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Abstract

Let G be a connected graph with vertex set V(G) and W =
{wy, Wy, ..., Wy} < V(G). The representation of a vertex v e V(G),
with respect to W is the ordered m-tuple r(v|W) = (d(v, w),

d(v, Wp), ..., d(v, Wy,)), where d(v, w) represents the distance
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between vertices v and w. This set /¥ is called a local resolving set for
G if every two adjacent vertices have a distinct representation and
a minimum local resolving set is called a local basis of G. The
cardinality of a local basis of G is called the local metric dimension of

G, denoted by dim;(G). In general, comb product and corona product

are non-commutative operations in graphs. However, these operations
can be made commutative with respect to local metric dimension for
some graphs with certain conditions. In this paper, we determine the
local metric dimension of generalized comb and corona products of
graphs and obtain necessary and sufficient conditions of graphs in
order that comb and corona products be commutative operations with

respect to the local metric dimension.
1. Introduction

Let G be a finite, simple, and connected graph. The vertex and edge sets
of the graph G are denoted by V(G) and E(G), respectively. The distance
between vertices v and w in G, denoted by d(v, w), is the length of the
shortest path between them. For the ordered set

W ={w;, wy, ..., wy,} < V(G),

and a vertex v € V(G), the representation of v with respect to W is the
m-tuple, r(v|W) = (d(v, w), d(v, wy), ..., d(v, w,,)). The set W is called a
local resolving set of G if every two adjacent vertices of G have a distinct
representation with respect to W, that is, if u,v e V(G) such that
uv € E(G), then r(u|W) = r(v|W). A local resolving set of G with

minimum cardinality is called a local basis of G, and the cardinality of a
local basis of G is called the local metric dimension of G, denoted by
dim; (G).

Godsil and McKay [3] defined the rooted product graph as follows. Let
G be a graph on n vertices and H{ be a sequence of n rooted graphs
H,, Hy, Hs, ..., H,. The rooted product graph of G by H denoted by

G o JH is a graph obtained by identifying the root of H; with the ith vertex
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of G. Saputro et al. [7] studied the metric dimension of the comb product
graph G o H, which is a special case of a rooted product graph.

Rodriguez-Velazquez et al. [6] and Susilowati et al. [8] observed the
local metric dimension of rooted product graph as follows:

Theorem 1.1 [6]. Let G be a connected labelled graph of order n > 2
and let 3 be a sequence of n connected bipartite graphs Hp, H,
Hs, ..., H,. Then, for any rooted product graph G o H, dim;(GoXH) =
dim, (G).

Theorem 1.2 [6]. Let G be a connected labelled graph of order n > 2
and let 3 be a sequence of n connected non-bipartite graphs H,, H,,
Hs, ..., H,. Then, for any rooted product graph G o H, dim;(GoH) =

Zj’:l (lim;(H ;) — o ;), where o; =1 if the root of H ; belongs to a local

basis of H ; and o.; = 0 otherwise.

Theorem 1.3 [8]. Let G be a connected labelled graph of order n > 2.

Let H be a sequence of the combined n connected non-bipartite Hj,

Hy, ..., Hg and bipartite graphs H,y, H¢ >, ..., H,. Let o} be the root of
H; for j e {1, 2, ..., n}. Then

dim, (G » K)
=ZS. 1(diml(Hj)—OLj), for G=C,,nodd,s>1or
J:
G bipartiteor G=K,,, s =n—1,
:ZS. 1(dirnl(Hj)—ocj)+1, for G=C,,nodd,s=1,
J:

=ijl(diml(Hj)—ocj)Jrdiml(G)—s, for G=K,,s<n-1,

S . )
<ijl(dlml(Hj)—Otj)Jrn—s—l, otherwise,

where o ; =1 ifoj belongs to a local basis of H; and o ; =0 otherwise.
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Frucht and Harary [2] defined the corona product graph. The corona
graph, G ® H, of two graphs G and H is obtained by taking one copy of G
and | V(G)| copies of H and then joining by edge the ith vertex of G to every

vertex in the ith copy of H. In [6], Rodriguez-Velazquez et al. generalized
the corona product G © H, where H is a sequence of n graphs H;, H,

Hj, ..., H,, where H; and H ; may not be isomorphic.

