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ABSTRACT

All graphs in this paper are nontrivial and connected graph. Let f: V
(G)—{1,2,&,k} be a vertex coloring of a graph Gwhere two adjacent vertices
may be colored the same color. Consider the color classes [I=
{C_1,C_2,,C_k3}. For a vertex vof G, the representation color of vis the k-
vector r(v|M)= (d(v,,C_1),d(v,C_2),¢ ,d(v,C_k)), where d(v,C_i
)=min{d(v,c);ceC_i} . If r(u | M=#r(v | ) for every two adjacent vertices uand
vof G, then fis a metric coloring of G. The minimum kfor which Ghas a metric
k-coloring is called the metric chromatic number of Gand is denoted by u(G).
The metric chromatic numbers of unicyclic graphs namely tadpole graphs,
cycle with m-pendants, sun graphs, cycle with two pendants, subdivision of
sun graphs.
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[1] Chartrand G and Lesniak LGraphs and digraphs 3rded (London: Chapman
and Hall), (2000).

[2] Chartrand, G., Okamoto, F. and Zhang, P., 2009. The metric chromatic
number of a graph. Australasian J. Combinatorics, 44, pp.273-286.
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Metric Chromatic Number Of Unicyclic Graphs

R. Alfarisi, A.l. Kristiana, E.R.Albirri, R. Adawiyah, Dafik

Abstract: All graphs in this paper are nontrivial and connected graph. Let f: V (G) - {1,2,...,k} be a vertex coloring of a graph Gwhere two adjacent
vertices may be colored the same color. Consider the color classes I1 = {C;,(,, ..., C;}. For a vertex vof G, the representation color of vis the k-vector
r(v|ll) = (d(v,,C),d, (), ... ,d(v,Cy)), where d(v, C;) = min{d(v, c); c € (;} . If r(u|IT) # r(v|IT) for every two adjacent vertices uand vof G, then fis a
metric coloring of G. The minimum kfor which Ghas a metric k-coloring is called the metric chromatic number of Gand is denoted by u(G). The metric
chromatic numbers of unicyclic graphs namely tadpole graphs, cycle with m-pendants, sun graphs, cycle with two pendants, subdivision of sun graphs.

Index Terms: Metric coloring, metric chromatic number, unicyclic graphs

1 Introduction

Graphs in this paper are nontrivial and connected graph, for
more detail definition of graph see [1]. Let f: V(G) -
{1,2,..,k} be a vertex coloring of a graph G where two
adjacent vertices may be colored the same color. Consider the

color classes m={C;,C,,..,C,}.For a vertex vingG,
representation  color of v is the k-vector
r(vin) = (d(v,,C,),d, (), ..., d(v, C)),where dw,C;) =

min{d (v, c); ¢ € ;}. If r(ulm) # r(v|m) for every two adjacent
vertices u and vinG, then f is a metric coloring of G. The
minimum k for which ¢ has a metric k-coloring is called the
metric chromatic number of G and is denoted by u(G).In
recent years, there are some results of the metric chromatic
number of some well-known graphs in Chartrand et.al [2] as
follows.
Proposition 1.1 Anontrivial connected graph G has metric
chromatic number 2if and only if G is bipartite.
Proposition 2.2 Let G be a connected graph. If x(G) = 3, then
u(G) = 3.
Proposition 2.3 Let C, be a cycle graph, then.
2,if nis even
#(G) = { 3,{f n i5 odd
2 RESULT
In this paper, we investigate the metric chromatic number
of unicyclic graphs namely tadpole graphs, cycle with m-
pendants, sun graphs, cycle with two pendants, subdivision of
sun graphs. Furthermore, we construct the new lemma for any
unicyclic graphs as follows.
Observation 2.1. For any two adjacent vertices u,v € V(T),
then we have d(u, x) # d(v, x) for x € V(T).
Observation 2.2. For any two adjacent vertices v, v' in cycle in
unicyclic graph, then 3 x € V(U,,) 3 d(,x) = d(v', x)
Lemma 2.1 Consider unicyclic graph U, for n > 3. Then
2,if ng is even
wUy) 2 { 3,if nc,is odd
Proof. Unicyclic graph U, for n =3 has only one cycle
subgraph with n vertices. So that, the coloring in the cycle
subgraph follows the coloring in the cycle graph. Based on
Proposition 2.3. that u(C,) = 2 for n is even and u(C,) = 3 for
n is odd. So, there are several condition in this proof as
follows:
i.  For any two adjacent vertices u, v not in cycle, based
on Observation 2.1. thatd(u, x) # d(v,x) for x € V(T)
such that r(u|Il) # r(v|II).

ii. For any two vertices u in cycle and v not in cycle (u, v
not adjacent), it may be same representation.

iii. For any two adjacent vertices u in cycle and v not in
cycle, based on Observation 2.1. thatd(u,x) # d(v, x)
for x € V(T) such that r(u|Il) # r(v|ID).

iv.  For any two adjacent vertices u, v in cycle, based on
Proposition 2.3. that we use the coloring in cycle.
Based on cases i) ,ii) ,iii), iv) that

2,if ng is even
u(Un) = { 3,if n.,is odd
Tadpole graph is one of unicyclic graph which
obtained by joining a cycle graph C,, to a path graph P,
with a bridge.
Theorem 2.1 Consider tadpole graph T, ,, forn = 3 and m = 1.

