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Abstract

Let G be a simple, connected and undirected graph. Let 7,k be natural
number. By a proper k-coloring of a graph G, we mean a map c¢: V(G) — S,
where |S| = k, such that any two adjacent vertices receive different colors.
An r-dynamic k-coloring is a proper k-coloring ¢ of G such that |¢(N(v))] >
min{r,d(v)} for each vertex v in V(G), where N(v) is the neighborhood of v
and ¢(S) = {c(v) : v € S} for a vertex subset S. The r-dynamic chromatic
number, written as x,(G), is the minimum % such that G has an r-dynamic
k-coloring. The 1-dynamic chromatic number of graph is equal to its chromatic
number, denoted by x(G), and the 2-dynamic chromatic number of graph has
been studied under the name a dynamic chromatic number, denoted by x4(G).
By simple observation it is easy to see that x,(G) < x,+1(G), for example
X(Cs) = 2butxq4(Cs) = 3. In this paper we will show the exact values of some
graph operation of special graphs.

Keywords: r-dynamic coloring, r-dynamic chromatic number, graph
operations.

Introduction

Salah satu topik dalam bidang graf yang menarik untuk dikaji adalah masalah pe-
warnaan. Salah satu macam pewarnaan yaitu pewarnaan titik (vertex coloring).
Pewarnaan titik (vertex coloring) adalah pemberian warna pada titik-titik graf di-
mana dua titik yang bertetangga diberi warna yang berbeda. Jumlah warna paling
sedikit yang digunakan untuk mewarnai titik pada graf G disebut bilangan kro-
matik yang dilambangkan dengan y,. Terdapat topik yang masih dalam ruang
lingkup pewarnaan titik yaitu r-Dynamic Coloring atau yang biasa disebut pewar-
naan dinamis. r-Dynamic Coloring dinotasikan dengan x,. Diberikan G = (V, E)
adalah graf dengan V sebagai titik dan E sebagai sisi. Derajat minimum dinotasikan
0(G) sedangkan derajat maksimum dinotasikan dengan x(G). r-Dynamic Coloring
dengan k-pewarnaan dari graf G adalah |c(N(v))| > min{r,d(v)} [5].
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Hasil penelitian mengenai r-Dynamic Coloring pada tahun 2015 dikaji oleh Mo-
hanapriya yang mengkaji pewarnaan dinamis pada graf 4-Regular with Girth-3[10],
kemudian peneliti Lai dan Montgomery pada tahun 2002 melakukan penelitian pada
graf Particular[8]. Hasil penelitian terkait ini terdapat pada [1, 2].

A Useful Lemma

The following lemmas are useful for determining the dynamic coloring of graphs.
This lemma characterize the upper bound in term of the diameter of graph.

Theorem 1 [9] If diam(G) = 2, then x2(G) < x(G) + 2, with equality only when
G is a complete bipartite graph or Cs.

Theorem 2 [9] If G is a k-chromatic graph with diameter at most 3, then x2(G) <
3k, and this bound is sharp when k > 2.

In term of the maximum degree of graph, the r-dynamic of graph satisfies as
follows

Observation 1 [9] x,(G) > min{A(G),r}+1, and this is sharp. If A(G) < r then
xr(G) = min{A(G),r}.
Theorem 3 [9] x,(G) < rA(G) + 1, with equality for r > 2 if and only if G is

r-reqular with diameter 2 and girth 5.

Let G2 denote the graph obtained from G by adding edges joining nonadjacent
vertices that have a common neighbor, Jahanbekam et. al [9] proved the following.

Observation 2 [9] x(G) < xa(G) < x3(G) < - < xa(@)(G) = x(G?).
The last for graph operations of cartesian product, we have the following

Theorem 4 [9] If 6(G) > r then x,,(GOH) = max{x(G), x(H)}.

The Results

Now, we are ready to show our results on r-dynamic coloring for some special graph
operations. Apart from showing the r-dynamic chromatic number we also show the
colors c¢(v € V(G)) for clarity. Some graph operations found in this paper are W, +
Cony Wi, OCy, Wy, @ Cry, Wi [Cr], Wi, © Chy,y shack(Wy, 4 Ciy v, 8), amal (Sy, + P,y v, S)

Theorem 5 Misal G adalah joint dari graf Wy, dan graf C,,. Forn > 3 danm > 3,
the r-dynamic chromatic number of G s

untuk n gangil saat m genap
untuk n gangil saat m genap
untuk n genap saat m ganjil
untuk n gangil saat m ganjil

