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Abstract 

Let G be a connected graph with vertex set ( )GV  and =W  

{ } ( )....,,, 21 GVwww m ⊂  The representation of a vertex ( ),GVv ∈  

with respect to W is the ordered m-tuple ( ) ( )( ,, 1wvdWvr =|  

( ) ( )),,...,,, 2 mwvdwvd  where ( )wvd ,  represents the distance 
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between vertices v and w. This set W is called a local resolving set for     
G if every two adjacent vertices have a distinct representation and        
a minimum local resolving set is called a local basis of G. The 
cardinality of a local basis of G is called the local metric dimension of 
G, denoted by ( ).dim Gl  In general, comb product and corona product 

are non-commutative operations in graphs. However, these operations 
can be made commutative with respect to local metric dimension for 
some graphs with certain conditions. In this paper, we determine the 
local metric dimension of generalized comb and corona products of 
graphs and obtain necessary and sufficient conditions of graphs in 
order that comb and corona products be commutative operations with 
respect to the local metric dimension. 

1. Introduction 

Let G be a finite, simple, and connected graph. The vertex and edge sets 
of the graph G are denoted by ( )GV  and ( ),GE  respectively. The distance 

between vertices v and w in G, denoted by ( ),, wvd  is the length of the 

shortest path between them. For the ordered set 

{ } ( ),...,,, 21 GVwwwW m ⊆=  

and a vertex ( ),GVv ∈  the representation of v with respect to W is the        

m-tuple, ( ) ( ) ( )( ( )).,...,,,,, 21 mwvdwvdwvdWvr =|  The set W is called a 

local resolving set of G if every two adjacent vertices of G have a distinct 
representation with respect to W, that is, if ( )GVvu ∈,  such that 

( ),GEuv ∈  then ( ) ( ).WvrWur |≠|  A local resolving set of G with 

minimum cardinality is called a local basis of G, and the cardinality of a 
local basis of G is called the local metric dimension of G, denoted by 

( ).dim Gl  

Godsil and McKay [3] defined the rooted product graph as follows. Let 
G be a graph on n vertices and H  be a sequence of n rooted graphs  

....,,,, 321 nHHHH  The rooted product graph of G by H  denoted by 

HDG  is a graph obtained by identifying the root of iH  with the ith vertex 
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of G. Saputro et al. [7] studied the metric dimension of the comb product 
graph ,HG D  which is a special case of a rooted product graph. 

Rodriguez-Velazquez et al. [6] and Susilowati et al. [8] observed the 
local metric dimension of rooted product graph as follows: 

Theorem 1.1 [6]. Let G be a connected labelled graph of order 2≥n  

and let H  be a sequence of n connected bipartite graphs ,, 21 HH  

....,,3 nHH  Then, for any rooted product graph ,HDG  ( ) =HDGldim  

( ).dim Gl  

Theorem 1.2 [6]. Let G be a connected labelled graph of order 2≥n  

and let H  be a sequence of n connected non-bipartite graphs ,, 21 HH  

....,,3 nHH  Then, for any rooted product graph ,HDG  ( ) =HDGldim  

( ( ) )∑ = α−n
j jjl H1 ,lim  where 1=α j  if the root of jH  belongs to a local 

basis of jH  and 0=α j  otherwise. 

Theorem 1.3 [8]. Let G be a connected labelled graph of order .2≥n  

Let H  be a sequence of the combined n connected non-bipartite ,1H  

sHH ...,,2  and bipartite graphs ....,,, 21 nss HHH ++  Let jo  be the root of 

jH  for { }....,,2,1 nj ∈  Then 

( )HDGldim  

( ( ) )

( ( ) )

( ( ) ) ( )

( ( ) )















−−+α−<

−<=−+α−=

==+α−=

−==

>=α−=

∑
∑
∑

∑

=

=

=

=

,,1dim

,1,,dimdim

,1,,,1dim

,1,

1,,,dim

1

1

1

1

otherwisesnH

nsKGforsGH

soddnCGforH

nsKGorbipartiteG

orsoddnCGforH

s
j jjl

n
s
j ljjl

n
s
j jjl

n

n
s
j jjl

 

where 1=α j  if jo  belongs to a local basis of jH  and 0=α j  otherwise. 
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Frucht and Harary [2] defined the corona product graph. The corona 
graph, ,HG  of two graphs G and H is obtained by taking one copy of G 

and ( )GV  copies of H and then joining by edge the ith vertex of G to every 

vertex in the ith copy of H. In [6], Rodriguez-Velazquez et al. generalized    
the corona product ,HG  where H  is a sequence of n graphs ,, 21 HH  

,...,,3 nHH  where iH  and jH  may not be isomorphic. 

