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Abstract. All graphs in this paper are simple, finite, and undirected graph. Let r be a
edges of H. The edge comb product between L and H, denoted by Li>H, is a graph obtained
by taking one copy of L and |E(L)| copies of H and grafting the i-th copy of H at the
edges r to the i-th edges of L, we call such a graph as an edge comb product of graph
with subgraph as a terminal of its amalgamation, denoted by G = K>Amal(H,L C H,n).
The graph G is said to admits an (a,d)-H-antimagic total labeling if there exist a bijection
f:+ V(G)UEG) — {1,2,...,]V(G)| + |E(G)|} such that for all subgraphs isomorphic
to H, the total H-weights W(H) = > v f(v) + X ccpan f(e) form an arithmetic
sequence {a,a + d,a + 2d,...,a + (t — 1)d}, where a and d are positive integers and ¢ is
the number of all subgraphs isomorphic to H. An (a,d)-H-antimagic total labeling f is
called super if the smallest labels appear in the vertices. In this paper, we will study the
super ‘H—antimagicness of disjoint union of edge comb product of graphs with subgraph as a
terminal of its amalgamation.

Keywords: Graph amalgamation, edge comb product, H-Antimagic total labeling.

1. Introduction

Let G = (V(G), E(GQ)) be a simple, finite, and undirected graph with vertex set V(G) and
edge set E(G). The graph G is said to admit an (a, d)- H-antimagic total labeling if there exist a
bijection f : V(G)UE(G) — {1,2,...,|V(G)|+|E(G)|} such that for all subgraphs isomorphic
to H, the total H-weights W(H) = >, cy (g f(v) + X cepm) f(e) form an arithmetic sequence
{a,a +d,a+ 2d,...,a + (t — 1)d}, where a and d are positive integers and ¢ is the number
of all subgraphs isomorphic to H. An (a,d)-H-antimagic total labeling f is called super if
f:V(GQ) = {1,2,...,|V(G)|}.

Some results related to the existence of an (a, d)- H-antimagic total labeling can be cited
in [2, 3, 6, 7] and [8, 9, 10, 11, 12]. Inayah et al. in [6] proved that for any H and any
integer k > 2, shack(H,v,k) which contains exactly k subgraphs isomorphic to H admits
H-super antimagic. But they only covered a connected version of shackle of graph when a
vertex as a connector, and their paper did not cover all feasible d. Our paper attempt to solve

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOIL.

Published under licence by IOP Publishing Ltd 1



International Conference on Mathematics. Education, Theory and Application IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 855 (2017) 012010 doi:10.1088/1742-6596/855/1/012010

a super (a,d)-H antimagic total labeling of disjoint union of edge comb product of graphs
with subgraph as a terminal of its amalgamation, denoted by G = ¢(K>Amal(H,L C H,n)),
where ¢ is number of copies of Ki>Amal(H,L C H,n). In this study, we aim to achieve for all
feasible d.

To show those existence, we will use an integer set partition technique introduced by
[1, 3]. This technique is used in determining the feasible difference d. Let n,m,d and k be
positive integers. We consider the partition P}, ;(i, j) of the set {1,2,...,mn} into n columns,
n > 2, m-rows such that the difference between the sum of the numbers in the ( + 1)th
m-rows and the sum of the numbers in the jth m-rows is always equal to the constant d,
where 7 = 1,2,...,n — 1. Thus, these sums form an arithmetic sequence with the difference
d. By the symbol P’%?d(i,j), we denote the jth m-rows in the partition with the difference
d, where j = 1,2,...,n. Let > P} ;(i,j) be the sum of the numbers in P7 (i, ), thus

d=3 Pp a0 +1) =2 P )

2. Some Useful Lemma and Corollary

Let G be a disjoint union of comb product of graphs with subgraph as a terminal of
its amalgamation, denoted by G = ¢(K>Amal(H,L C H,n)). The graph G is a simple
and disconnected graph with |V(G)| = pg, |E(G)| = qa, |V(H)| = pu, and |E(H)| = qu.
The vertex set and edge set of the graph G = ¢(K>Amal(H,L C H,n)) can be split into
following sets: V(G) = {xi;1 < i < pg;1 <t < cfU{zipnl <i < pp—21< k<
qr,1 <t < c} U{zijrenl < i < pg—pr,1 <k < qr,1 < j < m;l <t < ¢} and
EG)={e1p;1<1<qr,1<k<qgr,1<t<ctU{e i1 <1<qun—qr;1<j<n;1<k<
gr; 1 <t < c}. Thus, the cardinalities of |V(G)| = pa = (pg — pr)ncqx + (pr — 2)cqx + cpi
and |E(G)| = q¢ = (qu — qr)ncgr + qregi .