X(G) = xa(G) = x3(G) = xa(G) =

N o o W
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Proof. Graf W, +C,, adalah sebuah graf terhubung dengan himpunan titik V' (W,,+
Cm)= {4, 2;,y;;1 <1 <m;1 <j < m}and E(W, + Cp)= {Az;;1 < i < n}
U{ziziy1;1 < @ < n— 1} U{zz,} U{Ay;1 < 5 < m) U{zy;l < i < n—
L1l <j <mp Uzny;sl < j < mp Wyjypnl <5 < m—1F U{yiye}. Thus
p=VW,+Cp)| =n+m+1,q=|EG)| =nm+2n+2m—1and AW, +
Cp) = m+ n. By Observation 1, the lower bound of r-dynamic chromatic number
Xr(Wy + Cp) > min{A(Wy, + Cy,),r} +1 = {m 4+ n,r} + 1. Define the vertex
coloring ¢ : V(W,, + Cp,) — {1,2,...,k} for n > 3 and m > 2 as follows: f(A) =3
Untuk m ganjil

5, 1<j<m-—1, jodd

clyi) = 6, 1<i<m-—1, jeven
7, j=m

Untuk n ganjil saat m ganjil

1, 1<i1<n—1, 7 even
c(z;) = 2,1<i<n-—1, io0dd
4, 1=n

Untuk n genap dan m ganjil

o) = 1, 1<1<n, i even
Yl 2,1<i<mn, iodd

Untuk m genap

o(y;) = 4, 1<73<m, jodd
i) = 5, 1 <j3<m, jeven

Untuk n ganjil dan m genap

1, 1<i<n—1, 7 even
c(z;) = 2, 1<i<n-—1, iodd
6, 1=n

Untuk n genap dan m genap

o) = 1, 1 <1< n, 7 even
Yl 2,1<i<mn, iodd

It is easy to see that ¢ : V(W,, +Cy,) — {1,2,...,4} for m even and ¢ : V(W,, +
Cn) — {1,2,...,5}, for m odd respectively, is proper coloring. Thus, x(W, +
Cp) = 4 for m odd and x(W,, + Cy,) = 5 for m even respectively. By definition,
since min{|c(N(v))|, forevery v € V(W, + Cy,)} = 4, it implies x(W,, + Cp,) =
Xd(Wn + Cm) = X3(Wn + Cm) = X4(Wn + Cm) = XS(Wn + Cm) It completes the
proof. O
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Open Problem 1 Misal G adalah joint dari graf W,, and graf C,,. Forn > 3 and
m > 3, determine the r-dynamic chromatic number of G when r > 6.

Theorem 6 Let G be a cartesian product of Wy, and C,,. For n > 3 dan m > 3,
the r-dynamic chromatic number of G is

3, untuk n genap
4, untuk n gangil saat m genap

W(G) = (@) = {

X(G) = xa(G) = x3(G) = 4, untuk n ganjil saat m ganjil

Proof. The graph W,0C,, is a connected graph with vertex set V(W,,0C,,)=
{Aj,l‘i’j;l <1 < n;l < ] < m} dan E(WnDCm): {AjAj+1;1 <i<m-— 1}
U{AmAl} U{Ajl'@ﬁ 1< <ml1 <5< m} U{-%'i,j-%'z‘-i-l,j; 1<i<n-11<5< m}
U{z1j2n31 < J < m) Uzl <0 <njl < j <m— 1} U{zg el <
i < n}. Thus |V(W,0Cy,)| = nm + 2n 4+ m and |E(W,0C,,)| = 3nm + m and
A(W,0C,,) = 6. By Observation 1, the lower bound of r-dynamic chromatic num-
ber x, (W, 0C,,) > min{A(W,,0C,,),r}+1 = {6,r}+1. Define the vertex colouring
c: V(W,0C,) —{1,2,...,k} for n > 3 and m > 3 as follows:
Untuk n genap dan n ganjil pada saat m ganjil

17 ]—Sjgm_]-a ]ganJll
o(A;) =4 2, 1<j<m, jgenap
3, j=m

Untuk n genap saat m ganjil

1, 1<j<m-—1, jgenap, 1 <i<mn, ¢ ganjil,j=m
c(xij) = 2,1<j<m-—1, jgenap, 1 <i<n, i genap,] =m
3, 1<i<n,)=m

It is easy to see that ¢ : V(W,0C,,) — {1,2} and c¢: V(W,0C,,) — {1,2,3,4},
for n even and odd respectively, is proper coloring. By definition, since min{|c(N (v))|,
forevery v € V(W,,0C,,)} = 1, thus we only have x(W,,0C,,) = 3 and x(W,,0C,,) =
4, for n even and odd respectively. O

