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Abstract

Given graphs G = (Vg, Eg) and H = (Vy, Ey), an ordered set
U < Vg is called a resolving set of G if coordinate of distances of

every vertex in G to vertices in U is different. Metric dimension of G
is the minimal cardinality of a resolving set of G. An edge-corona
graph GOH is obtained by joining end vertices of e; e Eg,

jeil 2, .., |Eg | with all vertices from jth-copy of H. This paper

discusses some characterization and exact values for metric dimension
of edge-corona from a connected graph not tree G with an arbitrary
nontrivial graph H.
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1. Introduction

Throughout we use simple graph and finite graph. Given a graph
G = (Vg, Eg), let Vg be a vertex set of G and let Eg be an edge set of G.

For a further reference, we can see Chartrand et al. [2].

For an ordered set U = {u, uy, ..., u } =V, a representation of t € Vg5 to
Ur(t|U) is defined to be r(t|U) = (d(t, up), d(t, up), ..., d(t, uy)), where
d(t, u;) is a distance from a vertex t to a vertex u;. U is called a resolving
set for G if for arbitrary two vertices s, teVg, r(s|jU)=r(t/U). A

resolving set for G with minimum cardinality is called basis for G. Metric
dimension of G, denoted by dim(G), is the cardinality of a basis in G.

The results by Chartrand et al. [2] are used in this paper to mention
the research on metric dimension of graphs obtained by operation of graphs.
Previous researches on metric dimensions of corona graphs have been
done, for example, by Iswadi et al. [5] and Yero et al. [7]. In [4], Hou and
Shiu defined edge-corona operation of graphs and gave some results about
spectrums of edge-corona graphs, but there is no result about metric
dimension of edge-corona graphs yet. Recently, in [6], Rinurwati et al.
studied about local metric dimension of edge-corona graphs.

Motivated by above results, we study further on edge-corona graphs.
An edge-corona graph G ¢ H is obtained by joining end vertices of edge
ej € Eg, Jeil 2 ..,|E(G)[} with all vertices from jth-copy of H. The

following figures are some examples of edge-corona graphs:
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Figure 1. C4 0 Sy. Figure 2. S4 0 Cy.

This paper discusses some characterization and exact values for metric
dimension of edge-corona from a connected graph not tree G with an
arbitrary nontrivial graph H.

2. Results

We begin with the following:

Lemma 1. Let the order and size of a connected graph G and a
graph H be, respectively, p; >3, g, >2 and p, > 2, g, > 0. If jth-copy

of H, Hj = (VHJ., EHJ.); je{l, 2, .., q}, isasubgraphof GO H, then the
following hold:

(@) If s,teVHj, then dgon(s,u)=dgon(t,u) for every ue
Ve oH —VH;-

(b) If VHJ. AU = for some j, then U is not a resolving set for
GOH.

(c) If Uis a basis for GOH, then Vg NU is empty.

(d) For every connected graph H and resolving set U of GOH,
U;=U ﬂVHj is a resolving set for H ;.
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Proof. (a) We know that s, t EVH]-- Let z =sj Vg, and take any
UeVgon and u ¢ VHJ.. The result can be followed directly from the fact
that

dgoH (s, U)=dgon (s, 2) +dgon(z, u)=dgon(t 2)+dgon(z, )
=dgon(t, u).

(b) We suppose that VHJ. AU =g for some jeil .. q} Let

s, t EVHj- By (a), we have dgon (S, ¥) =dgon(t, y) for every vertex

y € U, which is a contradiction.

(c) We suppose that Vg MU = &. We will present that U; = U — Vg is
aresolving set for GOH. Let s, t € Vg o, With s = t. There are four cases

to be considered:

Casel. s, t eVHj.

Using (a), we conclude that there exists a vertex x € VH]. (U, such that
dgonH (S, X) isnotequal to dgon (t, X).
Case 2. s eVHj, teVy, and j=h

Let u e Vy, N U;. Then we have dg o (S, U) <2 <dgon(t, u).

Case 3. s, t eVg.