The upper bound of feasible d such that G = ¢(K>Amal(H,L C H,n)) admits a super
(a, d)-H-antimagic total labeling can be obtained in the following lemma.

Lemma 1. [2] Let G be a simple graph of order p and size q. If G is super (a,d)-H -antimagic

total labeling then d < &= pH)pH+(qc G o pe = \V(G)|, q¢ = |E(G)|, pa = |V(H)|,
g = |E(H)|, and n = |Hg|, |Hk| zs number of subgraph which is isomorphic to the graph H.

Thus for pe = (pg — pr)near + (pr — 2)eqr + cpx and q¢ = (qu — qr)negr + qregr,
we have the following corollary.

Corrollary 1. Forn > 2, if the graph G = ¢(K>Amal(H,L C H,n)) admits super (a,d)-H -
2 negr(PrLpu+qrau+PL—2)cqupy+cpxpu+cqraxqn
neqi —1

antimagic total labeling then d < pp® + qu
Theorem 1. [5] If G is connected graph with p vertices and q edges, then p < q + 1

We recall a partition P}, ;(i, k) introduced in [4]. We will use this partition for a linear
combination to develop a bijection of vertex and edge label of the main theorem.
Lemma 2. ALet n , m and s be positive integers 1 < j <mn;1 <k <s, the) ;" PZL‘ZI (i,5,k) =
{fa(ns—1)[2] —a(ns—1)+i+ (k—1)a+ (j —1)as; 1 < i < m} forms an arithmetic sequences
of difference di = am.
Proof. For j = 1,2,..,n; k = 1,2,..,s, it gives that ;") P>* (i,5,k) = P% (4, k) =

m22n5 + 5 (1 —a— asn) — mas + am(js + k)} «— P dl(j, k) = {mZ"S + 21 —a—asn) —
2 2

mas+am(s+1), "5 + 5 (1 —a—asn) —mas+am(s+2),..., "5 + (1 —a—asn) —mas+

am(2s), m22"5—i—%(l—a—asn)—mas+am(2s+1), ey mzns+%(1—a—asn)—mas+am(ns+s)}

forms an arithmetic sequences of difference di = am. It concludes the proof. O
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Lemma 3. Let n , m and s be positive integers 1 < j < n;1 < k<s;and1 <t <cg, the
S nsc(z gk t) ={({t—1)a+ (k—1)ac+ (j — 1acs +i+ ([2] — 1)(acsn — 1)} forms an
arithmetic. sequences of difference do = am.

Proof. For 7 = 1,2,....,n; kK = 1,2,...,s, and t = 1,2,...,c, it gives that
. 2
Yoy ansdz(z g, k,t) = P:lsdg(],k t) = {m[(t—1)a+(k—1)ac+(j—1)acs —acsn+a]+ (2H"=) +

(acsn—a)("E9m)} «— P°) (. k) = {mla—acsn] + (H2) + (acsn — a) (£ ), ma+ (k-

Dac+ (j — 1)acs — acsn+a] + (%’”2) + (acsn — a)(mitam) ,ml[(c—=1)a+ (s—1)ac+ (n—

2a
1)acs—acsn+a]—i—(%’f}—i—(acsn—a)(’f%‘lm), {m[acsn]—i—(%ﬂﬁ)—k(acsn—a)(mtfbm),m[a+
acs — acsnj— a] + (RS + (afsn —a) (™2, m[(c—1)a+ (s —1)ac+ (n—1)acs — acsn+
al + (™55) + (acsn — a)(=E4) forms an arithmetic sequences of difference dy = am. It
concludes the proof. O

Lemma 4. Let m > 2 even and s be positive integers 1 <t < c¢;1 <k < s, the

poss {esi+t+(k—1)c—ecs;i=1 (mod 2)}
21 P d3(l’t’k) { {esi—t—(k—1)c+1;i=0 (mod 2)}

form an arithmetic sequences of difference ds = 0.

Proof. for j = 1,2,..,n; k = 1,2,...,s it gives D"  P"% (i,t,k) = PmdS(t k) =

m,ds

2 2 2
n C§+m, n 5‘29‘””, L, C§+m}. It concludes the proof. ([l

With those lemmas in hand, we ready to show our main result in the following section.