Theorem 1.4 [6]. Let G be a connected labelled graph of order n > 2
and let H be a sequence of n nonempty graphs Hy, H,, Hs, ..., H,,. Then,
for any corona product graph G © H,

dim; (G © ¥) = ijl(dim,(Kl +H;)-a;),

where o ; =1 if the vertex of Ky belongs to a local basis of Ky + H ; and

a; = 0 otherwise.

A particular case of corona product graph, where the sequence H;, H,,
Hs, ..., H, consists of n graphs isomorphic to graph H, has been discovered

by Rodriguez-Velazquez et al. [5].

Theorem 1.5 [S]. Let H be a nonempty graph. The following statements
hold:

(1) If the vertex of K, does not belong to any local basis for K| + H,
then for any connected graph G of order n,

dlml(G@H) =n dll’nl(Kl iy H)
(i1) If the vertex of Ky belongs to a local basis for Ky + H, then for any
connected graph G of order n > 2,
dim;(G® H) = n(dim;(K; + H) - 1).

Okamoto et al. [4] discovered the characterization of local metric

dimension for some graphs, presented below.
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Theorem 1.6 [4]. Let G be a connected graph of order n > 2. Then
(i) dim;(G) = n—1 ifand only if G = K,,,
(i) dim;(G) =1 if and only if G is bipartite graph.

In this paper, we analyze the local metric dimension of generalized
comb product graph, rooted product graph, and corona product graph
relative to Rodriguez-Velazquez et al. [6] and Susilowati et al. [8] results.
Furthermore, we formulate the necessary and sufficient conditions such that
the local metric dimension of the generalized comb product graphs possess
same value, even though the position of graph that operated is exchanged.
Likewise, results for the generalized corona product graphs.

2. The Local Metric Dimension of Generalized Comb Product Graph

The generalized rooted product graphs that are presented in this paper
are k-comb product graphs and k-rooted product graphs. The k~comb product
is charged to a graph with respect to a graph and k-rooted product is charged
to a graph with respect to a sequence of graphs, which is defined by
Susilowati et al. [9] as below.

Let G and H be connected graphs, where the order of G is n, and o
is a vertex of H. The k-comb product graph G o, H is obtained from G
and H by taking one copy of G and nk copies of H that are Hy;, Hi,,
H13, . Hlk’ H21, H22, H23, . HZk’ oo Hnl= an, Hn3’ IF an and grafting

the vertex 04> J = 1, 2, 3, ..., k with ith vertex of G.

Let G be a labelled graph on n vertices and J{ be a sequence of n
rooted graphs H;, H,, Hs3, ..., H,. The k-rooted product graph of G by

J denoted by G o, J{ is obtained by taking k copies of H; for every
7 = 1, 2, R that are H“, le, H13, .. 3 Hlk’ H2l’ H22, H23, oot sz,
Hsyy, Hyp, H33, ..., Hapy ooy Hyy, Hypy Hyz, oy Hy and grafting the root

of H;;, j =1,2,3, .., k with the ith vertex of G. If 0js is the root of H,

ija

for s =1, 2, ..., k, then Ojs =0; in the graph G o, 3, for s =1, 2, ..., k.
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Susilowati et al. [8] described the properties of rooted product graphs as
the following lemma and observation.

Observation 2.1 [8]. Let G be a labelled graph of order n > 2 and H

be a sequence of n connected graphs H jsJ = 1, 2, 3, ..., n. In the rooted
product graph G o K, if every H ; is a connected bipartite graph, then every
two adjacent vertices in H ; are at different distances from the root of H;
and all vertices in G o H.

Lemma 2.2 [8]. Let G be a labelled graph of order n > 2 and I be a
sequence of n connected graphs H ;, j =1, 2,3, ..., n. In the rooted product
graph G o H, if o; is the root of H ;, and U is a local basis of H ;, then
the following statements hold.:

() If 0; € U}, then there are two adjacent vertices x, y in H ; such that

r(x|S) = r(y|S) forevery S c V(H;),|S|<|U; |-2.

(i) If 0; ¢ U}, then there are two adjacent vertices x, y in H ; such that
r(x|8) =r(y|S) forevery S cV(H;),|S|<|U;|-1

Using Theorems 1.1 and 1.2, respectively, we get Corollaries 2.3 and 2.4,
respectively, as below.