Open Problem 2 Misal G adalah operasi cartesian product dari graf W, dan Cy,.
Untuk n > 3 dan m > 3, determine the r-dynamic chromatic number of G when
r >4,

Theorem 7 Let G be a tensor product of W, and P,,. For n > 3 dan m > 2, the
r-dynamic chromatic number of G is x(Wy, @ Pp,) = 2

X(G) =2, untuk m genap
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X(G) = x2(G) = 3, untuk m ganjil

Proof. The graph W,, ® C,, is a connected graph with vertex set V= {A;, z; ;; 1
i <m;1<j<m}dan E= {Ajz; 4151 < i <n;1 <j<m—1} U{Ajz;-1;1 <
1 <n;2<j<m—1} WAz m; 1 <i <n} {Apxil <@ <n} U{e; jzi1,41:1 <
i <n-11<j5<m-1} WHrjrimj4152 <@t <n—-11< 5 <m-—1}
U{znjr1j4151 < § < m =1} UWep izl < 5 < m— 1} U{egmeipl <
i < n—1} Wzimrir,l <0< n— 11 UW{armani} U{enme} U{ermen}
U{zimzi—11;2 < i < n}. Thus [V(W, ® Cy,)| = nm+m dan |[E(W, ® Cy,)| = 4nm
dan A(W,, ® Cp,) = 2n. By Observation 1, the lower bound of r-dynamic chromatic
number x, (W, ® Cy,) > min{A(W,, ® Cy,),r} +1 = {2n,r} + 1. Define the vertex
colouring ¢ : V(W,, ® Cy,) — {1,2,...,k} for n > 3 and m > 3 as follows:
Untuk n genap n ganjil saat m ganjil

VANRVAN

1, 1<j<m—1, j ganjil
c(4;)=1q 2, 1<j<m, jgenap
3, J=m

1, 1<i<n, 1<j<m-—1, j ganjil
c(zij)=q 2, 1<j<n, 1<j<m, jgenap
3,1<j<n, j=m

Untuk n genap dan n ganjil saat m genap

L, 1<j<m—1, j ganjil

) = { 2, 1<j<m, jgenap

It is easy to see that ¢ : V(W,, ® Cy,) — {1,2} is proper coloring. By definition,
since min{|c(N(v))|, forevery v € V(W, ® Cp,)} = 1, thus we only have x(W,, ®
Cm) =2. O

Open Problem 3 Misal G adalah operasi tensor product dari graf W, dan graf
Cp. Untuk n > 3 and m > 3, determine the r-dynamic chromatic number of G
when r > 2 untuk m genap dan r > 3 untuk m gangjil.

Theorem 8 Misal G adalah operasi composition dari graf Wy dan C,,. Untuk
n > 3 dan m > 2, bilangan kromatik r-dynamic dari G adalah

6, for n even

X(WalCm]) = { 8, for n odd

Proof. The graph W,[P,] is a connected graph with vertex set V(W,[P,])=
{Aj,2;;;1 <i<n;l <j<m}and E(W,[Pp))= {Ajzij41;1 <i <n;1 < j <
m — 1} U{Aj.%'i’j_l; 1< <1 <3< m— 1} U{xi,jxiﬂ,jﬂ; 1<:i<n—-1;1<5<
m—1} Wz jzio1j41:2 < <n—1;1 < j <m—1} Uz ;714151 < j <m —1}
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U{l‘n’j+1xl’j; 1<7<m— 1} {AjAjJrl; 1<:<m-— 1} U{Ajl’@j; 1<:<n;1 <5<
m} U{xi,jxi_,_l,j; 1<i<n—-1;1<5< m} U{xl,jxmj; 1< < m} U{xi,jwi,j+1§ 1<
i <mn;1<j<m—1}. Thus |V(W,[Py])| = nm+m and |E(W,[Py])| = Tnm—5n+
m — 1 and A(W,[Py]) = 2n + 2. By Observation 1, the lower bound of r-dynamic
chromatic number x,(Wp,[Pp]) > min{A(Wy,[Pp]), 7} +1 = {2n+ 2,7} + 1. Define
the vertex coloring ¢ : V(W,[Pn]) — {1,2,...,k} for n > 3 and m > 2 as follows:
For n even and n odd

1, 1<j<m, jodd
4, 1 <3 <m, jeven

o(4;) = {

For n even

2,1<i<n-—1,70dd; 1 <j3<m, jodd
oz ;) = 3, 1<i<n,ieven; 1<j5<m, jodd
7 9, 1 <1< n, teven; 1 <5< m, jeven
6, 1<:<n, teven; 1 <5< m, jeven