3. Main Results

In this section we will present our main theorem related to the existence of super (a,d)—H
antimagic total labeling of disjoint union of edge comb product of graphs with subgraph as a
terminal of its amalgamation. We will describe a construction of how to obtain the H-antimagic
total labeling from a smallest weight of edge-antimagic vertex labeling of graph G. We note
that if ¢K is an (a,d) — EAV L graph and H is any graph then ¢(K>Amal(H,L C H,n)) = G.

Lemma 5. Let K be a simple, nontrivial, and connected graph. If K admits an (a,d)-EAVL
then d < 2;;__14 orde {1,2}.

Proof. Suppose K is a connected graph of order px and size qx. If K admits (a,d)-
edge antimagic vertex labeling then the bijection f(V) = {1,2,3,...,px}. The set of edge
weights under vertex labeling f is w(uv) = f(u) + f(v), where wv € E(K). The weights
w(uwv) = {a,a+d,a+2d,...,a+ (qx — 1)d} where a is the smallest edge weight. The minimum
possible edge weight under labeling f is at least: 1 + 2, thus a > 3. The largest label is
pk + (px — 1) Hence a + (qx — 1)d < 2pxg — 1. Combining the two inequalities, and also
based on Theorem 1 we obtain the upper bound of feasible d for the graph K is said to be

(a, d)-edge antimagic vertex labeling, namely d < 2(”&#. Since the minimum size of graph
K is pK — 1 then d < 2((1"’211))712 = 2”K 4 and thus d< 2. Furthermore for the upper bound

L . - 2(epr—1)—2 __ 2cpg—4
of disjoint union, we suppose px = Cpi and qx = cqi then d < =D —1 = Cp}f 5 - Now,

we will show that d # 0. By contradiction, suppose If d =0 — 0 < 22‘”(_ 4 and thus P = 2.
Since we study for a graph of order larger than two then px = 2 is too trivial, thus d = 0 is
not our concern. It concludes that the feasible d € {1, 2}. O

Now we are ready to show our main theorem.
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Theorem 2. Let K, H be a two simple, nontrivial, and connected graphs. If the graph ck
admits an (a,d*)-FEAVL, then G = ¢(K>Amal(H,L C H,n)) admits a super (a,d) — H-
antimagic total labeling with d = d,+d., where d,, and d. are respectively the feasible difference
of partitions of integer set of vertex and edge labels.

Proof. Suppose G has a super (a,d) — H-antimagic total labeling f, we have a map
[V(G)UE(G) = {1,2,...,(pg — pr)ncax + (pr — 2)cqx + cpk + (qu — qr)ncqr + qreqr b,
Since the graph ¢K admits an (a, d*)-edge antimagic vertex labeling, the edge weight of cK is
{a,a+d,a+2d,...,a+ (r—1)d} where r =1,2,...,cqK. According to lemma 5 the feasible
difference of graph cK to be (a,d*)-antimagic vertex graph is d* € {1,2}. Thus, to prove the
theorem we will prove it into two cases, namely for d =1 and d = 2.

Case 1. For d = 1, we have wi(e;) = a+ (r — 1) - 1 and the number of pr, + g1, € L is
odd. By using Lemma 2 and Lemma 3, define the vertex and edge labelings f1 in the following
way:

NV -pryneax) = P;;qf;bdv(i,j,k,t) @ cpx
FVipr-2caic U Blgr—tyear) = Bplor (gn1).dsrd. (B3 k) @ cpc + (pr — pr)ncax
filer) = cqx+1—r+cpx + (pn — pr)negr + (pr — 2+ qr — 1)egr
fl(EQH —qr) ncqx) = ;,jq_zbde(i,ﬁ k,t) ® cprx + (pa — pr)near + (pr — 2 + qr, — 1)egr
+cqi

The labeling f; is a bijective function f, : V(G) U E(G) — {1,2,...,(pg — pr)ncgx + (pr —
2)eqi + epr + (g — qr)neqi + qreqr }. The H weight under the labeling fi constitute

W(Hjk) = wey+ Y, f+ Y. fle)

u€V (Hj k,¢) e€V (Ej k)

= (at(r=1)+ Y (Bt (5, k,t) @ cpr) + D (PO, (4, k) &
epx + (pa — pr)negr) + cqi + 1 —r + epx + (pa — pr)negr + (pr — 2)cqr +

> (prets  (i,4,k,t) @ epx + (pu — pr)ncqi + (pr, — 2+ qr, — 1)cqK + cqx)

= ((l + (T - 1)) + Cn;quL dy + d (]a k t) + CpK(pH pL)nCQK + C pr— 2+(QL 1),dy+de

