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Abstract. Let ܩ be a connected graph with vertex set ܸሺܩሻ and ܹ ൌ
ሼݓଵ,ݓଶ, … , ௠ሽݓ ⊆ ܸሺܩሻ. A representation of a vertex ݒ ∈ ܸሺܩ) with respect to 
ܹ is an ordered m-tuple ݎሺݒ|ܹሻ ൌ ሺ݀ሺݒ, ,ଵሻݓ ݀ሺݒ, ,ଶሻݓ . . . , ݀ሺݒ,  ௠ሻሻ whereݓ
݀ሺݒ,  The set ܹ is called a resolving .ݓ	and ݒ ሻ is the distance between verticesݓ
set for ܩ if every vertex of ܩ has a distinct representation with respect to W. A 
resolving set containing a minimum number of vertices is called a basis for ܩ. 
The metric dimension of ܩ, denoted by	dim	ሺܩሻ, is the number of vertices in a 
basis of		ܩ. In general, the comb product and the corona product are non-
commutative operations in a graph. However, these operations can be 
commutative with respect to the metric dimension for some graphs with certain 
conditions. In this paper, we determine the metric dimension of the generalized 
comb and corona products of graphs and the necessary and sufficient  conditions 
of the graphs in order for the comb and corona products to be commutative 
operations with respect to the metric dimension. 

Keywords: comb product; commutative with respect to metric dimension; corona 
product; generalized comb and corona products; metric dimension basis. 

1 Introduction 

Let ܩ be a finite and simple connected graph. The vertex and edge sets of graph 
 ሻ, respectively. The distance between vertices vܩሺܧ ሻ andܩܸሺ	are denoted by ܩ
and w in ܩ, denoted by	݀ሺݒ,  ሻ, is the length of the shortest path between v andݓ
w.  Let ܹ ൌ ሼݓଵ,ݓଶ, … ௠ሽݓ, ⊆ ܸሺܩሻ be the ordered set and v a vertex on 
graph ܩ. The representation of v with respect to W is an ordered m-tuple, 
ሻܹ|ݒሺݎ ൌ ሺ݀ሺݒ, ,ଵሻݓ ݀ሺݒ, ,ଶሻݓ … , ݀ሺݒ,  ௠ሻሻ. The set ܹ is called a resolvingݓ
set of ܩ if all vertices of ܩ have distinct representations with respect to W. A 
minimum resolving set of graph ܩ is called a basis of ܩ. The cardinality of a 
basis is called the metric dimension of ܩ, denoted by dimሺܩሻ. Chartrand, et al. 
[1] characterized the metric dimension of certain graphs, i.e. dimሺܩሻ ൌ 1 if and 
only if ܩ ൌ ௡ܲ and dimሺܩሻ ൌ ݊ െ 1 if and only if ܩ ൌ  of order ܩ ௡ for graphܭ
n ≥ 2. 
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Saputro, et al. [2] obtained the metric dimension of the comb product of graph 
 This product is a special case of the rooted product graph, which has .ܪ	ߧ	ܩ
been defined by Godsil and McKay in [3]. Let ܩ and ܪ be two connected 
graphs and ݋ be a vertex of ܪ. The comb product between ܩ and ܪ, denoted by 
 and ܪ ሻ| copies ofܩand |ܸሺ ܩ is a graph obtained by taking one copy of ,ܪ	ߧ	ܩ
grafting the i-th copy of H at the vertex o to the i-th vertex of ܩ.  

Theorem 1. [2] Let ܩ and ܪ be connected graphs of order at least 2. If 
|ܸሺܩሻ| ൌ ݉ and ܪ is not a path, then: 

dimሺܪߧܩሻ ൌ ൜
݉	ሺ݀݅݉ሺܪሻ െ 1ሻ, if	there	exists	a	basis	of	H	containing	݋

݉݀݅݉ሺܪሻ, otherwise
 

Frucht and Harary [4] provide the definition of the corona product. Let 	ܩ be a 
connected graph of order n and ܪ (not necessarily connected) be a graph of 
order at least two. The graph ܩ corona ܪ, denoted by ܪ ⊙ ܩ, is a graph that is 
obtained by taking n copies of graphs H1, H2,…,Hn of H, and connecting the i-th 
vertex of ܩ to all vertices of Hi. The metric dimension of the corona product of 
two graphs has been determined by Iswadi, et al. [5]. 

Theorem 2. [4] Let ܩ be a connected graph and ܪ be a graph of order at least 2. 
Then: 

dimሺܩ ൜	ሻ=ܪ⊙
|ܩ| ݀݅݉ሺܪሻ , ݔ݁ݐݎ݁ݒ	ݐ݊ܽ݊݅݉݋݀	ܽ	ݏ݊݅ܽݐ݊݋ܿ	ܪ	݂݅

ଵܭሺ݉݅݀|ܩ| 	൅ ,ሻܪ	 ݁ݏ݅ݓݎ݄݁ݐ݋
 

In this paper, we discuss the metric dimension of the generalized comb product 
and the generalized corona product of graphs. We also discuss commutative 
characterization with respect to the metric dimension of the comb product and 
the corona product. The definition of the comb product, the rooted product and 
the corona product will be generalized by the k-comb product, the k-rooted 
product and the k-corona product, respectively. The generalized corona product 
includes the corona product of a graph and a sequence of graphs. The 
generalized definitions will be given in the next section. 

2 Generalized Comb and Corona Product Graphs 

An operation * defined on two graphs is said to be commutative if A*B ≅ B*A 
for every graph A and B. An operation * defined on two graphs ܩ and ܪ  is said 
to be commutative with respect to the metric dimension if dimሺܩ ∗ ሻܪ ൌ
dim	ሺܪ ∗ ܩሻ, denoted by ሺܩ ∗ ሻܪ ≅ dim	ሺܪ ∗  .ሻܩ

Let G and H be connected graphs, n be the order of G and o be a vertex of H. 
The k-comb product of G and H, denoted by ݋ܩ௞ܪ, is a graph obtained from G 
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and H by taking one copy of G and nk copies of H, i.e. H11,	H12,	H13,	...,	H1k,	H21,	
H22,	H23,	...,		H2k,	....,	Hn1,		Hn2,	Hn3,	...,	Hnk and grafting the vertex oij , j = 1, 2, 3, 
..., k  with the i-th vertex of G. In graph ݋ܩ௞ܪ, the vertex  ois=oi  for  s = 1, 2, 
…, k, and ݋ܩ௟ܪ ൌ  Hence, the k-comb product can be considered the .ܪ݋ܩ
generalized comb product. 

Let G be a connected labeled graph of order n and  ࣢ be a sequence of n rooted 
graphs H1, H2, H3, ..., Hn,. The k-rooted product of G and ࣢, denoted by 
 by taking one copy of G and k copies ࣢ is a graph obtained from G and ,࣢	ο௞	ܩ
of ࣢, i.e. H11, H12, H13, ..., H1k, H21, H22, H23, ...,  H2k, ...., Hn1,  Hn2, Hn3, ..., Hnk 
and grafting the rooted vertex of Hij, , j = 1, 2, 3, ..., k with the i-th vertex of G. 
In graph ܩ	ο௞	࣢, the vertex  ois = oi for s = 1, 2, …, k, and ܩ	οଵ	࣢ ൌ  .࣢݋ܩ
Hence, the k-rooted product can be considered the generalized rooted product. 

Rodriguez, et al. [6] defined the corona product of two graphs as follows. Let G 
be a connected labeled graph of order n and  ࣢ be a sequence of n graphs H1, 
H2, H3, ..., Hn. The corona product of G and ࣢, denoted by ܩ ⊙࣢, is a graph 
obtained from G and ࣢ by taking one copy of G and k copies of ࣢, i.e. H11, H12, 
H13, ..., H1k, H21, H22, H23, ...,  H2k, ...., Hn1,  Hn2, Hn3, ..., Hnk and joining by an 
edge each vertex of Hij, j = 1, 2, 3, ..., k with the i-th vertex of G. 