Theorem 1.4 [6]. Let G be a connected labelled graph of order 2≥n  

and let H  be a sequence of n nonempty graphs ....,,,, 321 nHHHH  Then, 

for any corona product graph ,HG  

( ) ( ( ) )∑ =
α−+=

n
j jjll HKG

1 1 ,dimdim H  

where 1=α j  if the vertex of 1K  belongs to a local basis of jHK +1  and 

0=α j  otherwise. 

A particular case of corona product graph, where the sequence ,1H ,2H  

nHH ...,,3  consists of n graphs isomorphic to graph H, has been discovered 

by Rodriguez-Velazquez et al. [5]. 

Theorem 1.5 [5]. Let H be a nonempty graph. The following statements 
hold: 

 (i) If the vertex of 1K  does not belong to any local basis for ,1 HK +  

then for any connected graph G of order n, 

( ) ( ).dimdim 1 HKnHG ll +=  

(ii) If the vertex of 1K  belongs to a local basis for ,1 HK +  then for any 

connected graph G of order ,2≥n  

( ) ( )( ).1dimdim 1 −+= HKnHG ll  

Okamoto et al. [4] discovered the characterization of local metric 
dimension for some graphs, presented below. 
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Theorem 1.6 [4]. Let G be a connected graph of order .2≥n  Then 

 (i) ( ) 1dim −= nGl  if and only if ,nKG =  

(ii) ( ) 1dim =Gl  if and only if G is bipartite graph. 

In this paper, we analyze the local metric dimension of generalized     
comb product graph, rooted product graph, and corona product graph      
relative to Rodriguez-Velazquez et al. [6] and Susilowati et al. [8] results. 
Furthermore, we formulate the necessary and sufficient conditions such that 
the local metric dimension of the generalized comb product graphs possess 
same value, even though the position of graph that operated is exchanged. 
Likewise, results for the generalized corona product graphs. 

2. The Local Metric Dimension of Generalized Comb Product Graph 

The generalized rooted product graphs that are presented in this paper     
are k-comb product graphs and k-rooted product graphs. The k-comb product 
is charged to a graph with respect to a graph and k-rooted product is charged 
to a graph with respect to a sequence of graphs, which is defined by 
Susilowati et al. [9] as below. 

Let G and H be connected graphs, where the order of G is n, and o          
is a vertex of H. The k-comb product graph HG kD  is obtained from G      

and H by taking one copy of G and nk copies of H that are ,, 1211 HH  

nknnnkk HHHHHHHHHH ...,,,,...,,...,,,,,...,, 3212232221113  and grafting 

the vertex kjoij ...,,3,2,1, =  with ith vertex of G. 

Let G be a labelled graph on n vertices and H  be a sequence of n     
rooted graphs ....,,,, 321 nHHHH  The k-rooted product graph of G by     

H  denoted by HkG D  is obtained by taking k copies of iH  for every 

,...,,2,1 ni =  that are ,...,,,,,...,,,, 22322211131211 kk HHHHHHHH  

nknnnk HHHHHHHH ...,,,,...,,...,,,, 3213333231  and grafting the root 

of kjHij ...,,3,2,1, =  with the ith vertex of G. If jso  is the root of ,jsH  

for ,...,,2,1 ks =  then jjs oo =  in the graph ,HkG D  for ....,,2,1 ks =  
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Susilowati et al. [8] described the properties of rooted product graphs as 
the following lemma and observation. 