Corollary 2.3. Let G be a labelled connected graph of order n > 2
and let 'H be a sequence of n connected bipartite rooted graphs Hy, H,,

Hs, ..., H,. Then
dim;(G o 'H) = dim;(G o ‘H) = dim;(G).
Proof. Let G be a labelled connected graph of order n > 2 and let H be
a sequence of n connected bipartite rooted graphs H;, H,, Hs, ..., H,. Let
Hyy, Hyp, Hy3, ooy Hig, Hyyy Hypy Hos, ooy Hoyp, Hyy, Hyp, Has, ooy Hag,
s Hyy, Hypy Hys, ..., Hy be k copies of ‘H. Let o be the root of H jq,
for s =1, 2, ..., k, choose W = alocal basis of G.
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Take any two adjacent vertices x, y in Hjs, j=L2,..,ns=12,..,k

Because H j; is connected bipartite, by Observation 2.1, we get d (x]z)#
d(y|z) for every z € V(G o) H). Therefore, r(x|W) = r(y|W). Take any
two adjacent roots o;;, 0, in G o} H. Because IV = a local basis of G, then
(o5 |W) # 105 |W) and W is a local basis of G o H. So dim;(G o 'H)
= dim;(G). The same reason for dim;(G o H) = dim;(G). O

Corollary 2.4. Let G be a connected labelled graph of order n and let

‘H be a sequence of n connected non-bipartite rooted graphs of order
at least two Hy, Hy, H3, ..., H,. If 0; is the root of H; for every j =

1, 2, ..., n, then

, n 1
dim;(G o, H) = kzjzl (dim;(H ;) - ot;),
where a.; =1if o; belongs to a basis of H ; and o.; = 0 otherwise.

Proof. Let G be a connected labelled graph of order » > 2 and let 'H
be a sequence of the connected non-bipartite rooted graphs H,, H,, H3,
ceey Hn. Let Hll,HlQ, H13,...,H1k,H21,H22, H23,...,H2k,H31,H32, H33,
co0g H3k’ o0 Hnl’ an, Hn3’ e an be k copies of Hl, H2, H3, o0 Hn

Let o0, be the root of H; and W;, be a local basis of H for n =

L2,y m; 5 =1,2, .., k. Choose W = U"_y(UsL; )5 — {05 })-
Take any two adjacent vertices x, y in Hjs, j=L2,..,.ns=1,2,..k

Because W is a local basis of H g, then r(x|W) = r(y|W). Take any

two adjacent roots 0;;, 05 in G o H, then d(o;|z) # d(ojs|z) for every
z € V(H j;). Therefore, r(o |[W)# r(o;s|W) and W is a local resolving
set of G o, H. Take any set S < V(G oy H) with | S| < | W |. It means that

there is H ;; such that maximum (dim;(H;)~-o; —1) vertices of H j
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which be elements of S. By Lemma 2.2, there are two adjacent vertices in

H j that have the same representation with respect to S. So /' is a minimum
. n .
local resolving set of G oy H and |W | = ij:1 (dim;(H ;) — o ;), where

a; =11if o; belongs to a basis of /; and o ; = 0 otherwise. O

By Corollary 2.3, we get Corollary 2.5 as below.

Corollary 2.5. Let G and H be connected graphs. If H is a bipartite
graph, then

dlml(G Ok H) = dlml(G)

Corollary 2.6. Let G be a connected graph of order n, H be a connected

non-bipartite graph of order at least 2, and o is a grafting vertex. Then

nkdim;(H) -1, if o belongs to a local basis of H,

diml (G Ok H) =
nk dim;(H), otherwise.

Proof. Let G be a connected graph of order n, H be a connected
non-bipartite graph of order at least 2, and o is a grafting vertex. Let
Hll, le, H13,..., Hlk, Hzl, H22, H23,..., sz,..., Hnl, an, Hn3,..., an

be the nk copies of H and W, is a local basis of H ;. If o is an element of

local basis of H, then o is the element of local basis of H ;; for all j =

1,2, ..,m s=12, .. k, choose W = U’}':I(Uﬁ:l (W5 —{05})) so |W | =
nk(dim;(H ) —1). If o is not an element of local basis of H, then o, is not
an element of Hjs for all j=12,...,m s=12,.. k Choose W =
Uio Uk, (W) so | W | = nk(dim;(H)). In these two conditions, we can
prove that ¥ is a local basis of G o H. O