Let G be a connected graph of order n and H be a graph. The k-corona product 
of G and H, denoted by ܩ ⊙௞ ࣢ , is a graph obtained from G and H by taking 
one copy of G and nk copies of H, i.e. H11, H12, H13, ..., H1k, H21, H22, H23, ...,  
H2k, ...., Hn1,  Hn2, Hn3, ..., Hnk, and joining by an edge each vertex of Hij, j = 1, 
2, 3, ..., k with the i-th vertex of G. If k = 1 then ܩ ⊙௟ ࣢ ൌ ܩ ⊙࣢. Hence, the 
k-corona product can be considered the generalized corona product.  

Let G be a connected labeled graph of order n and  ࣢ be a sequence of n graphs 
H1, H2, H3, ..., Hn. The k-corona product of G and ࣢, denoted by ܩ ⊙௞ ࣢, is a 
graph obtained from G and ࣢ by taking one copy of G and k copies of ࣢, i.e. 
H11, H12, H13, ..., H1k, H21, H22, H23, ...,  H2k, ...., Hn1,  Hn2, Hn3, ..., Hnk and 
joining by an edge each vertex of Hij, j = 1, 2, 3, ..., k with the i-th vertex of G. 
If k = 1, then ܩ ⊙௞ ࣢ ൌ ܩ ⊙࣢. 

3 Metric Dimension of Generalized Comb Product Graphs 

The metric dimension of the generalized comb product (including the rooted 
product) and the corona product graphs are presented in the next theorems. We 
first present the metric dimension of the rooted product of graph G and sequence 
of graphs ࣢ as follows. 
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Theorem 3. Let G be a labelled connected graph of order n ≥ 2 and ࣢ a 
sequence of n connected non path rooted graphs of order at least two, namely 
H1, H2, H3, ..., Hn. If	݋௜ is the root of ܪ௜	 for every i = 1, 2,...,n, then:  

 dim	ሺܩ	ο	࣢) =  ∑ ሺdimሺܪ௜ሻሻെ	ߙ௜ሻ
௡
௜ୀଵ , 

 where ߙ௜ ൌ ൜
1, 		௜ܪ	݂݋	ݏ݅ݏܾܽ	ܽ	݋ݐ	ݏ݃݊݋݈ܾ݁	௜݋		݂݅
0, 																																								݁ݏ݅ݓݎ݄݁ݐ݋

. 

Proof. Let G be a labeled graph on n vertices and ࣢ be a sequence of n 
connected rooted non path graphs of order at least two H1, H2, H3, ..., Hn. Let ݋௜ 
be the root of Hi and ܤ௜ a basis of Hi, for every i = 1, 2, ..., n. Choose                
ܹ ൌ	⋃ ሼܤ௜ െ ሼ݋௜ሽሽ

௡
௜ୀଵ , so |ܹ| 	ൌ ∑ ሺdimሺܪ௜ሻሻെ	ߙ௜ሻ

௡
௜ୀଵ , 

 where ߙ௜ ൌ ൜
1, 		௜ܪ	݂݋	ݏ݅ݏܾܽ	ܽ	݋ݐ	ݏ݃݊݋݈ܾ݁	௜݋		݂݅
0, 																																								݁ݏ݅ݓݎ݄݁ݐ݋

. 

Suppose that x,y are any two distinct vertices in ܩ	ο	࣢. Then there are four 
possibilities:  

(a) x,y are rooted vertices. 
(b) x,y belong to ܪ௜, ݔ, ݕ ്  .௜݋	
(c) x  belongs to ܪ௜ and y is a rooted vertex. 
(d) x belongs to ܪ௜ and y belongs to ܪ௝, ݔ ് ,௜݋	 ݕ ് 	 ݅ ௜݋ ് ݆.  

We consider all possibilities: 

(a) Suppose x,y are rooted vertices. Let ݔ	 ൌ 	 ,௜݋ 	ݕ ൌ 	 ,௜݋௝. We get ݀ሺ݋ ௝ሻ݋ 	്
݀ሺ݋௜, ,௜݋௜ሻ, so ݀ሺ݋ ሻݒ ് ݀ሺ݋௝, ݒ ሻ for everyݒ ∈ ሻܹ|ݔሺݎ ௜ andܤ ്  .ሻܹ,ݕሺݎ

(b) Suppose x and y belong to ܪ௜.	 Let ݔ ൌ ,௜ݔ ݕ ൌ  ௜. There are twoݕ
possibilities, namely ݎሺݔ௜|ሼܤ௜ െ ሼ݋௜ሽሽሻ ് ௜ܤ௜|ሼݕሺݎ	 െ ሼ݋௜ሽሽሻ or ݎሺݔ௜|ሼܤ௜ െ
ሼ݋௜ሽሽሻ ൌ ௜ܤሼ	௜|ݕሺݎ	 െ ሼ݋௜ሽሽሻ.  
If ݎሺݔ௜|ሼܤ௜ െ ሼ݋௜ሽሽሻ ് ௜ܤሼ	௜|ݕሺݎ	 െ ሼ݋௜ሽሽሻ, then ݎሺݔ௜|ܹሻ ്   .ܹሻ	௜|ݕሺݎ	
If ݎሺݔ௜|ሼܤ௜ െ ሼ݋௜ሽሽሻ ൌ ௜ܤሼ	௜|ݕሺݎ	 െ ሼ݋௜ሽሽሻ, then ݀ሺݔ௜|݋௜ሻ ് 	݀ሺݕ௜|݋௜ሻ, so 
݋௝ܤ௜|ሼݔሺݎ െ ሼ݋௝ሽሽሻ ൌ ௝ܤሼ	௜|ݕሺݎ	 െ ሼ݋௝ሽሽሻ. For ݅	 ് 	݆, we get ݎሺݔ௜|ܹሻ ്
  .ܹሻ	௜|ݕሺݎ	

(c) Suppose x belongs to ܪ௜ and y is a rooted vertex. This means that y belongs 
to G. There are two possibilities, namely x = oi or x ് oi. For x = oi, because 
݀ሺ݋௜,݋௜ሻ 	് ݀ሺݕ, ௜݋ and	௜ሻ݋ ∈ ∪	௜ܤ|ݔ൫ݎ ௜, we getܤ ௝ܤ െ ൛݋௜, ௝ൟ൯݋ ്
∪	௜ܤ|ݕ൫ݎ ௝ܤ െ ൛݋௜, ݅  for	௝ൟ൯݋ ് ݆, so ݎሺݔ|ܹሻ ് ݔ ሻ. Forܹ|ݕሺݎ ്  ,௜݋	
without loss of generality, let ݔ ൌ ݅ ,௝݋ ് ݆. We get ݎ൫ܤ|ݔ௜	∪ ௝ܤ െ
൛݋௜, ௝ൟ൯݋ ് ∪	௜ܤ|ݕ൫ݎ ௝ܤ െ ൛݋௜, ሻܹ|ݔሺݎ ௝ൟ൯, so݋ ്   .ሻܹ|ݕሺݎ

(d) If x belongs to ܪ௜ and y belongs to ܪ௝, ݅ ് ݆, then ݎ൫ܤ|ݔ௜	∪ ௝ܤ െ ൛݋௜, ௝ൟ൯݋ ്
∪	௜ܤ|ݕ൫ݎ ௝ܤ െ ൛݋௜, ሻܹ|ݔሺݎ ௝ൟ൯. We get݋ ്  .ሻܹ|ݕሺݎ
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Hence, we have ܹ ൌ	⋃ ሼܤ௜ െ ሼ݋௜ሽሽ
௡
௜ୀଵ  is a resolving set of ܩ	ο	࣢. We now 

show that ܹ is minimal. Suppose that ܵ is any set such that ܵ ⊆ ܸሺܩ	ο	࣢ሻ and 
|ܵ| ൏ |ܹ|	. Since |ܵ| ൏ |ܹ|,	then there is i such that ܵ contains at most 
௜ܤ| െ ሼ݋௜ሽ| െ 1 elements of ܪ௜. As a result, there are two vertices in ܪ௜ that 
have the same representation with respect to	ܵ. Thus, ܵ is not a resolving set. 
Consequently, ܹ is a basis of ܩ	ο	࣢ and dim	ሺܩ	ο	࣢) =  ∑ ሺdimሺܪ௜ሻ െ ௜ሻߙ

௡
௜ୀଵ  

where: 

௜ߙ   ൌ ൜
1, 		௜ܪ	݂݋	ݏ݅ݏܾܽ	ܽ	݋ݐ	ݏ݃݊݋݈ܾ݁	௜݋		݂݅
0, 																																								݁ݏ݅ݓݎ݄݁ݐ݋

. 