Observation 2.1 [8]. Let G be a labelled graph of order 2≥n  and H  

be a sequence of n connected graphs ....,,3,2,1, njH j =  In the rooted 

product graph ,HDG  if every jH  is a connected bipartite graph, then every 

two adjacent vertices in jH  are at different distances from the root of jH  

and all vertices in .HDG  

Lemma 2.2 [8]. Let G be a labelled graph of order 2≥n  and H  be a 
sequence of n connected graphs ....,,3,2,1, njH j =  In the rooted product 

graph ,HDG  if jo  is the root of ,jH  and jU  is a local basis of ,jH  then 

the following statements hold: 

 (i) If ,jj Uo ∈  then there are two adjacent vertices x, y in jH  such that 

( ) ( )SyrSxr |=|  for every ( ) .2, −≤⊂ jj USHVS  

(ii) If ,jj Uo ∉  then there are two adjacent vertices x, y in jH  such that 

( ) ( )SyrSxr |=|  for every ( ) .1, −≤⊂ jj USHVS  

Using Theorems 1.1 and 1.2, respectively, we get Corollaries 2.3 and 2.4, 
respectively, as below. 

Corollary 2.3. Let G be a labelled connected graph of order 2≥n      

and let H  be a sequence of n connected bipartite rooted graphs ,, 21 HH  

....,,3 nHH  Then 

( ) ( ) ( ).dimdimdim GGG llkl == HH DD  

Proof. Let G be a labelled connected graph of order 2≥n  and let H  be 
a sequence of n connected bipartite rooted graphs ....,,,, 321 nHHHH  Let 

,...,,,,,...,,,,,...,,,, 333323122322211131211 kkk HHHHHHHHHHHH  

nknnn HHHH ...,,,,..., 321  be k copies of .H  Let jso  be the root of ,jsH  

for ,...,,2,1 ks =  choose =W  a local basis of G. 
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Take any two adjacent vertices x, y in ;...,,2,1, njH js = ....,,2,1 ks =  

Because jsH  is connected bipartite, by Observation 2.1, we get ( ) ≠| zxd  

( )zyd |  for every ( ).HkGVz D∈  Therefore, ( ) ( ).WyrWxr |=|  Take any 

two adjacent roots jsis oo ,  in .HkG D  Because W = a local basis of G, then 

( ) ( )WorWor jsis |≠|  and W is a local basis of .HkG D  So ( )Hkl G Ddim  

( ).dim Gl=  The same reason for ( ) ( ).dimdim GG ll =HD  
 

Corollary 2.4. Let G be a connected labelled graph of order n and let 
H  be a sequence of n connected non-bipartite rooted graphs of order          
at least two ....,,,, 321 nHHHH  If jo  is the root of jH  for every =j  

,...,,2,1 n  then 

( ) ( ( ) ),dimdim
1∑ =

α−=
n
j jjlkl HkG HD  

where 1=α j  if jo  belongs to a basis of jH  and 0=α j  otherwise. 

Proof. Let G be a connected labelled graph of order 2≥n  and let H         

be a sequence of the connected non-bipartite rooted graphs ,,, 321 HHH  

...., nH  Let ,,,,...,,,,,...,,,, 33323122322211131211 HHHHHHHHHHH kk   

nknnnk HHHHH ...,,,,...,,..., 3213  be k copies of ....,,,, 321 nHHHH  

Let jso  be the root of jsH  and jsW  be a local basis of jsH  for =n  

;...,,2,1 n  ....,,2,1 ks =  Choose ( ( { })).11 jsjs
k
s

n
j oWW −= == ∪∪  

Take any two adjacent vertices x, y in ....,,2,1;...,,2,1, ksnjH js ==  

Because jsW  is a local basis of ,jsH  then ( ) ( ).WyrWxr |≠|  Take any     

two adjacent roots jsis oo ,  in ,HkG D  then ( ) ( )zodzod jsis |≠|  for every  

( ).jsHVz ∈  Therefore, ( ) ( )WorWor jsis |≠|  and W is a local resolving    

set of .HkG D  Take any set ( )HkGVS D⊆  with .WS <  It means that     

there is jsH  such that maximum ( ( ) )1dim −α− jjl H  vertices of jsH  
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which be elements of S. By Lemma 2.2, there are two adjacent vertices in 

jsH  that have the same representation with respect to S. So W is a minimum           

local resolving set of HkG D  and ( ( ) )∑ = α−= n
j jjl HkW 1 ,dim  where 

1=α j  if jo  belongs to a basis of jH  and 0=α j  otherwise. 
 

By Corollary 2.3, we get Corollary 2.5 as below. 