Theorem 2.7. Let G be a connected labelled graph of order n > 2,

and let H be a sequence of the combined n connected non-bipartite graphs

H\, H,, ..., H; and bipartite graphs Hg, 1, Hy,>, ..., H,, and 0; is the
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rootof H ;, then

dll’nl(G Ok 9{)

S .
:ijzl(dlml(Hj)_“j)a for G=C,,nodd,s>1or
G bipartiteor G=K,,,s=n—1,

s
:kzjzl(dlml(Hj)—aj)+l, forG=C,,nodd,s =1,

s . :
=k (imy(H )=o)+ dimy (G)=s. for G=Kyus<n—L

< ijzl(diml (Hj)-o;)+n-s-1, otherwise,

where o.; =1 if the root of H ; belongs to a local basis of H; and o ; =0
otherwise.

Proof. Let G be a connected labelled graph of order #» > 2 and let J{ be
a sequence of the combined » connected non-bipartite graphs H;, H,, H3,
..., Hg and bipartite graphs H,_ |, H; >, H¢ 3, ..., H,. Let T be a local
basis of G and U, be a local basis of H;, j= 1, 2, ..., n, and 0; is the root
of Hj. Let Hyy, Hip, Hi3y s Hyj, Hop, Hyoy Hos, ooy Hop, Haq, H3o, H3s,
v Hapoy ooy Hg, Hgy, Hgs, ..., Hg, be k copies of Hy, Hy, Hs, ..., Hg and
Hg oy Hisr1)2o His11)3> o H(sik> H(s+2)1> H(s12)2> H(s42)3> - H(s12)k>
Hs13)1, H(s43)25 H(s43)3> s H(s43)k> s Hp1s Hpp, Hy3, oo, Hyg be k copies
of Hgyy, Hyyp, Hgy3, ..., Hy. Let o0 be the root of Hj, for /=
L2, ..,k

Jl>
Case 1. For G = C,,, n odd, s > 1 or G bipartite or G = K,,, s =n —1.
k h
Choose W = U_1(Uj=; (Uj; = {o;1})), so || :ij.zl(dlml(Hj)—ocj).

Take any two adjacent roots oy, 0j; in Gop H, if G=C,, n odd,

s >1. Because G is bipartite, so 7(oy |W)# r(o; |[W). Take any two
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adjacent vertices x, y in Hﬂ, j=12..,s1-1,2,.. k Because Uﬂ isa

local basis of H j;, then r(x|U ) # r(y|U ), so r(x|W) = r(y|W). Take

Jt»
any two adjacent vertices x, y in Hﬂ, j=s+1s+2,.. n Because Hﬂ 18
bipartite, we get r(x|W) # r(y|W). Therefore, W is a local resolving set of
G o), H. By Lemma 2.2, we can see that W = USj:l(Ulf:l (Uji —1oj}) isa

minimum local resolving set of G o; H and
. s .
dim;(G o), H) = ij:l (dim;(H ;) - a;).

Case 2. For G=C,,n odd, s =1. Choose W = U“}Zl(Ulle(Uﬂ —{01}))

|JEE" = Uf;l(U” —{oy) Uz}, zeHy for any j=s+15+2, ..,

[ =1,2,.., k and z # o5, without loss of generality, let z € H,;.

Take any two adjacent roots 0;;, 0;; in G o, H. Because G is bipartite,

then d(oil’ 01[) * d(O Oll)' Therefore, F(Oil |U1]) * I’(Ojl |Ull) and I”(Ol-l |W)

Jb

# 1(0;; |W). Take any two adjacent vertices x, y in H j;, for j = 1. Because

jt»
Uy is a local basis of Hy, then r(x|Uy) # r(y|Uy), so r(x|W) #

r(y|W). Take any two adjacent vertices x, y in H ;, for j=2,3, .., n

e
Because Hj; is bipartite, then d(x, 0j)# d(y,0;), so d(x, 0y) #

d(y|oy;). Therefore, r(x|W) = r(y|W).

So, W =UjaUiUy —{o) Uz} = U Uy ~{oy) U iz} for
z € Hy;, is a local resolving set of G o, H. Take any set S < V(G o H),
where | S|<|W |, there are two conditions on S. First, the number of
elements Hj; which lie in S is less than |Uy; —{oy;}|. Because Uy, is a
local basis of Hy;, so there are two adjacent vertices in /y; that have the
same representation with respect to S. Second, no element in H ; for all

j=s+1Ls+2, .,nl=12,..,k lie in S. Because G is bipartite, there
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are two adjacent root vertices that have the same representation with respect
to S. So, Wis a local basis of G o, ‘H and

, s
dim;(G oy H) = kzjzl(dlml(Hj) —a;)+1,

where o; =1 if o; belongs to a local basis of H; and o ; = 0 otherwise.