Let s = shj be a vertex of e; =sijshj of G,where i # he{l, 2, ..., p;}
for some je{l 2, .., q}, and let t = sij- Let z e Vy, AU’ Thus, we

have

doon (s, 2)=1<1l+dgon(t, s)=dgonl(t, 2).
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Case 4. s e VHJ. , t € V. There are two subcases:

(1) If s is adjacent to t, then t = Sij or t= Sh of e; = SiSh; of G,
forsome je{l, 2, .., o} Let g = Si, Sh, € EG) j#zkefl 2 .., 0} and

izhe{l 2 .., p} LetaeVy NUp Lett = Shj = Siy - Then we have

dgoH(s,a)=dgon (s ) +dgon(t @) =1+dgon(t, a)> dgon(t ).

(2) If sisnotadjacentto t, then t = s; =+ Sh; or t = Sp, . We have

dgoH (s, @) =dgon (s, ) +dgon(t a)> dgon(t a)
So, U, is aresolving set for G O H.

(d) Let Uj =U ﬂVHj. For seUj or teUj, it is obvious that
r(s|Uj) = r(t|U;j). We suppose that s, t e (VHJ. —Uj). It is known that
U is a resolving set for GO H. We obtain that r(s|U) is not the same
as r(t|U). Using (a), we obtain dgon(s, @) =dgon(t, @) for every
ae(VgoH —VHJ.). So, there is a vertex aeUj with dgon(s, @) #
dgon (t, @). Therefore, either a is adjacent to s and a is not adjacent

to t or a is not adjacent to s and a is adjacent to t. In Case 1, we
have dgon (s, a) = de(s, a)=1and dgon(t, a)=2< de(t, a). Itis

analogous for cases when a is not adjacent to s and a is adjacent to t. Thus,

U isaresolving set for H ;. O

Theorem 2. Let the order and size of a connected graph (not a tree) G
and a graph H be, respectively, p; >3, g, >3 and p, > 2, g, >1. Then

dim(GOH) > gy dim(H).

Proof. We consider that W is a minimum resolving set for G ¢ H. From

Lemma 1(c), we obtain W (Vg = &. Then, by Lemma 1(b), we have for
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every jeil 2, .., q}, thereisaset Wj = & c W such that W =U?1:1Wj.

Moreover, by Lemma 1(d), we obtain that W; is a resolving set for H;.

Therefore,
; _ _ a1 o 0 . .
dim(GOH) =|W =3 1 [Wj|= ijldlm(H) > g dim(H).
Then we obtain the lower bound on dim(G 0 H). O

Theorem 3. Let the order and size of a connected graph (not a tree) G
and a graph H be, respectively, p; 23, g >3 and p, 22, gy >21. If

diameter of HD(H ) is smaller than or equal to two, then

dim(GOH) = g, dim(H).

Proof. Let Wj < VHJ. be a resolving set for H; and let W :U?lzle.

We will prove that W is a resolving set for G ¢ H. There are four cases to be

considered:

Case 1. s, t eVHj. Because D(H) < 2, we obtain r(s|Wj) = r(t|W;)
forevery je{l, 2, ..., qu}, so r(s|W) = r(t|w).

Case 2. s eVHj, teVy,, and j=h Leta eVHj. Thus, we obtain
d(s, a) <2 <d(t, a).

Case 3. s,t e Vg. For every a eVHj, we find d(s, a)=1<d(t, s)
+d(s, a) = d(t, a).

Case 4. s eVHj and t € V. If s is adjacent to t, then t =t = sij or
t=t, = Sh of e; = Si;Sh; of G. Let a € W}, for some j = h. Hence, we

obtain d(s, a) =1+ d(t, a) > d(t, a). Furthermore, if s is not adjacent to t,
for a € W, then we obtain d(s, a) > d(t,s) + d(s, a) = d(t, a). Therefore,


http://repository.unej.ac.id/
http://repository.unej.ac.id/

On Metric Dimension of Edge-corona Graphs 971

for every s #teVgon, We have r(s|W) = r(t|W), so dim(GOH) <
g, dim(H). Combining with Theorem 2, we conclude that dim(GOH) =

g dim(H). O

We recall a well known lemma below to present a consequence of
Theorem 3. We note that K, , is a complete bipartite graph of order m + n,

K is acomplete graph of order m, and K, is an empty-graph of order n.