Then
if n is even

2,
#(T"'m) i { 3, if nis odd
Proof. Tadpole graph only have one cycle with order n and
one pendant path. Thus, This proof divided into two cases as
follows.
Case 1. For n is even
Based on Lemma 2.1 that ,u(Tn,m) > 2. Furthermore, we prove
that ,u(Tn,m) <2. Let f: V(G)— {1,2} be a vertex coloring
(two adjacent vertices may be colored same color). The
construction of coloring in graph T, ,, with the periodic label
in cycle (1,2,1,2,1,2,1,2, ...,1,2) and the periodic label in path
(tail) (2,1,2,1,2,1,2,1,...) with two adjacent vertices in bridge
which using color 1 in cycle and color 2 in tail or color 2 in
cycle and color 1 in tail. For more detail the label color and the
representation of vertices in tadpole graph T,, ,, respect to with
class color Il = {C;, C;} where C; = {x;,y;;iis odd and j is even}
and C, = {x;, y;; i is even and j is odd} as follows.
1 ,ifv € {x;,y;;iisodd and j is even
fv) = {2 ,if v € {x;,y;; i is evenand j is odd
Based on the color label f in tadpole graph T, ,. Thus, we
have the representation as follows.
r(y]-|H) = r(x;|I1) = (0,1); for i is odd and j is even
r(y]-|H) = r(x;|I1) = (1,0); for i is evenand j is odd
It is clear that for every two adjacent vertices has distinct
representation, we can see in 1(xy_q[IT) # r(xy[M) or
T(Var—1 D) # r(yoi[IDfor k € N. Without the loss generality,
we have pi(T,m) < 2. Thus, u(Tm) = 2.
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Case 2. For n is odd
Based on Lemma 2.1 that (Ty,,) = 3. Furthermore, we prove
that ,u(Tn,m) < 3. Let f: V(G) - {1,2,3} be a vertex coloring
(two adjacent vertices may be colored same color). The
construction of coloring in graph T, ,, with the periodic label
in cycle (1,2,1,2,1,2,1,2, ...,1,2,3) and the periodic label in path
(tail) (2,1,2,1,2,1,2,1,...) with two adjacent vertices in bridge
which using color 1 in cycle and color 2 in tail or color 2 in
cycle and color 1 in tail. For more detail the label color and the
representation of vertices in tadpole graph T, ,, respect to with
color Il ={Cy,C,,C3} where
C; = {x;,y;;iis odd and j is even} ,
C; = {x;, yj; lisevenand j is odd} and C; = {x,} as follows.
1 ,ifv € {x;,y;; i is odd and j is even
2 ,ifv € {x;,y;; i is evenand j is odd

3 ,ifv e {x,}
Based on the color label f in tadpole graph T,,,. Thus, we
have the representation as follows.

r(x;|I) = (0,1,i);foriisodd, 1 <i < EJ

n
r(x; |1 = (1,0,i);foriiseven, 1 <i < lEJ

class

fw) =

n
() = (0,1, 1 — i); for i is odd, lEJ +1<i<n-—1

n
(x| = (1,0,n — i); for i is even, lEJ +1<i<n-1

r(y;|l) = (1,0,j + 1); for j is odd
r(yj|l'[) = (0,1,j + 1);for j is even
7(x,|1) = (1,1,0)
It is clear that for every two adjacent vertices has distinct
representation, we can see in 7(xy_4|IT) # r(xy[I) or
(Var—1 D) # r(yoi|Mfor k € N. Without the loss generality,
we have ,u(Tn,m) < 3. Thus, ,u(Tn,m) =3.

e
ycle with m-pendant is one of unicyclic graph which a cycle
with one vertex have m-pendant.

Theorem 2.2 Consider cycle with m-pendant C;* for n = 3 and
m = 1. Then
2,if nis even

w(Gh = {3, if nis odd
Proof. Cycle with m-pendant only have one cycle with order
n and m-pendant. Thus, This proof divided into two cases as
follows.
Case 1. For n is even
Based on Lemma 2.1 that u(C7*) = 2. Furthermore, we prove
that u(C*) < 2. Let f : V (G) = {1,2} be a vertex coloring (two
adjacent vertices may be colored same color). The construction
of coloring in graph (7' with the periodic label in cycle
(1,21,21,21,2,..,1,2) and the periodic label in pendant
(2,2,2,...) For more detail the label color and the
representation of vertices in cycle with m-pendant graph C;*
respect to with class color Il = {Cy, C,} where C; = {x;; i is odd}
and C, = {x;,y;; i is even } as follows.