Case 3. For G =K,,, s <n—1. Choose W = Usj-zl(Ulle(Uﬂ —{o;i})
U {uﬂ lujy #oj, j=s+Ls+2,.,n-1,1=12,3, ., k}. Without loss
of generality, let s = n — 2, it means that Hy, j= 1, 2, ..., n — 2 are non-

bipartite graphs and H (n—1)1> Hyy are bipartite graphs and

=2/ |k
w =21 Ui U = {o g D) U lug—ry ltnoty # 0ty 1 =1, 2,3, ..., k.
Take any two adjacent roots in G o, H, there are three possibilities:

First, two adjacent roots are o(,_1y, 0,. We get d(o(,_1y, 0;;) =
d(o,;, ojl) for all j=12,..,n-2; [=123,.. k. It implies that
(011U j1) =1(0,11U j1), but 7(0(,-1)110(n-1)1 ) # 7(0ns |0(n-1); ) Therefore,
7(0(n=1)1 W) # (0, |W). Second, one of the roots is an element of H,_;
or H, and one of the roots is an element of Hj, j=12,.., n—2 Without
loss of generality, let o, and o; for some j. We get d(0j;, 0,) #
d(0j, 051), so 1(0,|W)#r(o;|W). Third, two adjacent roots are

elements of #;, j =1, 2, .., n— 2. Itis obvious that r(oy [ W) # r(oy | W).

Take any two adjacent vertices x, y in Hﬂ, j=n-1,nl1=1,23,.., k.
Because H,_; and H, are bipartite, we get r(x|W) # r(y|W). Take any
two adjacent vertices in Hy, j= 1,2, ...n—-2;1=12,3, .., k. Because

Uji, j=1,2,..,n=2 isabasis of Hj;, then r(x|W) = r(y|W).

ji>
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-2 1k
So W =1 (Uimi (U j; = o)) Uty lt(u-1yt # 0(n-1y> 1 = 1, 2,
3, ..., k} is a local resolving set of G o, H. Take any set S < V(G o}, H),

where | S| <|W |, there are two conditions for S. First, there is H ;, for

it
some j=12,..,n—-2; [ =1,2,3, ..., k such that the number of elements
H j; which lie in S is less than | U ;; — {0} |. Because U ; is a local basis

of Hj, so there are two adjacent vertices in H ; that have the same

Jl>
representation with respect to S. Second, there is u(, 1) for some
[=1,2,3,.., k is not element of S. Because G = K,,, so there are two
adjacent root vertices 0ji, Osis. Jy S %, n—1 that have the same

representation with respect to S. So W is a local basis of Go; H and

|W | = kzj':l (dim;(H ;) - o ;) +n—1-s. Because G is a complete graph

K, and dim;(K,) = n -1, then dim;(G o, H) = kz;zl(dim](Hj) -a;)
+dim;(G) — s, where a; =1 if o; belongs to a local basis of H; and

o; = 0 otherwise.

Case 4. For G is otherwise, dim;(G o, H) < kZ;zl (dim;(H ;) —a;)+

n —s —1, it is obvious because K, is the graph with the biggest local metric

dimension. O

3. The Local Metric Dimension of Generalized Corona Product Graph

Susilowati et al. [9] defined the generalized corona product graph. Let
G be a graph of order n, k-corona graph G ©; H of two graphs G and
H is obtained by taking one copy of G and nk copies of H, that is,
Hyy, Hypy Hyzs oo Hyg, oy, Hops Hys, oo, Hog, Hays Hyp, Hag, op Hgs
v Hypy Hyoy Hyp3, ..., Hyy and then joining by edge the ith vertex of G to

every vertex in ijth copy of H. Similarly, let G be a labelled graph on n
vertices and H be a sequence of n connected graphs H;, H,, Hs, ..., H,,
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then k-corona product G ©;H is obtained by taking k copies of H; for
every i, that iS, Hll’ le, H13, veey Hlk’ H21, H22, H23, ceey sz, H31, H32,
Hss, ..., Hyy, ..., Hy, Hyp, H,p3, ..., Hy and then joining by edge the ith
vertex of G to every vertex in ijth copy of H;, j =1, 2,3, ..., k.