Lemma 4 [2]. Given a connected graph G, order of G is p > 4.
dim(G) = (p—2) if and only if G =K, (a b>1); G = (K, +Kp),
(a>1,b>2),0or G=(Ks+(KiUKp)), (a, b>1).

Corollary 5. Let the order and size of a connected graph (not a tree)
G and a connected graph H be, respectively, p; >3, g, >3 and p, > 4,
gy = 4. Diameter of H is smaller than or equal to two.

dim(GOH) = q(p, — 2) if and only if
H=Kgp (& b21); H=(Kyg+Kp) (ax1bz=2)
or H=(K; +(K; UKyp)), (a, b >1).

A special condition of Theorem 3 is given in the following results.

Corollary 6. Let the order and size of a connected graph (not a tree)
be, respectively, py >3 and g, 23. If H=F [, or H=Q p, with
po > 7, then

dimG O H) = q1{2p25+ ZJ.

A fan graph, denoted by F; Py Is a joint graph Kj + Pp, where Ky is
a trivial graph with one vertex and Po, is a path graph with p, vertices [4].
A wheel graph, denoted by W Dy is a joint graph K + Cp,: where K; isa

trivial graph with one vertex and sz is a cycle graph with p, vertices [6].
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Theorem 7. Let the order and size of a connected graph (not a tree) G
and a graph H be, respectively, p >3, gy >3 and p, 22, gy 21. Let ©
be the cardinality of isolated vertices in H. Let A be the cardinality of
connected components in H with order greater than or equal to two:

h(py =2 -1) for A >1and o >1,
dim(GOH)S ql(pz—k) for A >1and o =0,
th(py —1) for A = 0.

Proof. We consider that ® >1 and A >1. Let (Aé)j, le{l, 2, .., A}
be (th-connected component of H;, (pg)j is one of vertices of (Ag)j
and Pj cVgon with Pj = {(pg)j; efl,2, . Al jefl 2 .., q} If

® > 2, let bj be one of isolated vertices of H;, and Q; = {b;}. If ® =1,

then we consider Qj = &. Now, we will show that W = Uﬂlzl(lﬂ1 UQp)

resolves a graph GOH. Let s,t eVgon, S#t. We consider s, t ¢ W.

So, there are four cases to be considered:

Case 1. s=5sj €Vg Wwith s = Sij Or S =8y, of edge ¢ = Si;Sh; s
Sij» Sh; €Vg, i he L2, ..., jeflL 2 ..,0q}; and t €Vh;. Then
for every vertex a eV, MW with h= j, we obtain d(t,a)=d(t, s)+d(s, a)
> d(s, a).

Case 2. s =sj eVg with s = Sij OF S =8y, of edge ej = Si;Sh; >
Sij» Sh; €VG, ibhe{l,2,...,p}; jefl 2 .., q}; andt ¢ Vi, Forevery

vertex a € (W ﬂVHj ), we have d(s, a) =1 < d(t, a).

Case 3. s EVHJ- and t eVHh, h = j. For every vertex a e W ﬂVHj,

we obtain d(s, a) < 2 < (t, a).
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Case 4. s, te VHJ.. Let s be not an isolated vertex in VH].. There exists

a vertex aeW ﬂVHj such that a is adjacent to s, thus d(s, a)=1<2
=d(t,a). So, for any two vertices t, s eVgoy With t=s, we get
r(s|W)=r(t|wW), and consequently, dim(GOH)<q(py —A-1). If ® =0,

then we take W = U(}'lzl P; and we get dim(GOH) < q(p, —2). If A =0,

then we take W = U?llej so that we get dim(GOH) < q(p, —1). So, this

completes the proof. O

Corollary 8. Let the order and size of a connected graph (not a tree)
G and a connected graph H be, respectively, p; >3, g, >3 and p, > 2,

gy > 0. Then
dim(GOH) = q(p, —1) ifand only if H = K_pz'

Theorem 9. Let the order and size of a connected graph (not a tree)
G and a connected graph H be, respectively, p; 23, g, 23 and p, > 2,

gy > 1. Then
dim(G 0 H) = q(p2 —1) if and only if H is isomorphic with K, .