1 ,ifv € {x;;iis odd
fl) = {2 ,ifv € {x;,y;; 1 is even

ISSN 2277-8616

Based on the color label f in cycle with m-pendantgraphCy*.
Thus, we have the representation as follows.
r(x;|IT) = (0,1); for i is odd; r(x;|IT) = (1,0); for i is even
r(oyI1m) = (1,0)
It is clear that for every two adjacent vertices has distinct
representation, we can see in r(xy,_,|IT) # r(x, [[Dfor k € N.
Without the loss generality, we have wp(Ci*) <2. Thus,
n(C) = 2.
Case 2. For n is odd
Based on Lemma 2.1 that u(Cy*) = 3. Furthermore, we prove
that u(C") <3. Let f: V(G) = {1,2,3} be a vertex coloring
(two adjacent vertices may be colored same color). The
construction of coloring in graph C;* with the periodic label in
cycle (1,2,1,2,1,2,1,2, ...,1,2,3) and the periodic label in pendant
(22,2, ) the label and the
representation of vertices in cycle with m-pendant graph C;*
respect to with «class color II={C,C,, C;}where C; =
{xi;iisodd}, C; = {x;,y;;iiseven} and C; = {x,} as follows.
1 ,ifv € {x;;1is odd
f(w) =<2 ,ifv € {x;,y;; i is even
3 ,ifv € {x,}
Based on the color label f in cycle with m-pendantgraph C;*.

For more detail color

Thus, we have the representation as follows.
n
r(x;|I) = (0,1,i);foriisodd, 1 <i < IEJ

n
(x| = (1,0,i); foriiseven, 1 <i < li]
n
(x| = (0,1,n — i); for i is odd, [EJ +1<i<n-1
n
r(x, 1) = (1,0,n — i); for i is even, [EJ +1<i<n-1

r(y;|1) = (1,0,2)

7 (x| = (1,1,0)
It is clear that for every two adjacent vertices has distinct
representation, we can see in r(xy,_,|IT) # r(x, [[Dfor k € N.
Without the loss generality, we have u(C7') <3. Thus,

n(c) = 3.

Theorem 2.3 Consider sun graph, Sun(n) for n > 3. Then
2,if nis even

igun(n)) = { 3,if nisodd
Proof.
Case 1. For n is even
Based on Lemma 2.1 that u(Sun(n)) = 2. Furthermore, we
prove that p(Sun(n)) <2. Let f: V (G) — {1,2}be a vertex
coloring (two adjacent vertices may be colored same color).
The construction of coloring in graph Sun(n) with the periodic
label in cycle (1,2,1,2,1,2,1,2,..,1,2) and the pendant
(2,1,2,1,2,1,2,1,...) For more detail the label color and the
representation of vertices in sun graph Sun(n)respect to with
class color IT = {C;, C,} where C; = {x;,y;;iis odd and j is even}
and C, = {x;, y;; i is evenand j is odd} as follows.
1 ,ifv € {x;,y;;iis odd or j is even}

f) = {2 ,if v € {x;,y;; i is evenor j is odd}
Based on the color label f in sun graph Sun(n). Thus, we have
the representation as follows.
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r(yj|l'[) = r(x;|I1) = (0,1); for i is odd and j is even
r(y]-|l'[) = r(x;|I1) = (1,0); for i is evenand j is odd
It is clear that for every two adjacent vertices has distinct
representation, we can see in 1(xp_q[IT) # r(x[M) or
r(Var-1 D) # r(yo|Mfor k € N. Without the loss generality,
we have u(Sun(n)) < 2. Thus, u(Sun(n)) = 2.
Case 2. For nis odd
Based on Lemma 2.1 that u(Sun(n)) = 3. Furthermore, we
prove that u(Sun(n)) < 3. Let f: V (G) = {1,2,3} be a vertex
coloring (two adjacent vertices may be colored same color).
The construction of coloring in graph Sun(n) with the periodic
label in cycle (1,2,1,2,1,2,1,2,...,1,2,3) and the pendant in the
cycle(2,3,2,3,2,3,2,3, ...,2,3,2). For more detail the label color
and the representation of vertices in sun graph Sun(n) respect
to with class color I1 = {C;, C;, C3}where C; = {x;,y;;iisodd } ,
C; = {x;, y;; lisevenand j is odd} and C; = {x,,y;;jiseven} as
follows.
1 ,ifv € {x;;iisodd }
f(w) ={2 ,ifv € {x;, y;; i is evenand j is odd}
3 ,ifv € {xp,y;;j is even}
Based on the color label f in sungraph Sun(n). Thus, we have
the representation as follows.
r(x,|I) = (0,1,1)
r(x, |1 = (1,1,0)
r(x;|I1) = (0,1,2); forx;isodd,2 <i<n-—2
r(x;|I) = (1,0,1); forx;iseven,2 <i<n-— 2
(D = (1,0,2)
(|1 = (2,0,1)
r(yj|l'l) = (2,1,0); foryjiseven,2 <j<n-—2
r(y;|1) = (1,0,3); fory;isodd,2 < j < n-—2
It is clear that for every two adjacent vertices has distinct
representation, we can see in 7(xy_4|IT) # r(xy|I) or
(V-1 1) # r(yy|Mfor k € N. Without the loss generality,
we have pu(Sun(n)) < 3. Thus, u(Sun(n)) = 3.