In the next theorem, we give the metric dimension of the generalized k-comb 
product of graphs G and H. 

Theorem 4. Let G be a connected graph of order n, H is a non path graph of 
order at least two, and o is grafting vertex of 	ܩ	ߧ௞	ܪ. Then: 

dim	ሺܩ	ߧ௞	ܪ)= ൜
݊݇ሺdimሺܪሻെ1ሻ , ݋	݃݊݅݊݅ܽݐ݊݋ܿ	ܪ	݂݋	ݏ݅ݏܾܽ	ܽ	ݏݐݏ݅ݔ݁	݁ݎ݄݁ݐ	݂݅

݊݇ ݀݅݉ሺܪሻ ݁ݏ݅ݓݎ݄݁ݐ݋																																																						,  

Proof.  Let G be a connected graph of order n, H a non path graph of order at 
least two, and o a grafting vertex of ܩ	ο௞	ܪ. Consider nk copies of H are H11, 
H12, H13, ..., H1k, H21, H22, H23, ...,  H2k, ...., Hn1,  Hn2, Hn3, ..., Hnk. Let ܤ be a 
basis of H, ܤ௜௝ be a basis ܪ௜௝	and ݋௜௝ be a copy of o in ܪ௜௝,  ݅ ൌ 1, 2,3, . . , ݊; ݆ ൌ
1,2,3, … , ݇	. We get ݋௜௝ ൌ ݆ ௜ for݋ ൌ 1,2,3, … , ݇ and |ܤ௜௝| ൌ |ܤ| ൌ dimሺܪሻ. 
There are two possibilities, namely there is a basis of H containing o and no 
basis of H containing o.  

We consider the first case. Suppose there is a basis of H containing o. Choose 
ܹ ൌ	⋃ ⋃ ሼܤ௜௝ െ ሼ݋௜ሽሽ

௞
௝ୀଵ

௡
௜ୀଵ . We get |W| = ݊݇ ሺdimሺܪሻെ1ሻ. Suppose x,y are 

any two distinct vertices in ܩ	ο௞	ܪ. Then there are five possibilities, namely:  

(a) x and y belong to G. 
(b) x and y belong to ܪ௜௝ ≅ ;௜ܪ ,ݔ	 ݕ ്  .௜݋
(c) x belongs to G and y belongs to ܪ௜௝ ≅ ;௜ܪ ݕ	 ്  .௜݋
(d) x belongs to ܪ௜௝ and y belongs to ܪ௜௟, where ݆ ് ݈; ,ݔ	 ݕ ്  .௜݋
(e) x belongs  to ܪ௜௝ and y belongs to ܪ௞௟  for ݅ ് ݇; ݔ	 ് ,௜݋ ݕ ്  .௞݋

We consider all possibilities: 

(a) Suppose x and y belong to G. Let ݔ ൌ ݕ ௜ and݋ ൌ ௝ሻ݋௜݋௝. Then ݀ሺ݋ ്
݀ሺ݋௜, ,௜݋ so ሺ݀ሺ	௜ሻ݋ ሻݒ ് 	݀ሺ݋௝, ∋ ሻ for everyݒ ݈ ,௜௟ܤ ൌ 1,2, … , ݇. 
Consequently, ݎሺݔ|ܹሻ ്   .ሻܹ,ݕሺݎ	
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(b) Suppose x and y belong to ܪ௜௝ ≅ ;௜ܪ ,ݔ ݕ ് ݔ ௜. Let݋ ൌ ,௜ݔ ݕ ൌ  ,௜. Henceݕ
there are two possibilities, ݎሺݔ௜|ሼܤ௜௝ െ ሼ݋௜ሽሽሻ ് ௜௝ܤ௜|ሼݕሺݎ െ ሼ݋௜ሽሽሻ or 
௜௝ܤ௜|ሼݔሺݎ െ ሼ݋௜ሽሽሻ ൌ ௜௝ܤሼ	௜|ݕሺݎ െ ሼ݋௜ሽሽሻ. For ݎሺݔ௜|ሼܤ௜௝ െ ሼ݋௜ሽሽሻ ്
௜௝ܤሼ	௜|ݕሺݎ	 െ ሼ݋௜ሽሽሻ, we get ݎሺݔ௜|ܹሻ ് ௜௝ܤ௜|ሼݔሺݎ ܹሻ. Suppose	௜|ݕሺݎ	 െ
ሼ݋௜ሽሽሻ ൌ ௜௝ܤሼ	௜|ݕሺݎ	 െ ሼ݋௜ሽሽሻ. Since ܤ௜௝ is a basis of ܪ௜௝ and ݋௜ ∈  ௜௝ thenܤ
݀ሺݔ௜|݋௜ሻ ് 	݀ሺݕ௜|݋௜ሻ. Hence, ݎሺݔ௜|ሼܤ௞௟ െ ሼ݋௞ሽሽሻ ൌ ௞௟ܤሼ	௜|ݕሺݎ	 െ ሼ݋௞ሽሽሻ	for 
݅ ് ݇.  Therefore	ݎሺݔ௜|ܹሻ ്    .ܹሻ	௜|ݕሺݎ	

(c) Suppose x belongs to G and y belongs to ܪ௜௝ ≅ ,௜ܪ ݕ ്  ௜. There are two݋
possibilities, namely x = oi and x ് oi . Let x = oi. Since ݀ሺ݋௜, ௜ሻ݋ ് ݀ሺy,oi)	 
and ݋௜ ∈ ∪	௜௝ܤ|ݔ൫ݎ ௜௝, thenܤ ௞௟ܤ െ ሼ݋௜, ௞ሽ൯݋ ് ∪	௜௝ܤ|ݕ൫ݎ ௞௟ܤ െ ሼ݋௜,  	௞ሽ൯݋
for ݅	 ് ݇. Therefore ݎሺݔ|ܹሻ ് ݔ ሻ. Now, letܹ|ݕሺݎ ്  ௜. Without loss of݋
generality, let ݔ ൌ ്	 ௞ where݋ ݇ . Then, ݎ൫ܤ|ݔ௜௝	∪ ௞௟ܤ െ ሼ݋௜, ௞ሽ൯݋ ്
∪	௜௝ܤ|ݕ൫ݎ ௞௟ܤ െ ሼ݋௜, ሻܹ|ݔሺݎ ,௞ሽ൯. Hence݋ ്   .ሻܹ|ݕሺݎ

(d) Suppose x belongs to ܪ௜௝ and y belongs to ܪ௜௟, where ݆ ് ݈; ,ݔ	 ݕ ്  	.௜݋
Then, ݀ሺݔ, ሻݏ ൌ ݀ሺݔ, ௜ሻ݋ ൅ ݀ሺ݋௜, ,ሻݏ ݏ∀ ∈ ,ݕ௜௟ and ݀ሺܤ ௥ሻݏ ൌ ݀ሺݔ,  ,௥ሻݑ
where ݏ௥ is r-th element of ܤ௜௟ and ݑ௥ is the r-th element of		ܤ௜௝. 
Consequently, ݎ൫ܤ|ݔ௜௝	∪ ௞௟ܤ െ ሼ݋௜, ௞ሽ൯݋ ് ∪	௜௝ܤ|ݕ൫ݎ ௞௟ܤ െ ሼ݋௜,  ௞ሽ൯. So݋
ሻܹ|ݔሺݎ ്   .ሻܹ|ݕሺݎ

(e) Suppose x belongs to ܪ௜௝ and y belongs to ܪ௞௟ for ݅ ് ݇, ݔ ് ,௜݋ ݕ ്  ௞. By݋
the same reasoning as in the case x belongs to ܪ௜௝ and y belongs to ܪ௜௟, 
where ് ݈ , we get ݎሺݔ|ܹሻ 	്   .ሻܹ|ݕሺݎ	

 
Hence, we have ܹ ൌ	⋃ ⋃ ሼܤ௜௝ െ ሼ݋௜ሽሽ

௞
௝ୀଵ

௡
௜ୀଵ  is a resolving set of ܩο௞ܪ. We 

now show that ܹ is minimal. Suppose that ܵ is any set such that ܵ ⊆
ܸሺܩ	ο௞	ܪሻ and |ܵ| ൏ |ܹ|.  Then, ܵ contains at most |ܤ௜௝| െ 2 elements of 
 ௜௝ that have theܪ for some index i. As a result, there are two vertices of	௜௝ܪ
same representation with respect to ܵ. Thus ܵ is not a resolving set. 
Consequently, ܹ is a basis of ܩ	ο௞	ܪ and:  

 dim	ሺܩο௞ܪሻ ൌ ݊݇ሺdimሺ݄ሻ െ 1. 