+(pr — 24+ qr — 1)(epr + (pa — PL)NCgK) + cqx + 1 —r + cpr + (pa — PL)NCYK

+(pr =2+ qr — Vegr +Cp o™ 4+ de(G, K, t) + (qu — qr)(epx + (P — prL)ncgr

+(pr — 24+ qr — 1)cgr + cqk)

_ ncq CdK
= a+C " 4, T Pr(pr —pr)ncgx +C %5 1y gy,

+(pr — 2+ qr — 1)(epr + (pH — PL)NCYK) + cqK + cpx + (PH — PL)NCAK

+(pr —2+qr — Vegr +C 1+ (am — qr)(epx + (pr — pr)ncgr

+(pr — 24 qr — 1)cqr + cqi) + (de + dy) (4, k. 1)

for subgraph H;;,1 <j<n;1 <k <cqr;1<t<ec.

Case 2. For d = 2, we have wi(e,;) = a+ (r — 1) - 2 and the number of pr, + ¢y, is even.
By using Lemma 2, Lemma 3 and Lemma 4, define the vertex and edge labelings f2 in the
following way:
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o MVpu—pryneax) = P;L;qf;bdu (4,4, k,t) ® cpk
fo(Vipr-2)ear Y Blap—2)car) = P;Z§2+(qL72),du+de (4,4, k) ® cpx + (pE — PL)NCYK
faley) cqx +1 =7+ cp + (pr — pL)near + (pL — 2+ q — 2)eqr
fo(Eecq,) = cqx +1—r+cpx + (pu —pr)ncgr + (pr — 2+ qr — 2)cqr + cqi
fo(Eqy—qrynear) = P:;(J—I;L,de (4,5,k,t) ® cpx + (pr — pr)neqr + (pr — 2+ qr — 1)egr
+2cqk

The labeling fs is a bijective function f> : V(G) U E(G) — {1,2,...,(pg — pr)ncqgrx + (pr —
2)eqr + epx + (qu — qr)neqi + qreqr }- The H weight under the labeling fo constitute

W(Hjr) = wey+ ., fw)+ Y. fle)

ueV (Hj k,¢) e€V(Ej k,t)

= (a+20r=0)+ D (P, 0, (ki t) @ cpr) + 3 (Pyts, (o) o) a4, (003 5) ©
cpx + (pa — pr)ncqi) + cqx + 1 —r + epx + (pa — pr)negr + (pr — 2)cqi
+cq + 1 =71+ cepr + (pr — pr)ncgr + (pr — 2+ qr — 2)cqr + cai +

S o(prets (i, 4k, t) @ epi + (pu — pr)ncax + (pr — 2+ qL — 2)eqx + 204x)

= (a+2(r—1))+C ", +dv(j,k,t) + cpr(pu — pr)negr + Cp‘i 2 (g )yt

+cq + 1 — 1+ cepr + (pr — pr)negr + (pr — 2)cqr + cqr +1 — 1+ cpr +
(pm — pr)ncgr + (pr — 2+ qr — 2)eqr +cqr +Coot )+ de(4, k, t)

qH—4qL,
+(qg — qr)(cpx + (pr — pr)ncqx + (prL — 2+ qr — 2)cqr + 2¢qi )neqr

= (a+Cpt,, 4, tepx(pr —pr)neqr +Cl% o oy g g +CaK + cpi +

(pr — pr)ncqx + (P — 2)eqr + cqix + cpix + (P — pr)ncgx + (pr — 2 + qr, — 2)

C4K

cqi +cqi +Cot o+ (an — qr)(epk + (pr — pr)negr + (pr — 2+ q1 — 2)eqi
+2cqr )ncqi + (de + dv) (4, K, 1)

for subgraph Hj 4, 1 <j<n; 1<k <cqr;1<t<c.

From the two cases above, it is easy to see if the graph ¢K admits an (a,d*)-edge
antimagic vertex labeling then G = ¢(K>Amal(H,L C H,n)) admits a super (a,d) — H-
antimagic total labeling with d = d,+d., where d,, and d, are respectively the feasible difference
of partitions of integer set of vertex and edge labels. O

Concluding Remarks

We have shown the existence of super (a,d) — H antimagic total labeling of disjoint union of
edge comb product of graphs with subgraph as a terminal of its amalgamation, denoted by
G = ¢(K>Amal(H,L C H,n)). We have proved that G = ¢(K>Amal(H,L C H,n)) admits
a super(a,d)-H antimagic total labeling for almost feasible difference d, namely d = d, + d.,
where d, and d, are respectively the feasible difference of partitions of integer set of vertex
and edge labels.
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