Theorem 2.4 Consider subdivision of sun graph S(Sun(n)) for
n = 3. Thenu(S(Sun(n))) = 2
Proof.
Based on Lemma 2.1 that u(S(Sun(n))) = 2. Furthermore, we
prove that u(S(n(n))) < 2. Let f: V (G) — {1,2}be a vertex
coloring (two adjacent vertices may be colored same color).
The construction of coloring in graph S(Sun(n)) with the
periodic label in cycle (1,2,1,2,1,2,1,2,...,1,2) and the pendant
in cycle (2,2,2,2,2,2,...,2) and (1,1,1,1, ...,1) For more detail the
label color and the representation of vertices in subdivision of
sun graph S(Sun(n))respect to with class color Il = {C;, C,}
where C; = {x;,Zj;iisodd,1 <i < 2nand1 <j <n}and
C, ={x;,y;iiseven,1 <i <2nand1 < j < njas follows.
1,ifve {xi,Zj;iisodd,l <i<2nand1<j<n}
f) = {

2 ,ifve{x,y;iiseven,1<i<2nand1<j<nj}
Based on the color label f in subdivision of sun graph
S(Sun(n)). Thus, we have the representation as follows.

(x| = r(zj|H) =(0,1);foriisodd,1 <i<2nand1<j<n
(x| = r(y;|M) = (1,0);foriiseven,1 < i <2nand1<j<n

ISSN 2277-8616

It is clear that for every two adjacent vertices has distinct
representation, we can see in r(xg_q|I1) # r(x|M) or
r(Yar—1 1) # r(yoi[MDfor k € N. Without the loss generality, we
have u(S(Sun(n))) < 2. Thus, u(S(Sun(n))) = 2.

Theorem 2.5 Consider cycle with two pendants C? for n > 3.
Then
2,if nis even

) = { 3,{fn is odd
Proof.Cycle with 2-pendant only have one cycle with order n
and 2-pendant. Thus, This proof divided into two cases as
follows.
Case 1. For n is even
Based on Lemma 2.1 that u(CZ) = 2. Furthermore, we prove
that u(C2) < 2. Let f : V (G) — {1,2} be a vertex coloring (two
adjacent vertices may be colored same color). The construction
of coloring in graph C; with the periodic label in cycle
(1,2,1,21,2,1,2,...,1,2) and the in pendant
detail the label color and the representation of vertices in cycle
with 2-pendant graph C; respect to with class color Il =
{C1, C,} where C; = {x;,¥;,¥n;iisodd} and C, = {x;;iiseven }
as follows.

(1,1). For more

1 ,ifv € {x;,¥,, Vn; 1 is odd}
flv) = { 2 ,ifv € {x;; i is even}
Based on the color label f in cycle with 2-pendantgraphCZ.
Thus, we have the representation as follows.

r(x;|I) = r(y,|I) = (0,1); for i is odd;

r(x;|T1) = (1,0); for i is even

() = (0,2)
It is clear that for every two adjacent vertices has distinct
representation, we can see in 7(xy,_1|I) # r(x, |IMfor k € N.
Without the loss generality, we have u(C:) <2. Thus,
u(cy) = 2.
Case 2. For n is odd
Based on Lemma 2.1 that u(CZ) = 3. Furthermore, we prove
that u(C2) <3. Let f: V(G) - {1,2,3} be a vertex coloring
(two adjacent vertices may be colored same color). The
construction of coloring in graph C7 with the periodic label in
cycle (1,2,1,2,1,2,1,2,..,1,2,3) and the in pendant (1,1) For
more detail the label color and the representation of vertices in
cycle with 2-pendant graph CZ respect to with class color
={G, G, G5} G ={x,y1,ypsiisodd} , G =
{x;;iiseven} and C; = {x,} as follows.
1 ,ifv € {x;,¥1, Yn; i is 0odd}

2 ,ifv € {x;; i is even}
3 ,ifv e {x,}

Based on the color label f in cycle with 2-pendantgraph CZ.
Thus, we have the representation as follows.

n
r(x;|I) = (0,1,i);foriisodd, 1 <i < lEJ

where

fw) =

n
(x| = (1,0,0); for i is even, 1 < i < [EJ
n
r(x;|I1) = (0,1,n — i); for i is odd, b] +1<i<n-1
n
r(x;|I) = (1,0,n — i); for i is even, lEJ +1<i<n-1
7(x, 1) = (1,1,0)

r(yl | H) = (01212)
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r(nM) = (0,2,1)
It is clear that for every two adjacent vertices has distinct
representation, we can see in r(xy,_4[IT) # r(x,[Dfor k € N.
Without the loss generality, we have u(C?) < 3. Thus,

u(CR) = 3.

3 CONCLUSION

In this paper we have shown some results the lower bound of
metric chromatic number of unicyclic graphs. However, to
obtain the exact values of some special graphs is not easy job.
Hence we propose to study other families apart from the
families that we have studied in this paper

ACKNOWLEDGMENT
We gratefully acknowledgment the support from University of
Jember of 2019.