Now we consider the second case, where there is no basis of H containing o. 
Choose W	ൌ ⋃ ⋃ ሼܤ௜௝ሽ

௞
௝ୀଵ

௡
௜ୀଵ .	 Hence, |ܹ| 	ൌ 	݊݇ ሺdimሺܪሻሻ. Take any two 

distinct vertices x,y in ܩ	ο௞	ܪ. There are five possibilities, namely: 

(a) x and y belong to G. 
(b) x and y belong to ܪ௜௝ ≅ ;௜ܪ ,ݔ	 ݕ ്  .௜݋
(c) x belongs to G and y belongs to ܪ௜௝ ≅ ݕ ,௜ܪ ്  .௜݋
(d) x belongs to ܪ௜௝ and y belongs to ܪ௜௟, where ݆ ് ݈, ,ݔ ݕ ്   .௜݋
(e) x belongs  to ܪ௜௝ and y belongs to ܪ௞௟  for ݅ ് ݇, ݔ ് ,௜݋ ݕ ്  .௞݋
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By using the same technique as presented in the first case, it can be proved that   
ܹ ൌ	⋃ ⋃ ሼܤ௜௝ሽ

௞
௝ୀଵ

௡
௜ୀଵ  is a basis of ܩ	ο௞	ܪ and:  

 dimሺܩ	ο௞	ܪሻ ൌ ሺdimሺܪሻሻ.  

A more general result on the metric dimension of the generalized comb product 
of graphs is presented in the following theorem. 

Theorem 5.  Let G be a connected labelled graph of order n and ࣢ be a 
sequence of n non path rooted graphs of order at least two, namely H1,	H2,	H3,	...,	
Hn. Then dimሺܩ ο୩	࣢ሻ ൌ k∑ ሺdimሺܪ௜ሻ െ α୧ሻ

୬
୧ୀଵ , where 

௜ߙ ൌ ൜
1, ݔ݁ݐݎ݁ݒ	݀݁ݐ݋݋ݎ	݃݊݅݊ܽݐ݊݋ܿ		௜ܪ		݂݋	ݏ݅ݏܾܽ	ܽ	ݏ݅	݁ݎ݄݁ݐ	݂݅
0, ݁ݏ݅ݓݎ݄݁ݐ݋

. 

Proof. Suppose k copies of ࣢ are H11,	H12,	H13,	...,	H1k,	H21,	H22,	H23,	...,		H2k, ...., 
Hn1,		Hn2,	Hn3,	...,	Hnk. Let ܤ௜ be a basis of ܪ௜, ܤ௜௝ a basis of ܪ௜௝	and ݋௜௝ a rooted 
vertex of ܪ௜௝,  ݅ ൌ 1, 2,3, … , ݊; ݆ ൌ 1,2,3, … , ݇.	Hence,  ݋௜௝ ൌ |௜௝ܤ| ௜ and݋ ൌ
݆ ௜| forܤ|	 ൌ 1,2,3, … , ݇.  Choose W	ൌ 	⋃ ⋃ ሼܤ௜௝ െ ௜ሽ݋

௞
௝ୀଵ

௡
௜ୀଵ . Therefore,  

|ܹ| ൌ ݇ ∑ ሺdimሺܪ௜ሻ െ ௜ሻߙ
௡
௜ୀଵ , where: 

௜ߙ ൌ ൜
1, ݔ݁ݐݎ݁ݒ	݀݁ݐ݋݋ݎ	݃݊݅݊ܽݐ݊݋ܿ		௜ܪ		݂݋	ݏ݅ݏܾܽ	ܽ	ݏ݅	݁ݎ݄݁ݐ	݂݅
0, ݁ݏ݅ݓݎ݄݁ݐ݋

. 

Suppose x,y are any two distinct vertices in ܩ	ο௞	࣢. Then there are five 
possibilities, namely: 

(a) x and y belong to G. 
(b) x and y belong to ܪ௜௝ ≅ ,௜ܪ ,ݔ ݕ ്  .௜݋
(c) x belongs to G and y belongs to ܪ௜௝ ≅ ݕ ,௜ܪ ്  .௜݋
(d) x belongs to ܪ௜௝ and y belongs to ܪ௜௟, where ݆ ് ݈, ,ݔ ݕ ്  .௜݋
(e) x belongs  to ܪ௜௝ and y belongs to ܪ௞௟  for ݅ ് ݇, ݔ ് ,௜݋ ݕ ്  .௞݋

By using the same technique as presented in the proof of Theorem 4, it can be 
shown that W ൌ ⋃ ⋃ ሼܤ௜௝ െ ሼ݋௜ሽሽ

௞
௝ୀଵ

௡
௜ୀଵ  is a resolving set of ܩ	ߧ௞	࣢. 

Now, we show that ܹ is minimal. Suppose that ܵ is any set such that ܵ ⊆
ܸሺܩ	ο௞	࣢ሻ and |ܵ| ൏ |ܹ|. Then, ܵ contains at most |ܤ௜௝ െ ሼ݋௜ሽ| െ 1   elements 
of ܪ௜௝ for some index i. As a result, there are two vertices of ܪ௜௝ that have the 
same representation with respect to	ܵ. Thus, ܵ is not a resolving set. 
Consequently, ܹ is a basis of G	ο௞	࣢ and dimሺܩ	ο௞	࣢ሻ ൌ ݇ ∑ ሺdimሺܪ௜ሻ െ

௡
௜ୀଵ

 :௜), whereߙ

௜ߙ ൌ ൜
1, ݔ݁ݐݎ݁ݒ	݀݁ݐ݋݋ݎ	݃݊݅݊ܽݐ݊݋ܿ		௜ܪ		݂݋	ݏ݅ݏܾܽ	ܽ	ݏ݅	݁ݎ݄݁ݐ	݂݅
0, ݁ݏ݅ݓݎ݄݁ݐ݋

.  
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4 Metric Dimension of Generalized Corona Product Graphs 

Similar to the generalized comb product, the metric dimension of the 
generalized corona product of graphs is presented in this section. We start this 
section with the metric dimension of the corona product of graph G and 
sequence of graphs ࣢ as follows.  

Theorem 6. Let G be a connected labelled graph of order n and ࣢ be a 
sequence of n rooted graphs. Then, dim	ሺܩ ⊙࣢) = ∑ ሺdimሺܭଵ 	൅ܪ௜ሻ െ α୧ሻ

୬
୧ୀଵ , 

where:  

௜ߙ ൌ ൜
1, ଵܭ	݂݋	ݏ݅ݏܾܽ	ܽ	ݏ݅	݁ݎ݄݁ݐ	݂݅ 	൅	ܪ௜	ܿ݃݊݅݊݅ܽݐ݊݋	ݔ݁ݐݎ݁ݒ	݂݋	ܭଵ
0, ݁ݏ݅ݓݎ݄݁ݐ݋

. 