Furthermore, if H is not isomorphic to K., then dim(GOH) < gi(p, - 2).

P2’
Proof. Since dim(Kp,) = pp —1, by Theorem 3, we obtain dim(G 0 H)
= gg(p2 —1). On the other hand, we consider H # K. Let AcVy,

xeVy, and Na(x):={y e Aly is adjacent to x}. Let b,ceVy and
Ay,c =V \b, c}. Because the graph H is connected and H % K,

there exist at least two vertices b, ¢ of Vi such that N (b) # Np _(c).

Let bj, c; eVHj be jth-copy of b, ceVy, respectively. Let W =
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U?il(VHj — {bj. ¢j}). Now, we show that W resolves a graph GOH. Let

f#09eVgon but f, g ¢ W. We have three cases as follows:

Case 1. f =Db; and g = c;. Because NAb,c(b) # NAb,c(C)’ we obtain
r(f W) =r(g|w).

Case 2. f =sjeVg with f = Sij or f = Sh of edge e; = Si;Sh;;
Sij» Sh; eVg, ibhel,2,...,p}, j€{l,2,..,q}, and g eVHj. We have
d(g,s)=(d(g, f)+d(f,s))=@Q+d(f,s))>d(f,s). If f eVHj and
g € Vy, with h = j, then for every vertex s e (VHj —{bj, cj}), we have
d(f,s)<2<d(g,s).

Case 3. f, g eVg with f =5; = Sj; or f =s; = Sh; of edge ej =
sijshj; sij, shj eVg; ibhe{l,2,...,m}; je{l,2,..,qq); and f = g.
Let f =s;. Then, for every vertex s e (VHj —{bj, cj}), we have d(f,s)
=1<d(g, s). Therefore, for any two different vertices f, g eVgop, We
get r(f|W)=r(g|W). So, dim(GOH) < qu(ps — 2). O

The above bound is tight as we have presented in Corollary 5.

Theorem 10. Let the order and size of a connected graph (not a tree)
G and a connected graph H be, respectively, p; >3, g, >3 and p, > 2,

gy >1. Then
dim(GOH) < gq(dim(K, + H) - 1).

Proof. Let Ky + Hj be a subgraph of G 0 H graph which is formed by

connecting every end vertices Sij and Sh of edge e; = SijShj € Eg with

all vertices in Hj. For every edge ej € Eg, let U; be a basis of K, + H

and U = U?lzluj. By Lemma 1(c), we obtain that Sij and Shy do not
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belong to any basis for K, + Hj. Hence, there is no vertex from G that

contained in U. In other words, U Vg = &. Now, we will prove that U is
a resolving set for G O H. Given two vertices s, t € Vg, there are four

cases to be considered:

Case 1. s, t eVHj. There exists x € U such that dK2+Hj(s, X) #
dK2+Hj(t, X). This leads to dg o (S, X) # dgon (t, X).

Case 2. s EVHJ- and teVy,, j=h Let yeU;. We obtain
deon (s, y)<2<3<dgon(t ¥)

Case 3. Let e = SijShj» €k = SiySh, € Eg with j = k. Let Sij =S,
Sh; = t, sj =uand s, =v. Supposesand tare adjacent to the vertices of

VHj . There are two subcases:
Subcase 1. t = u and s = v. Thus, for every vertex x € U j, we obtain
dgoH (s, X) =1<dgon(s, V) +1=dgon(V, X)

and dg o (s, X) = dg o (t, X).