REFERENCES
[1] Chartrand G and Lesniak LGraphs and digraphs 3rded (London:
Chapman and Hall), (2000).

[2] Chartrand, G., Okamoto, F. and Zhang, P., 2009. The metric
chromatic number of a graph. Australasian J. Combinatorics, 44,
pp.273-286.

1JSTR©2019
WWW.ijstr.org

ISSN 2277-8616

130


http://repository.unej.ac.id/
http://repository.unej.ac.id/

str metric

by ljstr Metric

Submission date: 25-Jan-2020 09:06PM (UTC+0700)
Submission ID: 1246238196

File name: paper_IJSTR_ridho.pdf (491.91K)

Word count: 3080

Character count: 11675


http://repository.unej.ac.id/
http://repository.unej.ac.id/

INTERNATIONAL JOURNAL OF SCIENTIFIC & TECHNOLOGY RESEARCH VOLUME 8, ISSUE 06, JUNE 2019

ISSN 2277-8616

Metric Chromatic Number Of Unicyclic Graphs

R. Alfarisi, A.l. Kristiana, E.R.Albirri, R. Adawiyah, Dafik

Abstract: All graphs in this paper are nontrivial and?necled graph. Le.f : V(G) = {12, ..., k} be a vertex coloring of a graph Gwhere two adjacent

vertices m'

be colored the same color. Consider th@color classes Il = {C,, G, ..., G.}. For a vertex vof G, the representation color of vis the k-\.recl.

r(v|M) = (d(v, G).d(v,Cy), ..., d(v,C,)), where d(v, G;) = min{d(v, c);c € C;} . If r(u|l1) = r(v|1) for every two adjacent vertices uand vof G, then fisa
metric coloring of G. The minimum kfor which Ghas a metric k-coloring is called the metric chromatic number of Gand is denoted by u(G). The metric
chromatic numbers of unicyclic graphs namely tadpole graphs, cycle with m-pendants, sun graphs, cycle with two pendants, subdivision of sun graphs.

Index Terms: Metric coloring, metric chromatic number, unicyclic graphs

1 Introduction

Graphs in this paper are nontrivial and connected graph, for
more det?. definition of graph see [1]. Let f: V(G) -
{L2, ...k} be a vertex coloring of a graph G where .o
adjacent vertices may be colored the same color. Consider the

color classes mn={C,C(,,..,C }.For a wvertex wvingG,
representa.)n color of v is the k-ftor
r(vn) = (d(v,,G), d(v, C), ., d(v, Ck)'vhere dv,C;) =

min{d(v,c); c € C;}. If r(ulm) # r(v|o) for every two adjacent
vertices u and vinG;, then f is a metric coloring of G. The
minimum k for which G has a metric k-coloring is called t'
metric chromatic number of ¢ and is denoted by p(G).In
recent years, there are some results of the metric chromatic
number of some well-known graphs in Chartrand et.al [2] as
follows.
Proposition 1.1 Anontrivial connected graph G has metric
chromatic number 2if and only if G is bipartite.
Proposition 2.2 Let G be a connected graph. If ¥(6) = 3, then
u(G) = 3.
Proposition 2.3 Let C,, be a cycle graph, then.
. 2,if nis even
#(G) = [ 3, {f n is odd
2 REsuULT
In this paper, we investigate the metric chromatic number
of unicyclic graphs namely tadpole graphs, cycle with m-
pendants, sun graphs, cycle with two pendants, subdivision of
sun graphs. Furthermore, we construct the new lemma for any
unicyclic graphs as follows.
Observation 2.J) For any two adjacent vertices u,v € V(T),
then we have d(u,x) # d(v,x) for x € V(T).
Observation 2.2. For any two adjacent vertices u' v in cycle in
unicyclic graph, then 3 x € V(U,) 3 d(u',x) = d(v, x)
Lemma 2.1 Consider unicyclic graph U,, forn = 3. Then
2. if ng iseven
#(Un) 2 { 3,if n is odd
Proof. Unicyclic graph U, for n =3 has only one cyde
subgraph with n vertices. So that, the coloring in the cycle
subgraph follows the coloring in the cycle graph. Based on
Proposition 2.3. that u(C,) = 2 for n is even and u(C,) = 3 for
n is odd. So, there are several condition in this proof as
follows:
i For any two adjacent vertices u, v not in cycle, based
on Observation 2.1. thatd (u, x) # d(v, x) for x € V(T)
such that r(u|1) # r(v|I1).

ii.  For any two vertices u in cycle and v not in cycle (u, v
not adjacent), it may be same representation.

iii. For any two adjacent vertices u in cycle and v not in
cycle, based on Observation 2.1. thatd (u, x) # d(v, x)
for x € V(T) such that r(u|Il) # r(v|II).

iv.  For any two adjacent vertices u,v in cycle, based on
Proposition 2.3. that we use the coloring in cycle.
Based on cases i) ,ii) ,iii), iv) that

2,if n; is even
#Un) = { 3,if n, is odd
Tadpole graph is one of unicyclic graph which
obtained by joining a cycle graph C,, to a path graph P,
with a bridge.
Theorem 2.1 Consider tadpole graph Ty, forn =3 andm = 1.