Proof. Let ܸሺܩሻ ൌ ሼݒଵ, ,ଶݒ … ,  ,be a sequence of n rooted graphs ࣢ and		௡ሽݒ
namely H1,	H2,	H3,	...,	Hn. Let B be a basis of H, and Bi a basis of 〈ݒ௜〉 ൅	ܪ௜, ݅ ൌ
1, 2, … , ݊. Choose	ܹ ൌ ⋃ ሺܤ௜ െ ሼݒ௜ሽሻ

௡
௜ୀଵ . Since, 〈ݒ௜〉 ൅	ܪ௜ ≅ ଵܭ 	൅ ,ܪ	 ∀݅ ൌ

1,2, … , ݊ we have |ܹ| ൌ ∑ ሺdim	ሺܭଵ 	൅ܪ௜ሻ െ ௜ሻߙ
௡
௜ୀଵ ,	where: 

௜ߙ ൌ ൜
1, ଵܭ	݂݋	ݏ݅ݏܾܽ	ܽ	ݏ݅	݁ݎ݄݁ݐ	݂݅ 	൅	ܪ௜	ܿ݃݊݅݊݅ܽݐ݊݋	ݔ݁ݐݎ݁ݒ	݂݋	ܭଵ
0, ݁ݏ݅ݓݎ݄݁ݐ݋

. 

Suppose x,y are any two distinct vertices in ܩ ⊙௞  Then there are four .ܪ
possibilities, namely: 

(a) x and y belong to G. 
(b) x and y belong to ܪ௜.	 
(c)  x belongs to G and y belongs to ܪ௜.  
(d) x belongs to ܪ௜ and y belongs to ܪ௝ where ݅ ് ݆. 

 
We consider all possibilities: 

(a) Suppose x and y belong to G. Let ݔ ൌ ݕ ,௞ݒ ൌ ݇ ௟ whereݒ ് ݈. Then 
݀ሺݒ௞, ௟ሻݒ ് ݀ሺݒ௞, ,௞ݒ௞ሻ. Consequently, ݀ሺݒ ሻݒ ് 	݀ሺݒ௟,  ሻ for everyݒ
ݒ ∈ ௞|ܹሻݒሺݎ ,௞.  Thereforeܪ 	്    .௟|ܹሻݒሺݎ	

(b) If x and y belong to ܪ௜, then ݀ሺݔ, ௜ሻݒ ൌ ݀ሺݕ,  ௜ሻ. Since Bi is a basis ofݒ
〈௜ݒ〉 ൅ ,ݔ௜, we find ݀ሺܪ	 ሻݏ ് ݀ሺݕ, ݏ for some	ሻݏ ∈ ሺܤ௜ െ ሼݒ௜ሽሻ. Hence, 
ሻܹ|ݔሺݎ ്   .ሻܹ|ݕሺݎ

(c) Suppose x belongs to G and y belongs to ܪ௜. There are two possibilities, 
namely ݔ ൌ ݔ ௜ orݒ ൌ ݇ ௞, whereݒ ് ݅. For ݔ ൌ ,௜ݒ௜, we find ݀ሺݒ ሻݑ ്
݀ሺݕ, ,ሻݑ ݑ∀ ∈ ݇ ௞, whereܪ ് ݅. Hence, ݎሺݒ௜ ௞ܤ| െ ሼݒ௞ሽ) ് ௞ܤ|ݕሺݎ	 െ ሼݒ௞ሽሻ. 
Consequently, r(ݒ௜ |W) ് 	rሺݕ|ܹሻ. For ݔ ൌ ݇ ௞, whereݒ ് ݅, we find 
௞ܤ	|௞ݒሺݎ െ ሼݒ௞ሽሻ ് ݀ሺܤ|ݕ௞ െ ሼݒ௞ሽሻ.	Consequently, ݎሺݒ௞|ܹሻ ്  .ሻܹ|ݕሺݎ

(d) If x belongs to ܪ௜ and y belongs to ܪ௝, where ݅ ് ݆, then ݀ሺݔ, ௜ሻݒ ്
݀ሺݔ, ௜ܤሺ|ݔሺݎ ,௝ሻ. Consequentlyݒ ∪ ௝ܤ െ ൛ݒ௜, ௝ൟሻݒ ് ௜ܤሺ|ݕሺݎ ∪ ௝ܤ െ
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൛ݒ௜, ሻܹ|ݔሺݎ	 ,௝ൟሻ. Thereforeݒ 	് ܹ ሻ andܹ|ݕሺݎ	 ൌ ⋃ ሺܤ௜ െ ሼݒ௜ሽሻ
௡
௜ୀଵ  is a 

resolving set of ܩ ⊙࣢. 
 

Now, we show that ܹ is minimal. Suppose ܵ is any set such that ܵ ⊆ ܸሺܩ ⊙
࣢ሻ and |ܵ| ൏ |ܹ|. Then, ܵ contains at most |ܤ௝ െ ሼݒ௝ሽ| െ 1 elements of 
〈௝ݒ〉 ൅	ܪ௝ for some index j. As a result, there are two distinct vertices of ܪ௝ that 
have the same representation with respect to ܵ. Thus S is not a resolving set. 
Consequently, ܹ is a basis of ܩ ⊙࣢ and dim(ܩ ⊙࣢) = 
∑ ሺdimሺܭଵ 	൅ܪ௜ሻ െ ௜ሻߙ
௡
௜ୀଵ , where:  

௜ߙ ൌ ൜
1, ଵܭ	݂݋	ݏ݅ݏܾܽ	ܽ	ݏ݅	݁ݎ݄݁ݐ	݂݅ 	൅	ܪ௜	ܿ݃݊݅݊݅ܽݐ݊݋	ݔ݁ݐݎ݁ݒ	݂݋	ܭଵ
0, ݁ݏ݅ݓݎ݄݁ݐ݋

. 

In the next theorem, we give the metric dimension of the generalized k-corona 
product of graphs G and H. 

Theorem 7.  Let G be a connected graph of order n and H be a graph of order at 
least 2. If ܭଵ 	൅	ܪ௜ has a basis Bi such that there is no vertex x in ܪ௜ with 
௜ሻܤ|ݔሺݎ ൌ ሺ2, 2, … , 2ሻ, for every i. Then:  

݀݅݉ሺܩ ⊙௞ ሻܪ ൌ ൜
݇݊ ሺdimሺܭଵ 	൅ܪሻ െ 1ሻ , ଵܭ	݂݋	ݏ݅ݏܾܽ	݂݅ 	൅ 	ଵܭ	݂݋	ݔ݁ݐݎ݁ݒ	݃݊݅݊݅ܽݐ݊݋ܿ	ܪ	

݇݊	ሺdimሺܭଵ 	൅ ݁ݏ݅ݓݎ݄݁ݐ݋																																																															,ሻሻܪ	
 

Proof. Let ܸሺܩሻ ൌ ሼݒଵ, ,ଶݒ … ,  ,௡ሽ and nk copies of H be H11, H12, H13,..., H1kݒ
H21, H22, H23, ...,  H2k, ...., Hn1,  Hn2, Hn3, ..., Hnk. Let B be a basis of  H and Bij a 
basis of 〈ݒ௜〉 ൅ ,௜௝ܪ	 ݅ ൌ 1, 2, … , ݊; ݆ ൌ 1,2, . . , ݇. Then there are two possibilities, 
namely: 

(i) there is a basis of  ܭଵ 	൅  .ଵܭ containing a vertex of ܪ	
(ii) there is no basis of  ܭଵ 	൅   .ଵܭ containing a vertex of ܪ	

(I) Suppose there is a basis of ܭଵ 	൅  ଵ. Chooseܭ containing a vertex of ܪ	
ܹ ൌ ⋃ ⋃ ሺܤ௜௝ െ ሼݒ௜ሽ

௞
௝ୀଵ ሻ௡

௜ୀଵ .	Since 〈ݒ௜〉 ൅	ܪ௜௝ ≅ ଵܭ 	൅ ,ܪ	 ∀݅ ൌ 1,2, … , ݊; 
݆ ൌ 1,2, . . , ݇, then we have |ܹ| ൌ ݇݊ ሺdimሺܭଵ 	൅ ሻܪ	 െ 1ሻ. Suppose x,y 
are any two distinct vertices in ܩ ⊙௞  ,Then there are five possibilities  .ܪ
namely:  