Corollary 2.5. Let G and H be connected graphs. If H is a bipartite 
graph, then  

( ) ( ).dimdim GHG lkl =D  

Corollary 2.6. Let G be a connected graph of order n, H be a connected 
non-bipartite graph of order at least 2, and o is a grafting vertex. Then 

( )
( )

( )



 −

=
.,dim

,,1dim
dim

otherwiseHnk

HofbasislocalatobelongsoifHnk
HG

l

l
kl D  

Proof. Let G be a connected graph of order n, H be a connected           
non-bipartite graph of order at least 2, and o is a grafting vertex. Let 

nknnnkk HHHHHHHHHHHH ...,,,,...,,...,,,,,...,,,, 32122322211131211  

be the nk copies of H and jsW  is a local basis of .jsH  If o is an element of 

local basis of H, then jso  is the element of local basis of jsH  for all =j  

;...,,2,1 n  ,...,,2,1 ks =  choose ( ( { }))jsjs
k
s

n
j oWW −= == 11 ∪∪  so =W  

( )( ).1dim −Hnk l  If o is not an element of local basis of H, then jso  is not       

an element of jsH  for all ;...,,2,1 nj =  ....,,2,1 ks =  Choose =W  

( ( ))js
k
s

n
j W11 == ∪∪  so ( )( ).dim HnkW l=  In these two conditions, we can 

prove that W is a local basis of .HG kD  
 

Theorem 2.7. Let G be a connected labelled graph of order ,2≥n      

and let H  be a sequence of the combined n connected non-bipartite graphs 

sHHH ...,,, 21  and bipartite graphs ,...,,, 21 nss HHH ++  and jo  is the 
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root of ,jH  then 

( )Hkl G Ddim  

( ( ) )

( ( ) )

( ( ) ) ( )

( ( ) )















−−+α−<

−<=−+α−=

==+α−=

−==

>=α−=

∑
∑
∑

∑

=

=

=

=

,,1dim

,1,,dimdim

,1,,,1dim

,1,

1,,,dim

1

1

1

1

otherwisesnHk

nsKGforsGHk

soddnCGforHk

nsKGorbipartiteG

orsoddnCGforHk

s
j jjl

n
s
j ljjl

n
s
j jjl

n

n
s
j jjl

 

where 1=α j  if the root of jH  belongs to a local basis of jH  and 0=α j  

otherwise. 

Proof. Let G be a connected labelled graph of order 2≥n  and let H  be 
a sequence of the combined n connected non-bipartite graphs ,,, 321 HHH  

sH...,  and bipartite graphs ....,,,, 321 nsss HHHH +++  Let T be a local 

basis of G and jU  be a local basis of ,...,,2,1, njH j =  and jo  is the root 

of .jH  Let ,,,,...,,,,,...,,,, 33323122322211131211 HHHHHHHHHHH kk  

sksssk HHHHH ...,,,,...,,..., 3213  be k copies of sHHHH ...,,,, 321  and 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,...,,,,,...,,,, 23222121312111 ksssskssss HHHHHHHH ++++++++  

( ) ( ) ( ) ( ) nknnnkssss HHHHHHHH ...,,,,...,,...,,,, 3213332313 ++++  be k copies 

of ....,,,, 321 nsss HHHH +++  Let jlo  be the root of ,jlH  for =l  

....,,2,1 k  

Case 1. For nCG n ,=  odd, 1>s  or G bipartite or .1, −== nsKG n  

Choose ( ( { })),11 jljl
k
l

s
j oUW −= == ∪∪  so ( ( ) )∑ = α−= s

j jjl HkW 1 .dim  

Take any two adjacent roots jlil oo ,  in ,HkG D  if ,nCG =  n odd, 

.1>s  Because G is bipartite, so ( ) ( ).| WorWor jlil |≠  Take any two 
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adjacent vertices x, y in ....,,2,1,...,,2,1, klsjH jl −=  Because jlU  is a 