Then
ifn is even

2,
u(Tom) = [3, ifnisodd
Proof. Tadpole graph only have one cycle with order n and
one pendant path. Thus, This proof divided into two cases as
follows.
Case 1. For n is even
Based on Lemma 2.1 that p(7},,,,) = 2. F@thermore, we prove
that p(Tom) <2. Let f: V(G)— {1,2} be a wertex coloring
(two adjacent .ertiﬂes may be colored same color). The
construction of coloring in graph T, ,, with the periodic label
in cycle (1,2,1,2,1,2,1,2,..,1,2) and the periodic label in path
(tail) (2,1,2,1,2,1,2,1, ...) with two adjacent vertices in bridge
which using color 1 in cycle and color 2 in tail or color 2 in
cycle and color 1 in tail. For more detail the label color and the
representation of vertices in tadpole graph T, ,, respect to with
class color Il = {C;, C;} where C; = {x;,y;; {is odd and j is even}
and C, = {x;,y;; i is even and j is odd} as follows.
fo) = [1 Jifv € {x;,y;; iisodd and j is even

Based on the color label f in tadpole graph Ty;,. Thus, we
have the representation as follows.
r(y;-|l'l) =r(x;|I1) = (0,1); foriisoddandj is even
r(:y;-|l'l) = r(x;|I1) = (1,0); fori is evenand j is odd
It is clear that for every two adjacent vertices has distinct
representation, we can see in 1(xy_|IT) # r(xy /M) or
r(¥ar_11M) # r(yy |Mfor k € N. Without the loss generality,
we have p(T, ,,) < 2. Thus, u(T,,,) = 2.

2 ,ifv € {x; y;; iisevenand j is odd
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Case 2. Fornis odd

Based on Lemma 2.1 that #(Tn,m) =3 F
that p(T, ) <3. Let f: V(G) - {1,2,3}
(two adjacent .erl:‘lces may be colored same color). The
construction of coloring in graph Ty, with the periodic label
in cyde (1,2,1,2,1,2,1,2, ...,1,2,3) and the periodic label in path
(tail) (2,1,2,1,2,1,2,1,...) with two adjacent vertices in bridge
which using color 1 in cycle and color 2 in tail or color 2 in
cycle and color 1 in tail. For more detail the label color and the
representation of vertices in tadpole graph T, ,,, respect to with
class M= {C,C;,Cq}
C; = {x;,y;;lis odd and j is even} ,
Cy = {x;y;;iisevenand j is odd} and ;3 = {x,} as follows.

1 ,ifv € {x; y,;iis odd and j is even

ermore, we prove
a vertex coloring

color where

fv) =12 ,ifv € {x;, ¥ i is evenand j is odd
3 ,ifve {x;}

Based on the color label f in tadpole graph T, ,,.

have the representation as follows.

n
r(x;|I1) = (0,1,i);foriisedd, 1 < i< IE

<[5l

<i<n-1

Thus, we

r(x;|I) = (1,0,i);foriiseven,1 <1i
n 8
r{x;|I) = (0,1,n — i); for i is odd, IEJ +1
r(x;|I1) = (1,0,n — i); for i is even, I;J +1<i<n-1
'r(y;- ) = (1,0, +1);for jisodd
‘r(y;-|l'l) = (0,1,j 4+ 1);for jiseven
r(x, 1) = (1,1,0)
It is clear that for every two adjacent vertices has distinct
representation, we can see in 7(xge_q[M1) # r(xz M) or
r(yar—1I11) # r(yzx|MDfor k € N. Without the loss generality,
we have _L{(Tnm) =< 3. Thus, _u(Tn_m) =3

O L e e
ycle with m-pendant is one of unicyclic graph which a cycle
with one vertex have m-pendant.

Theorem 2.2 Consider cycle with m-pendant Cj" for n = 3 and

m = 1. Then
. 2,ifniseven

G = [3, |
Proof. Cycle with m-pendant only have one cycle with order
n and m-pendant. Thus, This proof divided into two cases as
follows.
Case 1. For n is even
Based on Lemma 2.1 that u(C*) = 2'7urthermore, we prove
that u(C") < 2. Let f = V (G) = {1,2} be a vertex coloring (two
adjggent vertices may be colored same color). The construction
of coloring in graph €' with the periodic label in cycle
(1,21,21,21,2,..,1,2) and the periodic label in pendant
(2,2,2,...) the label and the
representation of vertices in cycle with m-pendant graph ¢

For more detail color
respect to with class color Il = {C;,C;} where C; = {x;;i is odd}
and €y = {x;, yj; i is even } as follows.