For n odd

1<i<n-—1,70dd; 1<j5<m, jodd
1<i<n,teven; 1 <j<m, jodd
1<i<n—1,70dd; 1<j5<m, jeven
1<i<n, teven; 1 <5< m, jeven
i=n, 1<j7<m, jodd

1=mn, 1 <5< m, jeven

It is easy to see that ¢ : V(W,[Pn]) — {1,2,...,6} and ¢ : V(W,[Py]) —
{1,2,...,8}, for n even and odd respectively, is proper coloring. Thus, x(W,[Py]) =
6 and x(W,[Py]) = 8, for n even and odd respectively. By definition, since
min|c(N ()],
forevery v € V(Wn[Pm])} =5, it implies X(Wn[Pm]) = Xd(Wn[Pm]) = XS(Wn[Pm]) =
Xa(Wn[Sm]) = x5(Wyn[P]). It completes the proof. O

Open Problem 4 Let G be a composition of Wy, and P,,. Forn >3 and m > 2,
determine the r-dynamic chromatic number of G when r > 6.

Theorem 9 Let G be a crown product of Wy, on P,,. Forn > 3 dan m > 2, the
r-dynamic chromatic number of G is

3, for n even

X(Whn © Pr) = Xa(Wyn © Pr) = { 4, for n odd

Proof. The graph W,, ® P,, is a connected graph with vertex set V(W,, ® BP,,)=
{A, 25, 2i5,y;51 <@ < m;l < j < m} and E(W, © Pp)= {Az;;1 < i < n}
Ulzizip;1 < i <n—1} U{Ay;;1 <5 < m} Wyl <5 <m— 1} Uiz}
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U{ziz; 531 < i < myl < j < m} Uf{eg z4131 <@ <njl < j < m—1}. Thus
[VIW,[Pn])l = nm+n+m+ 1 and |[E(W,, ® Pp,)| = 2nm 4+ n + 2m — 1 and
AW, ® P,,) =n+ m. By Observation 1, the lower bound of r-dynamic chromatic
number x, (W, ® Pp,) > min{A(W, ®F,,),r}+1 = {n+m,r}+1. Define the vertex
coloring ¢ : V(W,, ® P,,) — {1,2,...,k} for n > 3 and m > 2 as follows: A =4 and

oy;) = 1, 1 <3< m, jeven
T 3 1< <m, jodd

For n even
1, 1<i<n,t0dd; 1<j<m, jeven
c(zi;) = 2, 1<i<n,ieven; 1 <j<m, jeven
3,1<j<m, jodd; 1<i<n
o) = 1, 1<1<n, i even
Yl 2,1<i<mn, iodd
For n odd
1, 1<i<n,io0dd; 1<j<m, jeven
oz ) = 2, 1<1<n, teven,1 < j3<m, 7 even
W) 3, 1<j<m—1, jeven; 1<i<n-—1
4, 1<j7<m, jodd; i=n
1, 1<:<n—1, i even
c(z;) = 2,1<i<n—1, iodd

3,1=n

It is easy to see that ¢ : V(W,, ® P,) — {1,2,...,3} and ¢ : V(W,, © Py,) —
{1,2,...,4}, for n even and odd respectively, is proper coloring. Thus, x(W,, ®
P,) = 3 and x(W, ® P,) = 4, for n even and odd respectively. By definition,
since min{|c(N(v))|, forevery v € V(W,, ® P,,)} = 2, it implies x(W,, ©® Py,) =
Xd(Wyn ® Pp,). It completes the proof. O

Open Problem 5 Let G be a crown product of Wy, on P,,. Forn >3 dan m > 2,
determine the r-dynamic chromatic number of G when r > 3.

Theorem 10 Let G be a shackle of joint S, and P,,. For n > 3 and m > 2, the
r-dynamic chromatic number of G is

X(shack(Sy + P, v, s)) = xa(shack(Sy, + Pp,v,s)) = x3(shack(Sy,, + Py, v,s)) =4
Proof. The shackle of joint S, and P,,, denoted by shack(S, + Pn,v,s), is a
connected graph with vertex set V= {Ak,xlf,xf,yf,p; 1 <1< ;1 <5< ml1<