Lemma 3.1. Let G be a connected nontrivial labelled graph. If H is an
empty graph and H is a sequence of n empty graphs H,, H,, H3, ..., H,,,
then dim;(G ©; H) = dim;(G ©;H) = dim;(G).

Proof. Let H be an empty graph and H be a sequence of n empty
graphs H,, H,, H3, ..., H,. Then there are no edges in / and H. In graph
GO H and G O, H, respectively, every vertex in H and H is adjacent to
one vertex only in G. Therefore, the local metric dimension of G ©; H and

G ©} 'H depend on local metric dimension of G only. O

Using Theorems 1.4 and 1.5, respectively, we get Corollaries 3.2 and 3.3,
respectively, as below.

Corollary 3.2. Let G be a connected labelled graph of order n > 2, and
H be a sequence of n nonempty graphs H|, H,, Hs, ..., H,. Then

2 n 9
dim/(GOH) = kY (dim(K) + H;) - ay),

where o; =1 if the vertex of Ky belongs to a local basis of Ky + H ; and

o; = 0 otherwise.

Proof. Let V(G) = {v, vp, v3, ..., v,,}, B; is a local basis of H; and

B; i=1L,2,..,n j=1,2,.. k So B = B, for

i

j=12,..k Choose W = U?:l(Ul;zl(Bij —{v;})). Because (v;)+ H;; ~

is a basis of (v;) + Hyj,

Ky +H;so |W|= kz:l=1 (dim;(K; + H;) — 1) if v; is an element of a local

basis of K| + H; and |W | = kzl’.lzl dim;(K; + H;) if v; is not an element
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of a local basis of K| + H;. Using the similar logic to Corollary 2.6, we can
prove that ¥ is a local basis of G ©; 'H. O

Corollary 3.3. Let H be a nonempty graph. The following statements
hold:

(1) If the vertex of K; does not belong to any local basis for K| + H,
then for any connected graph G of order n,

dlml(G @kH) = nk(dlm](Kl + H))

(i1) If the vertex of K belongs to a local basis for K| + H, then for any
connected graph G of order n > 2,

dlml(G @kH) = nk(dlml(Kl ol H) — 1)

4. Commutative Characterization of Generalized Comb and Corona
Products Graphs with Respect to Local Metric Dimension

An operation * defined on two graphs is said to be commutative if
A*B=Bx*A for every graphs 4 and B. An operation * defined on
two graphs G and H is said to be commutative with respect to local metric
dimension if dim;(G * H) = dim;(H * G), denoted by (G * H) =i
(H = G).

In this section, we present commutative characterization of generalized
comb and corona products graphs with respect to local metric dimension.
Because of the commutativity of operation applies only to the two graphs,
then the commutative characterization of generalized comb and corona

products graphs is only addressed to G o, H and G ©; H.
Theorem 4.1. Let G and H be connected bipartite graphs. Then
(Gop H) Zgim; (H o G) ifand only if dim;(H ) = dim;(G).
Proof. Let G and H be connected bipartite graphs. Let (G oy H)=gim;

(H o4 G). Tt means that dim;(G o, H) = dim;(H o, G). By Corollary 2.5,
we get dim;(G) = dim;(H).
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Conversely, let dim;(G) = dim;(H ). By Corollary 2.5, we get dim;(G)
= dim;(G o; H) and dim;(H) = dim;(H o, G). Therefore, dim;(G o, H)
= dim;(H o; G). So (G o) H) Zgim; (H o G). O
For the case of non-bipartite graphs, the formula of commutative
characterization of generalized comb product with respect to local metric

dimension is presented based on existence of grafting vertex, whether

element of a local basis of graph operated.
Theorem 4.2. Let G and H be connected graphs of order at least three.
Let G and H be non-bipartite graphs. If the grafting vertex of G o, H

belongs to a local basis of H and the grafting vertex of H o; G belongs to a
local basis of G, then

(G ox H) Zgim; (H o G) if and only if
| V(G)|(dim;(H) - 1) = [ V(H) |(dim;(G) - 1).