_ 1,ifv € {x;iisodd
f) = [2 ,ifv € {x;, y;; i is even

ISSN 2277-8616

Based on the color label f in cycle with m-pendantgraphC;®.
Thus, we have the representation as follows.
r(x;|MT) = (0,1); for i is odd; r(x;|I1) = (1,0); for i is even
r(y|m) = (1,0)
It is clear that for every two adjacent vertices has distinct
representation, we can see in r(xge_q|[1) # r(xz|Mfor k € N.
Without the loss generality, we have u(CP*) <2. Thus,
(G = 2.
Case 2. Forn is odd
Based on Lemma 2.1 that u(C™) = 3. F ermore, we prove
that pu(C*) = 3. Let f: V (&) = {1,2,3} be a vertex coloring
(two adjacent .ertices may be colored same color). The
construction of coloring in graph ;" with the periodic label in
cycle (1,2,1,2,1,2,1,2, ...,1,2,3) and the periodic label in pendant
2,2, 55 "WFor the label and the
representation of vertices in cycle with m-pendant graph ¢
respect to with cass color Il={C,C,,C;jwhere C; =
{xiiisodd}, C; = {x;y;;iiseven} and ; = {x,} as follows.
1 ,ifv € {x;;iisodd
fw) = 2 ,ifv € {x;,y;;i iseven
3 ,ifv € {x,}
Based on the color label f in cycle with m-pendantgraph C;*.
Thus, we have the representation as follows.

n
r(x|1) = (0,1,i);foriisodd, 1 <i < IEJ

more detail color

n
r(x;|I1) = (1,0,i); foriiseven, 1 <i< I_Z-J
n
r(x;|M) = (0,1,n — i); for i is odd, I’ +1<is=n-1
n
r(x;|IT) = (1,0,n —i); for i is even, IEJ +1<isn-1
r(y;l]'l] = (1,0,2)
(|1 = (1,1,0)
It is clear that for every two adjacent vertices has distinct
representation, we can see in r(xg_q|1) # r(xy|Dfor k € N.

Without the loss generality, we have u(Cy') <3. Thus,
u(Ct) = 3.

Theorem 2.3 Consider sun graph, Sun(n) forn = 3. Then
u(Sun(n)) = [231,; nntjs eougz
Proof.
Case 1. For n is even
Based on Lemma 2.1 that u(Sun(n)) = 2. Furtl.rmore, we
prove that p(Sun(n)) <2. Let f: V (G) = {1,2}be a vertex
coloring (two adja:"lt vertices may be colored same color).
The construction of coloring in graph Sun(n) with the periodic
label in cycle (1,2,1212,1%2,..,1,2) and the pendant
(2,1,2,1,2,1,2,1,..) For more detail the label color and the
representation of vertices in sun graph Sun(n)respect to with
class color I = {Cy, C;} where C; = {x;,y;; {isodd andj is even}
and C; = {x;, y;; i is evenand j is odd} as follows.
1,ifv € {x;,y;;iis odd or j is even}

f) = [2 ,ifv € {x;, y;;i isevenor j is odd}
Based on the color label f in sun graph Sun(n). Thus, we have
the representation as follows.
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r(y;-|l'l) = r(x;|I1) = (0,1); for i is odd and j is even
r(y;-|l'l) = r(x;|I1) = (1,0); for i is evenand j is odd
It is clear that for every two adjacent vertices has distinct
representation, we can see in T(xge_q|l1) # r(xz|ll) or
(Va1 1) # r(yy | IDfor k € N. Without the loss generality,
we have u(Sun(n)) < 2. Thus, p(Sun(n)) = 2.
Case 2. For nis odd
Based on Lemma 2.1 that u(Sun(n)) = 3. Furthermore, we
(m))=3. Let f: V(G)— {123} be a vertex
coloring (two adjacent vertices may be colored same color).

prove that pu(

The construction of coloring in graph Sun(n) with the periodic
label in cycle (1,2,1,2,1,2,1,2, ...,1,2,3) and the pendant in the
cycle(2,3,2,3,2,3,2,3,...,2,3,2). For more detail the label color
and the representation of vertices in sun graph Sun(n) respect
to with class color Il = {C;, Gy, C3}where € ={x;, y;;iisodd} ,
C; = {x;y;;iisevenandjis odd} and C5 = {x;, y;; jiseven} as
follows.
1 ,ifv € {x;;iisodd }
f(v) =42 ,ifv € {x;,y;; i is evenand j is odd}

3 ,ifv € {xy,yj;J is even}
Based on the color label f in sungraph Sun(n). Thus, we have
the representation as follows.

r(x|M = (0,1,1)

r(x,) = (L,1,0)

r(x;]11) = (0,1,2); forxjisodd, 2 <i<n-—2
r(x;]1T) = (1,0,1); forx;iseven,2 <i<n -2
(M = (1,0,2)
(1) = (2,0,1)
r(y;-|l'l) = (2,1,0);foryjiseven,2 <j<n -2
r(y;-|l'l) =(1,0,3);foryjisodd, 2 <j<n-—2

It is clear that for every two adjacent vertices has distinct
representation, we in (a1 |1 # r{x|ll) or
(V-1 1) # r(yze[IMDfor k € N. Without the loss generality,
we have u(Sun(n)) < 3. Thus, u(Sun(n)) = 3.