Subcase 2. t=#u and s =v. Hence, for every vertex x eU;j, we

obtain

dgon(s, X)=1<dgont,u)+1<dgon(s, u)+1
=dgonH (X u) <dgon (X V)
and dg o (s, X) = dgon (t, X).
Case4. s EVHJ- and t € V. There are two subcases:

Subcase 1. s is adjacent to t. Then t = Si; or t = Shj - For every vertex

xeUy, k=], kefl, 2 .., q}, weobtain
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dgoH (s, X) =dgon(t, X)+1>dgon (L X).

Subcase 2. sis not adjacenttot. Then t = 55 or t =sp, with j = k for

some k € {1, 2, ..., g;}. Hence, there exists x € U adjacent to t. Thus, we
have

dgon (s, X)=dgop (s, t) +1>dgon(t, X).
Therefore, for any two vertices s, t € Vg o With s#t, we obtain r(s|U) #
r(t|U), consequently, dim(GOH) < g dim(K, + H). O

Theorem 11. Let the order and size of a connected graph (not a tree)
G and a connected graph H be, respectively, p; >3, g, >3 and p, > 7,

g, > 6. Diameter of H is greater than or equal to six or H = Cp,:
dim(GOH) = gy([dim(K, + H)] -1).
Proof. We consider W is a basis for G ¢ H. By Lemma 1(c), we obtain
W NVg =J, so W =U?1:1Wj, with Wj < V. By using Lemma 1(b),
we have Wj = & for every je{l 2, .., q}. Furthermore, we will show
that for every u e VHj —W; holds r(u|Wj) = (1,1 ..., 1). There are two
cases:

Case 1. His acycle graph of order pp > 7. If r(x|W;) = (1, 1) for some

X eVy. —Wj, thenas p, > 7, there are two vertices s, t € V. —WJ- such
j j

that de(s, u)>1and de(t, u) >1 forevery ueW;. So, dgon(t, u) =

dgon (s, u)=2 for every u e W;. This is a contradiction, since by using

Lemma 1(a), we have dg o (S, U) = dg o (t, u) forevery x e W —W;.

Case 2. Diameter of H is greater than or equal to six. Let s and t be two
vertices in VHJ. —Wj. Because W is a resolving set for G ¢ H, we obtain

that r(s|W) is not equal to r(t|W). By Lemma 1(a), it is mentioned that
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dgon (s, u)=dgon(t, u) for every vertex u eVgon —VHJ.. So, there

is a vertex x € W; such that dg o (s, x) is not equal to dgon (L X),

consequently, either x is adjacent to t and x is not adjacent to s or X
is not adjacent to t and x is adjacent to s. Moreover, we consider that
there is a vertex y eVHj ~W; such that r(y|W) is equal to (1,1, ..., 2).

If there exists vertex ueW; such that de(z, u)>1, then for every
Ce VHJ. —(W;j Uy, z}), there is a vertex x € W; such that z is adjacent to
X. Therefore, the diameter of Hj is lower than or equal to five. Furthermore,
if for every z EVHJ' —Wj, there is a vertex x, e W; such that x, is
adjacent to z, then the diameter of H is lower than or equal to four. So,
if diameter of H is greater than or equal to six, then for every vertex
ye VHJ. —Wj holds r(y|Wj) = (L, 1, ..., 1).

We use K+ Hj as the subgraph of GOH which is formed by
connecting every end vertices s, s, of edge ej = sjsp of G, to every
vertex in H;. From Cases 1 and 2 above, we obtain that for every
vertex y e VHJ. —W; holds r(sj|Wj) =r(y|Wj) = (L1 .., 1). Therefore,
W; is a resolving set for Ky +H ;. So, for every je {1, 2, ..., qq} holds
dim(Ky + H;j)-1<[Wj |. Therefore, dim(GOH) < g(dim(Ky +H;)-1).

The proof is complete. d

The following is a consequence of Theorem 11.

Corollary 12. Let the order and size of a connected graph (not a tree) G
be, respectively, p; > 3 and g, > 3. The following hold:

(i) If pp > 7, then dim(G 0 Py, ) = ql(sz_;ZJ _1),

ii : 2py + 2
(ii) If pp > 7, then dim(G0C,,) = qlapzTJ _1)
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