(a) x and y belong to G. 
(b) x and y belong to ܪ௜௝ ≅  .௜ܪ
(c) x belongs to G and y belongs to ܪ௜௝ ≅    .௜ܪ
(d) x belongs to ܪ௜௝ and y belongs to ܪ௜௟, where ݆ ് ݈.  
(e) x belongs  to ܪ௜௝ and y belongs to ܪ௞௟ for ݅ ് ݇.  
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We consider all possibilities: 

(a) Suppose x and y belong to G. Let ݔ ൌ ݕ ,௞ݒ ൌ ݇ ௟, whereݒ ് ݈. Then, 
݀ሺݒ௞, ௟ሻݒ ് ݀ሺݒ௞, ,௞ݒ Hence, ݀ሺ	௞ሻ.ݒ ሻݒ ് 	݀ሺݒ௟, ݒ ሻ for everyݒ ∈  .௞௝ܪ
Consequently,	ݎሺݒ௞|ܹሻ 	്  .௟|ܹሻݒሺݎ	

(b) If x and y belong to ܪ௜௝ ≅ ,ݔ௜, then ݀ሺܪ ௜ሻݒ ൌ ݀ሺݕ,  ௜ሻ. Since Bij is a basisݒ
of 〈ݒ௜〉 ൅	ܪ௜௝ and ݒ௜ ∈ ,ݔ௜௝, then ݀ሺܤ ሻݏ ് ݀ሺݕ, ݏ for some	ሻݏ ∈ ሺܤ௜௝ െ
ሼݒ௜ሽሻ. As a result, ݎሺݔ|ܹሻ ്   .ሻܹ|ݕሺݎ

(c) Suppose x belongs to G and y belongs to ܪ௜௝ ≅  ௜. Then there are twoܪ
possibilities, namely ݔ ൌ ݔ ௜ orݒ ൌ ݇ ௞, whereݒ ് ݅. For ݔ ൌ  ௜, this case isݒ
equal to the case x belongs to G and y belongs to ܪ௜௝ ≅ ݔ ௜. Forܪ ൌ  ,௞ݒ
where ݇ ് ݅, we get ݀ሺݒ௞, ௜ሻݒ ് ݀ሺݒ௜, ,௞ݒ௜ሻ. Consequently, ݀ሺݒ ሻݒ ്
	݀ሺݒ௜, ݒ ሻ for everyݒ ∈ ௞|ܹሻݒሺݎ ,௜௝. Thereforeܪ 	്  .௟|ܹሻݒሺݎ	

(d) Suppose x belongs to ܪ௜௝ and y belongs to ܪ௜௟, where ݆ ് ݈.  Assume 

ሻܹ|ݔሺݎ ൌ ௜௝ܤሺ|ݔሺݎ ሻ, thenܹ|ݕሺݎ െ ሼݒ௜ሽሻሻ 	ൌ ௜௟ܤหሺݕሺݎ	 െ ሼݒ௜ሽሻ൯ ൌ
ሺ2, 2, … , 2ሻ. However, this is contrary to the fact that ܤ௜௝ and ܤ௜௟ are bases 
of 〈ݒ௜〉 ൅	ܪ௜௝ and 〈ݒ௜〉 ൅	ܪ௜௟ respectively.  Hence,  ݎሺݔ|ܹሻ ്    .ሻܹ|ݕሺݎ

(e) If x belongs to ܪ௜௝ and y belongs to ܪ௞௟  for ݅ ് ݇, then ݀ሺݔ, ௜ሻݒ ് ݀ሺݔ,  .௞ሻݒ
Consequently, ݎሺݔ|ሺܤ௜௝ ∪ ௞௟ܤ െ ሼݒ௜ሽሻ ് ௜௝ܤሺ|ݕሺݎ	 ∪ ௞௟ܤ െ ሼݒ௜ሽሻ. Thus, 

ሻܹ|ݔሺݎ 	് ܹ ሻ andܹ|ݕሺݎ	 ൌ ⋃ ⋃ ሺܤ௜௝ െ ሼݒ௜ሽ
௞
௝ୀଵ ሻ௡

௜ୀଵ  is a resolving set of  
ܩ ⊙௞   .ܪ

We now show that ܹ is minimal. Suppose ܵ is any set such ܵ ⊆ ܸሺܩ ⊙௞  ሻܪ
and |ܵ| ൏ |ܹ|. Then,  ܵ  contains at most |ܤ௜௝| െ 2 elements of 〈ݒ௜〉 ൅	ܪ௜௝ for 
some index j. As a result, there are two distinct vertices of ܪ௜௝ that have the 
same representation with respect to ܵ. Therefore, ܹ is a basis of ܩ ⊙௞  and ܪ
dimሺܩ ⊙௞ ሻܪ ൌ |ܹ| ൌ ݇݊ ሺdimሺܭଵ 	൅ ሻܪ	 െ 1ሻ. 

(II) Now we consider the second case, where there is no basis of Kଵ ൅ H 
containing a vertex of Kଵ. Choose W ൌ ⋃ ⋃ ሺB୧୨

୩
୨ୀଵ ሻ୬

୧ୀଵ . Since 〈v୧〉 ൅ H୧୨ ≅
Kଵ ൅ H, ∀i ൌ 1,2, , n; j ൌ 1,2, . . , k, we have |W| ൌ nk ሺdim 	ሺKଵ ൅ Hሻሻ. 
Suppose x,y are any two distinct vertices of G⊙୩ H. Then there are five 
possibilities, namely: 

(a)  x and y belong to G. 
(b)  x and y belong to ܪ௜௝ ≅  .	௜ܪ
(c)  x belongs to G and y belongs to ܪ௜௝ ≅  .௜ܪ
(d)  x belongs to ܪ௜௝ and y belongs to ܪ௜௟, where ݆ ് ݈. 
(e) x belongs  to ܪ௜௝ and y belongs to ܪ௞௟  for ݅ ് ݇.  
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By using the same technique as presented in the first case, it can be shown that 
ܹ ൌ ⋃ ⋃ ሺܤ௜௝ሽ

௞
௝ୀଵ ሻ௡

௜ୀଵ  is a resolving set of ܩ ⊙௞  Now, we show that ܹ is .ܪ
minimal. Let ܵ be any set such that ܵ ⊆ ܸሺܩ ⊙௞ |ܵ| ሻ andܪ ൏ |ܹ|. Then, ܵ 
contains at most |ܤ௜௝| െ 1 elements of 〈ݒ௜〉 ൅  ௜௝ isܤ ௜௝ for some index j. Sinceܪ	
a basis of 〈ݒ௜〉 ൅	ܪ௜௝ and ݒ௜ ∉  ௜௝ܪ ௜௝, then there are two distinct vertices ofܤ	
that have the same representation with respect to ܵ. Thus S is not a resolving 
set. Therefore, ܹ is a basis of ܩ ⊙௞ ܩand dimሺ ܪ ⊙௞ ሻܪ ൌ |ܹ| ൌ
݊݇ ሺdimሺܭଵ ൅   .ሻሻܪ

A more general result on the metric dimension of the generalized corona 
product of graphs is presented in the following theorem. 

Theorem 8. Let G be a connected labelled graph of order n and ࣢ be a 
sequence of n rooted graphs. If  ܭଵ 	൅	ܪ௜ has a basis Bi such that there is no 
vertex x in ܪ௜ with ݎሺܤ|ݔ௜ሻ ൌ ሺ2, 2, … , 2ሻ for every i. Then:  

dim(ܩ ⊙௞ ࣢ሻ ൌ ݇∑ ሺdimሺܭଵ ൅ܪ௜ሻ െ ௜ሻߙ
௡
௜ୀଵ , where: 

௜ߙ ൌ ൜
1, ଵܭ	݂݋	ݏ݅ݏܾܽ	ܽ	ݏ݅	݁ݎ݄݁ݐ	݂݅ 	൅	ܪ௜	ܿ݃݊݅݊݅ܽݐ݊݋	ݔ݁ݐݎ݁ݒ	݂݋	ܭଵ
0, ݁ݏ݅ݓݎ݄݁ݐ݋

.   