local basis of ,jlH  then ( ) ( ),jljl UyrUxr |≠|  so ( ) ( ).WyrWxr |≠|  Take 

any two adjacent vertices x, y in ....,,2,1, nssjH jl ++=  Because jlH  is 

bipartite, we get ( ) ( ).WyrWxr |≠|  Therefore, W is a local resolving set of 

.HkG D  By Lemma 2.2, we can see that ( ( { }))jljl
k
l

s
j oUW −= == 11 ∪∪  is a 

minimum local resolving set of HkG D  and 

( ) ( ( ) )∑ =
α−=

s
j jjlkl HkG

1
.dimdim HD  

Case 2. For nCG n ,=  odd, .1=s  Choose ( ( { }))jljl
k
l

s
j oUW −= == 11 ∪∪  

{ } ( { }) { },111 zoUz ll
k
l ∪∪∪ −= =  jlHz ∈  for any ;...,,2,1 nssj ++=  

=l k...,,2,1  and ,1loz ≠  without loss of generality, let .2lHz ∈  

Take any two adjacent roots jlil oo ,  in .HkG D  Because G is bipartite, 

then ( ) ( ).,, 11 ljllil oodood ≠  Therefore, ( ) ( )ljllil UorUor 11 |≠|  and ( )Wor il |  

( ).Wor jl |≠  Take any two adjacent vertices x, y in ,jlH  for .1=j  Because 

lU1  is a local basis of ,1lH  then ( ) ( ),11 ll UyrUxr |≠|  so ( ) ≠|Wxr  

( ).Wyr |  Take any two adjacent vertices x, y in ,jlH  for ....,,3,2 nj =  

Because jlH  is bipartite, then ( ) ( ),,, jljl oydoxd ≠  so ( ) ≠loxd 2,  

( ).2loyd |  Therefore, ( ) ( ).WyrWxr |≠|  

So, ( ( { })) { } ( { }) { }zoUzoUW ll
k
ljljl

k
l

s
j ∪∪∪∪∪ 11111 −=−= ===  for 

,2lHz ∈  is a local resolving set of .HkG D  Take any set ( ),HkGVS D⊂  

where ,WS <  there are two conditions on S. First, the number of 

elements lH1  which lie in S is less than { } .11 ll oU −  Because lU1  is a     

local basis of ,1lH  so there are two adjacent vertices in lH1  that have the 

same representation with respect to S. Second, no element in jlH  for all 

klnssj ...,,2,1;...,,2,1 =++=  lie in S. Because G is bipartite, there 
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are two adjacent root vertices that have the same representation with respect 
to S. So, W is a local basis of HkG D  and 

( ) ( ( ) )∑ =
+α−=

s
j jjlkl HkG

1
,1dimdim HD  

where 1=α j  if jo  belongs to a local basis of jH  and 0=α j  otherwise. 

Case 3. For .1, −<= nsKG n  Choose ( ( { }))jljl
k
l

s
j oUW −= == 11 ∪∪  

{ }....,,3,2,1,1...,,2,1, klnssjouu jljljl =−++=≠|∪  Without loss 

of generality, let ,2−= ns  it means that 2...,,2,1, −= njH jl  are non- 

bipartite graphs and ( ) nlln HH ,1−  are bipartite graphs and 

( ( { })) { ( ) ( ) ( ) }....,,3,2,1,1111
2
1 klouuoUW lnlnlnjljl

k
l

n
j =≠|−= −−−=
−
= ∪∪∪  

Take any two adjacent roots in ,HkG D  there are three possibilities: 

First, two adjacent roots are ( ) ,1 lno −  .nlo  We get ( ( ) ) =− jlln ood ,1  

( )jlnl ood ,  for all ;2...,,2,1 −= nj  ....,,3,2,1 kl =  It implies that 

( ( ) ) ( ),1 jlnljlln UorUor |=|−  but ( ( ) ( ) ) ( ( ) ).111 lnnllnln ooroor −−− |≠|  Therefore, 

( ( ) ) ( ).1 WorWor nlln |≠|−  Second, one of the roots is an element of 1−nH  

or nH  and one of the roots is an element of .2...,,2,1, −= njH j  Without 

loss of generality, let nlo  and jlo  for some j. We get ( ) ≠nljl ood ,  

( ),, jljl ood  so ( ) ( ).WorWor jlnl |≠|  Third, two adjacent roots are 

elements of .2...,,2,1, −= njH j  It is obvious that ( ) ( ).WorWor tlil |≠|  

Take any two adjacent vertices x, y in ....,,3,2,1,,1, klnnjH jl =−=  

Because 1−nH  and nH  are bipartite, we get ( ) ( ).WyrWxr |≠|  Take any 

two adjacent vertices in ....,,3,2,1;2...,,2,1, klnjH jl =−=  Because 

,jlU 2...,,2,1 −= nj  is a basis of ,jlH  then ( ) ( ).WyrWxr |≠|  
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So ( ( { })) { ( ) ( ) ( ) ,2,1,1111
2
1 =≠|−= −−−=