can see

Theorem 2.4 Consider subdivision of sun graph §(Sun(n)) for
n = 3. Thenu(S(Sun(n))) = 2
Proof.
Based on Lemma 2.1 that u(5(Sun(n))) = 2. Furthermore, we
prove that _u(‘n(ﬂ))) <2 Let f: V(G)— {12}be a vertex
coloring (two adjacent vertices may be colored same color).
The construction of coloring in graph S(Sun(n)) with the
periodic label in cycle (1,2,1,2,1,2,1,2,...,1,2) and the pendant
incyde (2,2,2,2,22,..,2) and (1,1,1,1, ...,1) For more detail the
label color and the representation of vertices in subdivision of
sun graph S(Sun(n))respect to with class color Il = {C,,C,}
where €, = {x;, Zj;iisodd, 1 =i < 2Znand1=j=n}and
C, = {xyy;;iiseven,1 =i < 2nand1 <j < njas follows.
1 ,ifve {x;,z_j;iisudd,l =i<2nandl<j<=n}
ro)={

2 ,ifv €{x;,ypiiseven,l <i<2nandl <j<nj}
Based on the color label f in subdivision of sun graph
S(Sun(n)). Thus, we have the representation as follows.
(x| = r(zj|l'l) =(0,1);foriisodd,1<i<2nandl<j<=n
(x| ) = r(y;-|l'l) =(1,0);foriiseven,1 <i<Z2nand1<j<n

ISSN 2277-8616

It is clear that for every two adjacent vertices has distinct
representation, we can see in T (xy_|[1) # r(ay,ll) or
r(¥ap_111D) # r(yy [MMior k € N. Without the loss generality, we
have p(S(Sun(n))) < 2. Thus, u(S(Sun(n))) = 2.

Theorem 2.5 Consider cycle with two pendants C2 for n = 3.
Then
2,if nis even

u(C) = [ 3,£r nis odd
Proof.Cycle with 2-pendant only have one cycle with order n
and 2-pendant. Thus, This proof divided into two cases as
follows.
Case 1. For n is even
Based on Lemma 2.1 that u(C?) = 2. Furthermore, we prove

.\at p(CH < 2. Let f : V(G) - {1,2} be a vertex coloring (two

adjacent vertices may be colored same color). The construction
of coloring in graph Ci with the periodic label in cycle
(1,2,12121,2,..12) and the in pendant (1,1). For more
detail the label color and the representation of vertices in cycle
with 2-pendant graph €2 respect to with class color 1=
{C, C;} where C, = {x;, ¥,V iisodd} and €, = {x;;iiseven}
as follows.
1,ifv € {x;,¥1, Yn: i is odd
e - [ 2 ,ifu{E {ii; iyis even} !
Based on the color label f in cycle with 2-pendantgraphC?.
Thus, we have the representation as follows.
r(x;| 1) = r(y,|I) = (0,1); for i is odd;
r(x;| ) = (1,0); for i is even
r(nlm = (0,2)
It is clear that for every two adjacent vertices has distinct
representation, we can see in r(xze_q|I1) # r(xy|Mfor k € N.
Without the loss generality, we have u(CF)<2. Thus,
p(chH =2
Case 2. For n is odd
Based on Lemma 2.1 that p(C2) = 3. Furthermore, we prove
that u(C2) < 3. Let f: V(G) = {1,2,3} be a vertex coloring
(two adjacent vertices may be colored same color). The
construction of coloring in graph C; with the periodic label in
cyce (1,2,1,2,1,21,2,..,1,2,3) and the in pendant (1,1) For
more detail the label color and the representation of vertices in
cycle with 2-pendant graph C? respect to with class color
N={C,C,C} where C ={x,v,¥:iisodd} , G, =
{xpiiseven} and C; = {x,} asfollows.
1 ,ifv € {x;, y1, Vn; i is odd}
2 ,ifv € {x;;i is even}
3 ,ifv € {x,;}
Based on the color label f in cycle with 2-pendantgraph C2.
Thus, we have the representation as follows.

n
(x| = (0,1,i);foriisodd, 1 <i < IEJ

f@)=

n
r(x;|l1) = (1,0,i); foriiseven, 1 <i< IEJ
n
r(x;|M) = (0,1,n — i); for i is odd, IEJ +1<i=n-1
n
r(x;|IT) = (1,0,n — i); for i is even, IEJ +1<i<n-1
(1) = (1,1,0)

r(n M) =(0,2,2)
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r(w| = (0,2,1)
It is clear that for every two adjacent vertices has distinct
representation, we can see in r(xz_|I1) # r(x|MMfor k € N.
Without the loss generality, we have wu(C7)<3. Thus,

u(cd) =3.

3 CoNcCLUSION

In this paper we have shown some results the lower bound of
metric chromatic number of unicyclic graphs. However, to
obtain the exact values of some special graphs is not easy job.
Hence we propose to study other families apart from the
families that we have studied in this paper
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