Proof. Let G be a connected labelled graph of order n and ࣢ be a sequence of n 
rooted graphs, namely H1,	H2,	H3,	...,	Hn and k copies of ࣢ are H11,	H12,	H13,	...,	
H1k,	H21,	H22,	H23,	...,		H2k,	....,	Hn1,		Hn2,	Hn3,	...,	Hnk. Let B be a basis of H and Bij a 
basis of 〈ݒ௜〉 ൅ ,௜௝ܪ	 ݅ ൌ 1, 2, … , ݊; ݆ ൌ 1,2, . . , ݇. Since ܪ௜௝ ≅ ,௜ܪ ݅ ൌ 1, 2, … , ݊;  
݆ ൌ 1,2, … , ݇, we have 〈ݒ௜〉 ൅ ௜௝ܪ	 ≅ 	 〈௜ݒ〉 ൅	ܪ௜ and ܤ௜௝ ൌ ܹ ௜. Chooseܤ ൌ
⋃ ⋃ ሺܤ௜௝ െ ሼݒ௜ሽ

௞
௝ୀଵ ሻ௡

௜ୀଵ , so that there is no vertex x in ܪ௜௝ with ݎሺܤ|ݔ௜ሻ ൌ
ሺ2, 2, … , 2ሻ for every i. Since 〈ݒ௜〉 ൅ ௜௝ܪ ≅ ଵܭ ൅ ,ܪ ∀݅ ൌ 1,2, … , ݊; ݆ ൌ 1,2, … , ݇ 
we have |ܹ| ൌ ݇ ∑ ሺdimሺܭଵ 	൅ܪ௜ሻ െ ௜ሻߙ

௡
௜ୀଵ ,	where: 

௜ߙ ൌ ൜
1, ଵܭ	݂݋	ݏ݅ݏܾܽ	ܽ	ݏ݅	݁ݎ݄݁ݐ	݂݅ 	൅	ܪ௜	ܿ݃݊݅݊݅ܽݐ݊݋	ݔ݁ݐݎ݁ݒ	݂݋	ܭଵ
0, ݁ݏ݅ݓݎ݄݁ݐ݋

.   

Suppose x,y are any two distinct vertices in ܩ ⊙௞  Then there are five .ܪ
possibilities, namely:  

(a) x and y belong to G. 
(b) x and y belong to ܪ௜௝ ≅  .௜ܪ
(c) x belongs to G and y belongs to ܪ௜௝ ≅   .௜ܪ
(d) x belongs to ܪ௜௝ and y belongs to ܪ௜௟, where ݆ ് ݈.  
(e) x belongs  to ܪ௜௝ and y belongs to ܪ௞௟  for ݅ ് ݇.  
 
By using the same technique as presented in the proof of Theorem 7, it can be 
shown that ܹ ൌ ⋃ ⋃ ሺܤ௜௝ െ ሼݒ௜ሽ

௞
௝ୀଵ ሻ௡

௜ୀଵ  is a resolving set of ܩ ⊙௞ ࣢. Now, we 
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show that ܹ is minimal. Suppose ܵ is any set such that ܵ ⊆ ܸሺܩ ⊙௞ ࣢ሻ and 
|ܵ| ൏ |ܹ|. Then, ܵ contains at most |ܤ௜௝ െ ሼݒ௜ሽ| െ 1 elements of 〈ݒ௜〉 ൅	ܪ௜௝ for 
some index j. Consequently, there are two distinct vertices of	ܪ௜௝ that have the 
same representation with respect to ܵ. Thus, S is not a resolving set. Therefore, 
ܹ is a basis of ܩ ⊙௞ ࣢ and dimሺܩ ⊙௞ ࣢ሻ ൌ |ܹ| ൌ ݇ ∑ ሺdimሺܭଵ 	൅ܪ௜ሻ െ

௡
௜ୀଵ

 :where	௜ሻ,ߙ

௜ߙ ൌ ൜
1, ଵܭ	݂݋	ݏ݅ݏܾܽ	ܽ	ݏ݅	݁ݎ݄݁ݐ	݂݅ 	൅	ܪ௜	ܿ݃݊݅݊݅ܽݐ݊݋	ݔ݁ݐݎ݁ݒ	݂݋	ܭଵ
0, ݁ݏ݅ݓݎ݄݁ݐ݋

. 

For junior researchers it is advisable to read the paper of Susilowati, et al. in [7] 
to facilitate understanding of the proof.  

5 Commutative Characterization of Comb and Corona 
Products of Graphs with Respect to Metric Dimension 

In this section, we present a commutative characterization with respect to the 
metric dimension of the comb product, the corona product, the generalized 
comb product and the generalized corona product of two graphs. The 
commutative characterization of the comb product of graphs are presented in 
the following theorems.  

The first one shows the conditions when the grafting vertex is an element of the 
basis and the second one shows the conditions when the grafting vertex is not 
an element of the basis.  

Corollary 9. Let G and H be connected non path graphs of order at least two. 
Let the grafting vertex of ܪߧܩ be an element of basis of H and the grafting 
vertex of ܩߧܪ an element of the basis of G. Then:  

|ܸሺܩሻ| dimሺܪሻ െ 1ሻ ൌ |ܸሺܪሻ|ሺdimሺܩሻ െ 1ሻ ⟺ ሺܪ݋ܩሻ ≅ dim	ሺܩ݋ܪሻ 

Proof.  Suppose |ܸሺܩሻ| dimሺܪሻ െ 1ሻ ൌ |ܸሺܪሻ|ሺdimሺܩሻ െ 1ሻ.  By using 
Theorem 1, we get dimሺܩοܪሻ = |ܸሺܩሻ|ሺdimሺܪሻ െ 1ሻ and dimሺܪοܩሻ= 
|ܸሺܪሻ|ሺdimሺܩሻ െ 1ሻ. Hence, we find dimሺܩοܪሻ ൌ dimሺܩ݋ܪሻ or ሺܩοܪሻ ≅
dim	ሺܩ݋ܪሻ. 

 Suppose ሺܩοܪሻ ≅ dim	ሺܩ݋ܪሻ or ሺܩοܪሻ ൌ dim	ሺܩ݋ܪሻ. By applying 
Theorem 1 again, we find dimሺܩοܪሻ ൌ |ܸሺܩሻ|ሺdimሺܪሻ െ 1ሻ and dimሺܪοܩሻ ൌ
|ܸሺܪሻ|ሺdimሺܩሻ െ 1ሻ. This yields: 

 |ܸሺܩሻ|ሺdimሺܪሻ െ 1ሻ = |ܸሺܪሻ|ሺdimሺܩሻ െ 1ሻ.   

Corollary 10. Let G and H be connected non path graphs of order at least two. 
Let the grafting vertex of ܪߧܩ not be an element of basis of H and the grafting 
vertex of ܪ	ߧ	ܩ not be  an element of the basis of G. Then: 
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|ܸሺܩሻ| ሺdimሺܪሻሻ ൌ |ܸሺܪሻ|ሺdimሺܩሻሻ ⟺ ሺܪ݋ܩሻ ≅ dim	ሺܩ݋ܪሻ 

Proof.  This theorem immediately follows from applying Theorem 1 and using 
the same steps as in Theorem 9. 

We now show the commutative characterization of the generalized comb 
product of graphs with respect to the metric dimension with the following 
theorems.  

Corollary 11. Let G and H be connected non path graphs of order at least two. 
If the grafting vertex of ߧܩ௞ܪ is an element of the basis of H and the grafting 
vertex of ܪ	ߧ௞ܩ is an element of the basis of G, then:  

ሺܩ	ο௞ܪሻ ≅ dimሺܪ	ο௞ܩሻ ⟺	 |ܸሺܩሻ| ሺdim	ሺܪሻ െ 1ሻ ൌ |ܸሺܪሻ| ሺdimሺܩሻ െ 1ሻ. 