k<s}and E= {4k 1 <i<n-1;1<k<s} U{Akxfﬂ;l < k < s} U{Asp}
U{yfyb 1S5 <Sm=11 <k <spU{Afyfil<j<mil <k <s}Ufafyfil <i<
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n—-1;1<j57<m;l §k§s}u{fn’f“y§3;1 <j<ml §k:§s—1}u{pyj;1 <j<m}.
Thus |V (shack(Sp+ P, v, s))| = nr+mr+1 and |E(shack(Sp+ P, v, s))| = 2nms+
ns +2ms — s and A(shack(S, + Pn,v,s)) = 6. By Observation 1, the lower bound
of r-dynamic chromatic number x,(shack(Sy, + Pn,v,s)) > min{A(shack(S, +
P,,v,s)),r}+1 = {6,r}+1. Define the vertex coloring ¢ : V (shack(Sy+Pp,v,s)) —
{1,2,...,k} for n > 3 and m > 2 as follows: c¢(A¥) =4

c@¥)={ 3, 1<i<n-1;1<k<s

C(k)_ I, 1<j<m, jodd; 1<k<s
Yi)= 2,1<j<m, jeven; 1 <k<s

It is easy to see that ¢ : V(shack(S,+Pp,,v,s)) — {1,2,...,4} is proper coloring.
Thus, x(shack(Sy + P, v,s))
= 4. By definition, since min{|c(N(v))|, forevery v € V(shack(Sy,, + Pp,v,s)} = 3,
it implies x(shack(S, + Pp)) = xa(shack(S, + Py,)) = xs(shack(S, + Py)). It
completes the proof. O

Open Problem 6 Let G be a shackle of joint S, and P,,. Forn >3 and m > 2,
determine the r-dynamic chromatic number of G when r > 4.

Theorem 11 Let G be an amalgamation of joint W, and P,. For n > 2 and
m > 3, the r-dynamic chromatic number of G is

5, for n even

X(Amal(W, + oo, = {0 P00 o

Proof. Amalgamation of joint W,, and P,,, denoted by amal(W,, + P, v,s), is a
connected graph with vertex set V(amal(W,, + Py, v,s))= {Ak,xf,y}“,yl; 1<i<
n;2 <j<m;l<k<r}and E(amal(Wp+Pp,,v,s))= {Akxf; 1<i<n;1<k<s}
U{Ary1;1 <k <s}U{Ary;;2 < <m—-1;1<k <s} U{apr 1 <i<n-1;1<
k < s} U{a:fyf;l <i<n2<ji<m-11<k<s} U{xfyj—i—lk;l <i1<n2<
J<m—11<k<shU{pall <i<ml <k <shufyhy+152 <5 <
m—1;1 <k < s} U{yyh;1 <k <s}. Thus |V(amal(Wy,+ Py, v,8))| = ns+ms+1
and |E(amal(Wy, + Py, v,s))| = 2nm + n + 2m — 2 and A(amal(Wy, + Py, v,8)) =
(n + m)r. By Observation 1, the lower bound of r-dynamic chromatic number
Xr(amal(Wy+ Py, v, 8)) > min{A(amal(Wp+ Pp,,v,s)),r}+1 = {3(n+m)s,r}+1.
Define the vertex coloring ¢ : V(amal(W,, + Pp,,v,s)) — {1,2,...,k} for n > 3 and
m > 2 as follows: ¢(A¥) =1 and c(y1) = 4

c(k:)_ 4,2<j<m, jodd; 1<k <s
Yi) = 5,2<j<m, jeven; 1 <k<s

For n even

c(zk) =

7

2,1<i<n-1,jo0dd; 1<k<s
3, 1<i<n—1,jeven; 1<k<s
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c(p) =3
For n odd
k 2,1<i<n-—1,j0dd; 1<k<s
¢ 3,1<i<n-—1,ieven; 1<k<s

Clearly ¢ : V(amal(W,+Pp,,v,s)) — {1,...,5} and ¢ : V(amal(W,+Pp,v,s)) —
{1,...,6}, for n even and odd respectively, are proper coloring. Thus, for n even,
x(amal(W,, + Pp,,v,s)) = 5 and for n odd, x(amal(W,, + Py, v,s)) = 6. By def-
inition, since min{|c(N(v))|, forevery v € V(amal(W,, + Py, v,s)} = 4, it implies
x(amal(Wy, 4+ Pp,v,s)) = xalamal(W,, + Pn,v,s)) = x3(amal(W,, + Py, v,s)) =
x4(amal(W,, + Pp,,v,s)). It completes the proof. O

Open Problem 7 Let G be a shackle of joint Wy, and P,,. For n > 3 and m > 2,
determine the r-dynamic chromatic number of G when r > 5.

Conclusions

We have studied the r-dynamic coloring of some graph operations. The results show
for each graph operation we have not obtained completely all values of r, therefore
we left as an open problem for the reader.
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