vertex is
adjacent to all vertices in rim, cs5(x) # c5(v) = ¢4(2) # ¢s(u) with v, u, z as
the vertices in inner cycle, outer cycle and pendant edges, respectively.
Hence, all vertices in outer have 3-colorings. If we assign the vertex in inner
cycle and outer cycle with 5 colors, then there are at least two vertices which
have same color. Based on definition 2-distance chromatic number, every
two vertices v, 1 at distance at most two from each other have different colors
(the vertex v in inner cycle and « in outer cycle). We know that distance

between each vertex in inner cycle and outer cycle is 2 such that the shortest
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path between two vertices in rim and pendant edges is u — x —v If two
vertices u, v in rim and pendant edges have same color, then two vertices
at distance at most two from wu —x also have some colors, it is

a contradiction. Hence, we obtain that the lower bound of the 2-distance

chromatic number of W, ,, is xz(Wg‘ﬂ)Z 7.

Furthermore, define a coloring function ¢s : V(#; ,) = {1, 2, 3, ..., 7}
with k-colors by
1, if v=ux,

i+1, ifgp'= x; IS < 3,

cs(v)=qn+i+l, fv=y, I<i<3,

a if v=2z;,

nti=1, fv=z,1<i<2

It iﬁlear to see that the maximum value of the set of colors is 7. In other

words, the upper bound of the 2-distance chromatic number of 1, , is

XZ(WZ,H) < i

It concludes that the 2-distance chromatic number of 5 , is XZ(WQ‘”)
=7 for n = 3.

Case 2. For n = 4, we will prove that the lower bound of the 2-distance

chromatic number of W, , is xz (W3, 5) = n + 1. We assume that XZ(W&”)

> n+1 by taking 32(H,) = n. Thus, we have n-colorings of W, , and
the graph ¥, , consists of one central vertex, n vertices in inner cycle, n

vertices in outer cycle and n vertices in pendant edges with condition that

central vertex adjacent to all vertices in inner cycle, then cg(x) = cg(z) #
ce(v) = cg(u) with v, u, z as the vertices in inner cycle, outer cycle and

pendant edges, respectively. Hence, all vertices in inner cycle have (n —1)-
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colorings. If we assign the vertex in inner cycle with (n —1) colors, then
there are at least two vertices which have same color. Based on definition
2-distance chromatic number, every two vertices v, w at distance at most two
from each other have different colors. We know that distance between each
vertex in inner cycle is 2 such that the shortest path between two vertices in
inner cycle is w — x — w. If two vertices w, v in rim have same color, then
two vertices at distance at most two from b— x — v also have some colors, it

is a contradiction. Hence, we obtain that the lower bound of the 2-distance

chromatic number of W, ,, is xz(Wz‘ﬂ) >n+1.

Furthermore, define a coloring function cg : V(W; ,) — i1, 2,3, ..., 7}

with k-colors by

1, ifv=xandv=z,l<i<n,
C(Vﬂ)_ g ifv=x,1<i<hn
6 'a—l, ifv=y,3<i<n,

n+i—-1, ifv=y;,1<i=2

It is cleano see that the maximum value of the set of colors is # + 1. In
other words,&e upper bound of the 2-distance chromatic number of 75 , is

xz(Wz‘ﬂ) < n+ 1. It concludes that the 2-distance chromatic number of

Wy, is xz(szﬂ)=n+l for n = 4. O

3. Conclusion
In this paper, we have given some results on the 2-distance chromatic
number of some wheel related graphs, namely fan, wheel, helm, and web
graph. However, we need to characterize the other wheel related graphs,

especially for any graph G. Hence the following problems arise naturally.

Open problem 3.1. Determine exact value of k-distance chromatic
number or sharp lower bound and upper bound x2 (G) when G is any wheel

related graph?
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Open prublemaz. Determine lower and upper bounds of the k-distance

chromatic number of graph operation including corona, Cartesian, comb

product and others?
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