Proof.  Suppose ሺߧܩ௞ܪሻ ≅ௗ௜௠ ሺߧܪ௞ܩሻ. We get that dimሺߧܩ௞ܪሻ ൌ
dimሺܪ	ߧ௞ܩሻ. By using Theorem 4, we obtain ݇|ܸሺܩሻ|ሺdimሺܪሻെ1ሻ ൌ
	݇|ܸሺܪሻ|ሺdimሺGሻെ1ሻ. Hence, we get:  

 |ܸሺܩሻ|ሺdimሺܪሻെ1ሻ ൌ 	 |ܸሺܪሻ|ሺdimሺGሻെ1ሻ. 

 Suppose |ܸሺܩሻ| ሺdim	ሺܪሻ െ 1ሻ ൌ |ܸሺܪሻ| ሺdim	ሺ ሻܩ െ 1ሻ. Then, 
݇|ܸሺܩሻ|ሺdimሺܪሻെ1ሻ ൌ 	݇|ܸሺܪሻ|ሺdimሺGሻെ1ሻ. By using Theorem 4 again, we 
get	dimሺܩο௞ܪሻ ൌ dimሺܪ	ο௞ܩሻ, so ሺܩο௞ܪሻ ≅ dimሺܪ	ο௞ܩሻ.  

Corollary 12. Let G and H be connected non path graphs of order at least two. 
If the grafting vertex of ߧܩ௞ܪ is not an element of the basis of H and the 
grafting vertex of ߧܪ௞ܩ is not an element of the basis of G, then: 

ሺܩο௞ܪሻ ≅ dimሺܪ	ο௞ܩሻ ⟺	 |ܸሺܩሻ| ሺdim	ሺܪሻሻ ൌ |ܸሺܪሻ| ሺdimሺܩሻሻ. 

Proof. This theorem immediately follows from applying Theorem 4 and using 
the same steps as in Theorem 11.   

The two theorems below show the commutative characterization of the corona 
product of graphs with respect to the metric dimension when both graphs either 
contain a dominant vertex or do not contain a dominant vertex. 

Corollary 13. Let G and H be connected graphs of order ݊ ൒ 2 containing a 
dominant vertex. Then, |ܩ| dimሺܪሻ ൌ |ܪ| dimሺܩሻ ⟺ ܩ ܪ⊙ ≅ dim	ሺܪ ⊙  .ሻܩ

Proof.  Suppose |ܩ| dimሺܪሻ ൌ |ܪ| dimሺܩሻ.  By using Theorem 2, we get 
dimሺܩ ⊙ Hሻ ൌ |G|dim	ሺHሻ and dimሺH⊙ Gሻ ൌ |ܪ| dimሺܩሻ. Hence, we find 
dimሺܩ ⊙ Hሻ ൌ |ܪ| dimሺܩሻ ൌ dimሺܪ ⊙ Gሻ. So ሺܩ ⊙ Hሻ ≅ dim	ሺH⊙ Gሻ. 
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 Suppose ሺܩ ⊙ Hሻ ≅ dim	ሺH⊙ Gሻ or ሺܩ ⊙ Hሻ ൌ dim	ሺH⊙ Gሻ. By 
applying Theorem 2 again, we find dimሺG⊙ Hሻ ൌ ܪሻ and dimሺܪሺ	dim|ܩ| ⊙
ሻܩ ൌ |ܩ| ሻ. This yieldsܩሺ	dim|ܪ| dimሺܪሻ ൌ |ܪ| dimሺܩሻ.  

Corollary 14. Let G and H be connected graphs of order ݊ ൒ 2 containing no 
dominant vertex. Then |ܩ|dimሺܭଵ ൅ ሻܪ ൌ ଵܭdimሺ|ܪ| ൅ ሻܩ ⟺ ሺܩ ሻܪ⊙ ≅
dim	ሺܪ ⊙  .ሻܩ

Proof. This theorem immediately follows from applying Theorem 2 and using 
the same steps as in Theorem 13. 

We now show the commutative characterization of the generalized corona 
product of graphs with respect to the metric dimension with the following 
theorems. 

Corollary 15.  Let G and H be connected graphs of order at least two. Let the 
vertex of K1 be an element of the basis ܭଵ ൅  and the vertex of K1 an element ܪ
of the basis ܭଵ ൅ ଵܭ If .ܩ ൅  ܪ has a basis B so that there is no vertex x in ܪ
with ݎሺܤ|ݔሻ ൌ ሺ2, 2, … , 2ሻ and ܭଵ 	൅	ܩ௜ has a basis C so that there is no vertex 
x in ܩ௜ with ݎሺܥ|ݔሻ ൌ ሺ2, 2, … , 2ሻ, then: 

ሺܩ ⊙௞ ሻܪ ≅ௗ௜௠ ሺܪ ⊙௞ ሻܩ ⟺ |ܸሺܩሻ| ሺdim	ሺܭଵ 	൅ܪሻ െ 1ሻ ൌ
																																																								|ܸሺܪሻ| ሺdimሺܭଵ 	൅ܩሻ െ 1ሻ. 

Proof.  Let G and H be connected graphs of order at least two. Suppose the 
vertex of K1 is an element of basis ܭଵ ൅  and the vertex of K1 is an element of ܪ
basis ܭଵ ൅ ܩand ሺ ,ܩ ⊙௞ ሻܪ ≅ dimሺܪ ⊙௞   :ሻ. By using Theorem 6, we obtainܩ

݇|ܸሺܩሻ| ሺdim	ሺܭଵ 	൅ܪሻ െ 1ሻ ൌ 	݇|ܸሺܪሻ| ሺdimሺܭଵ 	൅ܩሻ െ 1ሻ. Hence, we find 
|ܸሺܩሻ| ሺdim	ሺܭଵ 	൅ܪሻ െ 1ሻ ൌ |ܸሺܪሻ| ሺdim	ሺܭଵ 	൅ܩሻ െ 1ሻ. 

 Suppose |ܸሺܩሻ|ሺdim	ሺܭଵ ൅ܪሻ െ 1ሻ ൌ |ܸሺܪሻ| ሺdimሺܭଵ ൅ܩሻ െ 1ሻ. Then, 
݇|ܸሺܩሻ|ሺdim	ሺܭଵ ൅ܪሻ െ 1ሻ ൌ ݇|ܸሺܪሻ| ሺdimሺܭଵ ൅ܩሻ െ 1ሻ. By using Theorem 
6 again, we find dimሺܩ ⊙௞ ሻܪ ൌ dimሺܪ ⊙௞ ܩሻ, so ሺܩ ⊙௞ ሻܪ ≅
݀݅݉ሺܪ ⊙௞  ■ .ሻܩ

Corollary 16. Let G and H be connected graphs of order at least two. Suppose 
the vertex of K1 is not an element of basis ܭଵ ൅  and the vertex of K1 is not an ܪ
element of basis ܭଵ ൅ ଵܭ If .ܩ ൅  has a basis B such that there is no vertex x in ܪ
ሻܤ|ݔሺݎ ܪ ൌ ሺ2, 2, … , 2ሻ and ܭଵ ൅  ௜ has a basis C such that there is no vertex xܩ
in ܩ௜ with ݎሺܥ|ݔሻ ൌ ሺ2, 2, … , 2ሻ, then:  

ሺܩ ⊙௞ ሻܪ ≅ dimሺܪ ⊙௞ ሻܩ ⟺ |ܸሺܩሻ| ሺdim	ሺܭଵ ൅ܪሻሻ ൌ
																																																									|ܸሺܪሻ| ሺdimሺܭଵ ൅ܩሻሻ. 
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Proof. This theorem immediately follows from applying Theorem 6 and using 
the same steps as in Theorem 15.  

6 Conclusion 

In this paper, the metric dimensions of the k-comb and the k-corona products of 
graphs were discussed. Suppose we state the k-comb and k-corona in this paper 
as (k, k, k,… k)-comb and (k, k, k,… k)-corona respectively. We conclude this 
paper with open problems on the metric dimension of (k1, k2, k3,… kn)-comb and 
(k1, k2, k3,… kn)-corona of graph G of order n and n sequence of graphs ࣢. 
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