−
= louuoUW lnlnlnjljl

k
l

n
j ∪∪∪  

}k...,,3  is a local resolving set of .HkG D  Take any set ( ),HkGVS D⊂  

where ,WS <  there are two conditions for S. First, there is ,jlH  for 

some ;2...,,2,1 −= nj  kl ...,,3,2,1=  such that the number of elements 

jlH  which lie in S is less than { } .jljl oU −  Because jlU  is a local basis 

of ,jlH  so there are two adjacent vertices in jlH  that have the same 

representation with respect to S. Second, there is ( )lnu 1−  for some 

kl ...,,3,2,1=  is not element of S. Because ,nKG =  so there are two 

adjacent root vertices ,jlo  ;slo  1,, −≠ nnsj  that have the same 

representation with respect to S. So W is a local basis of HkG D  and 

( ( ) )∑ = −−+α−= s
j jjl snHkW 1 .1dim  Because G is a complete graph 

nK  and ( ) ,1dim −= nKnl  then ( ) ( ( ) )∑ = α−= s
j jjlkl HkG 1 dimdim HD  

( ) ,dim sGl −+  where 1=α j  if jo  belongs to a local basis of jH  and 

0=α j  otherwise. 

Case 4. For G is otherwise, ( ) ( ( ) )∑ = +α−< s
j jjlkl HkG 1 dimdim HD  

,1−− sn  it is obvious because nK  is the graph with the biggest local metric 

dimension. 
 

3. The Local Metric Dimension of Generalized Corona Product Graph 

Susilowati et al. [9] defined the generalized corona product graph. Let     
G be a graph of order n, k-corona graph HG k  of two graphs G and         

H is obtained by taking one copy of G and nk copies of H, that is, 
,...,,,,,...,,,,,...,,,, 333323122322211131211 kkk HHHHHHHHHHHH  

nknnn HHHH ...,,,,..., 321  and then joining by edge the ith vertex of G to 

every vertex in ijth copy of H. Similarly, let G be a labelled graph on n 
vertices and H  be a sequence of n connected graphs ,...,,,, 321 nHHHH  

Digital Repository Universitas JemberDigital Repository Universitas Jember

http://repository.unej.ac.id/
http://repository.unej.ac.id/


   On Commutative Characterization of Generalized Comb and Corona … 655 

then k-corona product HkG  is obtained by taking k copies of iH  for 

every i, that is, ,,,...,,,,,...,,,, 323122322211131211 HHHHHHHHHH kk  

nknnnk HHHHHH ...,,,,...,,...,, 321333  and then joining by edge the ith 

vertex of G to every vertex in ijth copy of ,iH ....,,3,2,1 kj =  

Lemma 3.1. Let G be a connected nontrivial labelled graph. If H is an 
empty graph and H  is a sequence of n empty graphs ,...,,,, 321 nHHHH  

then ( ) ( ) ( ).dimdimdim GGHG lklkl == H  

Proof. Let H be an empty graph and H  be a sequence of n empty      
graphs ....,,,, 321 nHHHH  Then there are no edges in H and .H  In graph 

HG k  and ,HkG  respectively, every vertex in H and H  is adjacent to 

one vertex only in G. Therefore, the local metric dimension of HG k  and 

HkG  depend on local metric dimension of G only. 
 

Using Theorems 1.4 and 1.5, respectively, we get Corollaries 3.2 and 3.3, 
respectively, as below. 

Corollary 3.2. Let G be a connected labelled graph of order ,2≥n  and 

H  be a sequence of n nonempty graphs ....,,,, 321 nHHHH  Then 

( ) ( ( ) ),dimdim
1 1∑ =

α−+=
n
i iilkl HKkG H  

where 1=αi  if the vertex of 1K  belongs to a local basis of jHK +1  and 

0=α j  otherwise. 