Proof. Let G and H be connected graphs of order at least three. Let
G and H be non-bipartite graphs. Let the grafting vertex of G o; H belong

to a local basis of A and the grafting vertex of H o G belong to a
local basis of G. Let (G oy H) =4im; (H o G). By Corollary 2.6, we
get dimy(G oy H) = k| V(G)|(dim;(H)—1) and dim;(H o) G)=k|V(H)|
(dim;(G) —1). Therefore, k| V(G)|(dim;(H)-1) = k| V(H)|(dim;(G) - 1).
So | V(G) | (dimy(H) ~ 1) = | V(1) | (dim(G) ~ 1.

Conversely, let | V(G)|(dim;(H)-1) = |V(H)|(dim;(G) - 1). Then
K V(G)|(dimy(H) 1) = k| V(H) |(dim;(G) - 1).
Therefore, dim;(G oy H) = dim;(H o} G). O

The case when grafting vertex does not belong to a local basis of graph

operated is dealt with below.
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Theorem 4.3. Let G and H be connected graphs of order at least three.
Let G and H be non-bipartite graphs. If the grafting vertex of G o, H does
not belong to a local basis of H and the grafting vertex of H o; G does not
belong to a local basis of G, then

(G op H) Zgim; (H o G) if and only if
| V(G)|(dim;(H)) = |V (H ) |(dim; (G)).

Proof. Let G and H be connected graphs of order at least three. Let G
and H be non-bipartite graphs. Let the grafting vertex of G o, H does not
belong to a local basis of H and the grafting vertex of H o, G do not belong
to a local basis of G. Let (G o; H) Zgim; (H o4 G). By Corollary 2.6, we
get dim;(G oy H) = k| V(G)|(dim;(H)) and

dim;(H o G) = k| V(H)|(dim;(G)).

Therefore, k| V(G)|(dim;(H)) = k| V(H)|(dim;(G)). So |V(G)|dim;(H)
= |V(H)|dim;(G). Conversely, let | V(G)|(dim;(H)) = | V(H)|(dim;(G)).
Then

HV(G)|(dimy (1) = K V(1) | (dimy (G))

Therefore, dim;(G o;, H) = dim;(H o, G). O

In the next theorems, we present the commutative characterization of

generalized corona product with respect to local metric dimension.

Theorem 4.4. Let G and H be nonempty connected graphs. If the vertex
of K, does not belong to a local basis of K1 + H and Ky + G, then

(GOrH) Zgim; (H ©4G) if and only if

Proof. Let G and H be nonempty connected graphs. Let the vertex of
K, does not belong to a local basis of K; + H and K| + G. Let (GO, H)
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Z4im; (H ®4G). Based on Corollary 3.3(1), we get dim;(GOH) =
k| V(G)|(dim;(K; + H)—1) and

dim; (G & H) = k| V(G) | (dim, (K, + H) - 1).
Therefore, k| V(G)|(dim;(K; + H)) = k| V(H)|(dim;(K; + G)). So
|V(G)|dim;(K; + H) =|V(H)|dimy(K; + H).
Conversely, let | V(G) |dim;(K; + H) = |V(H)|dim;(K; + H). Then
K V(G)|(dimy(Ky + H)) = k| V(H) |(dim; (K, + G)).
Based on Corollary 3.3(i), we get dim;(G ®; H) = dim;(H ©®; G). In other
words, (G Oy H) Z4im; (H ©;G). 0

Theorem 4.5. Let G and H be nonempty connected graphs of order
at least two. If the vertex of K, belongs to a local basis of Ky + H and

K + G, then
(G Ok H) Zgim; (H ©4G) if and only if
|V(G)|(dimy(Ky + H) —1) = | V(H) |(dim; (K + H) - 1).

Proof. Let G and H be nonempty connected graphs of order at least two.
Let the vertex of K| belong to a local basis of K| + H and K| + G. Let
(GOKH) Zgim; (H ©;G). By Corollary 3.3(ii), we get dim;(G©,H) =
k| V(G)|(dim;(K; + H)—1) and

dim;(H ©;G) = k| V(H) |(dim;(K; + G) —1).
Therefore, | V(G)|(dim)(K; + H) —1) = | V(H)|(dim;(K; + G) —1).

Conversely, let |V(G)|(dim;(K; + H)—1) =|V(H)|(dim;(K; + G)-1).
Then k| V(G)|(dim;(K, + H) - 1) = k| V(H)|(dim;(K; + G) —1). From
Corollary 3.3(ii), we get dim;(G ©y H) = dim;(H ®;G). In other words,
(GOxH) Zgim; (H ©G). O
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