Proof. Let ( ) { } in BvvvvGV ,...,,,, 321=  is a local basis of iH  and     

ijB  is a basis of ,iji Hv +  ;...,,2,1 ni =  ....,,2,1 kj =  So iij BB =  for 

....,,2,1 kj =  Choose ( ( { })).11 iij
k
j

n
i vBW −= == ∪∪  Because ≈+ iji Hv  

iHK +1  so ( ( ) )∑ = −+= n
i il HKkW 1 1 1dim  if iv  is an element of a local 

basis of iHK +1  and ( )∑ = += n
i il HKkW 1 1dim  if iv  is not an element 
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of a local basis of .1 iHK +  Using the similar logic to Corollary 2.6, we can 

prove that W is a local basis of .HkG  
 

Corollary 3.3. Let H be a nonempty graph. The following statements 
hold: 

 (i) If the vertex of 1K  does not belong to any local basis for ,1 HK +  

then for any connected graph G of order n, 

( ) ( )( ).dimdim 1 HKnkHG lkl +=  

(ii) If the vertex of 1K  belongs to a local basis for ,1 HK +  then for any 

connected graph G of order ,2≥n  

( ) ( )( ).1dimdim 1 −+= HKnkHG lkl  

4. Commutative Characterization of Generalized Comb and Corona 
Products Graphs with Respect to Local Metric Dimension 

An operation ∗  defined on two graphs is said to be commutative if 
ABBA ∗=∗ ~  for every graphs A and B. An operation ∗  defined on          

two graphs G and H is said to be commutative with respect to local metric 
dimension if ( ) ( ),dimdim GHHG ll ∗=∗  denoted by ( ) lHG dim

~=∗  

( ).GH ∗  

In this section, we present commutative characterization of generalized 
comb and corona products graphs with respect to local metric dimension. 
Because of the commutativity of operation applies only to the two graphs, 
then the commutative characterization of generalized comb and corona 
products graphs is only addressed to HG kD  and .HG k  

Theorem 4.1. Let G and H be connected bipartite graphs. Then 

( ) ( )GHHG klk DD dim
~=  if and only if ( ) ( ).dimdim GH ll =  

Proof. Let G and H be connected bipartite graphs. Let ( ) lk HG dim
~=D  

( ).GH kD  It means that ( ) ( ).dimdim GHHG klkl DD =  By Corollary 2.5, 

we get ( ) ( ).dimdim HG ll =  
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Conversely, let ( ) ( ).dimdim HG ll =  By Corollary 2.5, we get ( )Gldim  

( )HG kl Ddim=  and ( ) ( ).dimdim GHH kll D=  Therefore, ( )HG kl Ddim  

( ).dim GH kl D=  So ( ) ( ).~
dim GHHG klk DD =  
 

For the case of non-bipartite graphs, the formula of commutative 
characterization of generalized comb product with respect to local metric 
dimension is presented based on existence of grafting vertex, whether 
element of a local basis of graph operated. 

Theorem 4.2. Let G and H be connected graphs of order at least three. 
Let G and H be non-bipartite graphs. If the grafting vertex of HG kD  

belongs to a local basis of H and the grafting vertex of GH kD  belongs to a 

local basis of G, then 

( ) ( )GHHG klk DD dim
~=  if and only if 

( ) ( )( ) ( ) ( )( ).1dim1dim −=− GHVHGV ll  

Proof. Let G and H be connected graphs of order at least three. Let        
G and H be non-bipartite graphs. Let the grafting vertex of HG kD  belong 

to a local basis of H and the grafting vertex of GH kD  belong to a              

local basis of G. Let ( ) ( ).~
dim GHHG klk DD =  By Corollary 2.6, we        

get ( ) ( ) ( )( )1dimdim −= HGVkHG lkl D  and ( ) ( )HVkGH kl =Ddim  

( )( ).1dim −Gl  Therefore, ( ) ( )( ) ( ) ( )( ).1dim1dim −=− GHVkHGVk ll  

So ( ) ( )( ) ( ) ( )( ).1dim1dim −=− GHVHGV ll  

Conversely, let ( ) ( )( ) ( ) ( )( ).1dim1dim −=− GHVHGV ll  Then 

( ) ( )( ) ( ) ( )( ).1dim1dim −=− GHVkHGVk ll  

Therefore, ( ) ( ).dimdim GHHG klkl DD =  
 

 The case when grafting vertex does not belong to a local basis of graph 
operated is dealt with below. 
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Theorem 4.3. Let G and H be connected graphs of order at least three. 
Let G and H be non-bipartite graphs. If the grafting vertex of HG kD  does 

not belong to a local basis of H and the grafting vertex of GH kD  does not 

belong to a local basis of G, then 

( ) ( )GHHG klk DD dim
~=  if and only if 

( ) ( )( ) ( ) ( )( ).dimdim GHVHGV ll =  

Proof. Let G and H be connected graphs of order at least three. Let G 
and H be non-bipartite graphs. Let the grafting vertex of HG kD  does not 

belong to a local basis of H and the grafting vertex of GH kD  do not belong 

to a local basis of G. Let ( ) ( ).~
dim GHHG klk DD =  By Corollary 2.6, we 

get ( ) ( ) ( )( )HGVkHG lkl dimdim =D  and 

( ) ( ) ( )( ).dimdim GHVkGH lkl =D  

Therefore, ( ) ( )( ) ( ) ( )( ).dimdim GHVkHGVk ll =  So ( ) ( )HGV ldim  

( ) ( ).dim GHV l=  Conversely, let ( ) ( )( ) ( ) ( )( ).dimdim GHVHGV ll =  

Then 

( ) ( )( ) ( ) ( )( ).dimdim GHVkHGVk ll =  

Therefore, ( ) ( ).dimdim GHHG klkl DD =  
 

In the next theorems, we present the commutative characterization of 
generalized corona product with respect to local metric dimension. 

Theorem 4.4. Let G and H be nonempty connected graphs. If the vertex 
of 1K  does not belong to a local basis of HK +1  and ,1 GK +  then 

( ) ( )GHHG klk dim
~=  if and only if 

( ) ( ) ( ) ( ).dimdim 11 HKHVHKGV ll +=+  

Proof. Let G and H be nonempty connected graphs. Let the vertex of     

1K  does not belong to a local basis of HK +1  and .1 GK +  Let ( )HG k  
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( ).~
dim GH kl=  Based on Corollary 3.3(i), we get ( ) =HG kldim  

( ) ( )( )1dim 1 −+ HKGVk l  and 

( ) ( ) ( )( ).1dimdim 1 −+= HKGVkHG lkl  

Therefore, ( ) ( )( ) ( ) ( )( ).dimdim 11 GKHVkHKGVk ll +=+  So 

( ) ( ) ( ) ( ).dimdim 11 HKHVHKGV ll +=+  

Conversely, let ( ) ( ) ( ) ( ).dimdim 11 HKHVHKGV ll +=+  Then 

( ) ( )( ) ( ) ( )( ).dimdim 11 GKHVkHKGVk ll +=+  

Based on Corollary 3.3(i), we get ( ) ( ).dimdim GHHG klkl =  In other 

words, ( ) ( ).~
dim GHHG klk =  
 

Theorem 4.5. Let G and H be nonempty connected graphs of order       
at least two. If the vertex of 1K  belongs to a local basis of HK +1  and 

,1 GK +  then 

( ) ( )GHHG klk dim
~=  if and only if 

( ) ( )( ) ( ) ( )( ).1dim1dim 11 −+=−+ HKHVHKGV ll  

Proof. Let G and H be nonempty connected graphs of order at least two. 
Let the vertex of 1K  belong to a local basis of HK +1  and .1 GK +  Let 

( ) ( ).~
dim GHHG klk =  By Corollary 3.3(ii), we get ( ) =HG kldim  

( ) ( )( )1dim 1 −+ HKGVk l  and 

( ) ( ) ( )( ).1dimdim 1 −+= GKHVkGH lkl  

Therefore, ( ) ( )( ) ( ) ( )( ).1dim1dim 11 −+=−+ GKHVHKGV ll  

Conversely, let ( ) ( )( ) ( ) ( )( ).1dim1dim 11 −+=−+ GKHVHKGV ll  

Then ( ) ( )( ) ( ) ( )( ).1dim1dim 11 −+=−+ GKHVkHKGVk ll  From 

Corollary 3.3(ii), we get ( ) ( ).dimdim GHHG klkl =  In other words, 

( ) ( ).~
dim GHHG klk =  
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