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Abstract

A graph G with ¢ edges is said to be odd harmonious if there exists an injection 7 : V(G) —
Zs, so that the induced function 7* : E(G) — {1,3,...,2¢ — 1} defined by 7*(xy) = 7(z) + 7(y)
is a bijection. Here we show that graphs constructed by edge comb product of path P, and cycle
on four vertices Cy or shadow of a cycle of order four Dy(C}) are odd harmonious.

Keywords: Odd harmonious labeling, edge comb product, path, cycle, shadow graph.

Mathematics Subject Classification: 05C78
DOI: 10.19184/ijc.2021.5.2.5

1. Introduction

Throughout this paper we consider simple, finite, connected and undirected graph. A har-
monious labeling was first introduced in 1980 by Graham and Sloane [4]. A harmonious la-
beling on a graph G with ¢ edges is a one-to-one function 7 : V(G) — Z,, such that the in-
duced function 7* : E(G) — Z,, defined by 7*(e) = 7*(xy) = 7(x) + 7(y) for each edge
e = zy € E(G) is a bijective function. One of various of harmonious labeling is an odd harmo-
nious labeling. In 2019, Liang and Bai [12] was introduced an odd harmonious labeling. They
defined that a graph GG with g edges is said to be odd harmonious if there exists a one-to-one func-
tion 7 : V(G) — {0,1,...,2q — 1} so that the induced function 7* : E(G) — {1,3,...,2¢ — 1}
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defined by 7*(xy) = 7(z) + 7(y) for each uv € E(G) is a bijection. Liang and Bai [12] proved
that if G is an odd harmonious graph, then G is bipartite. They gave a relation between order and
size of a harmonious graph, namely if GG is an odd harmonious graph with p vertices and ¢ edges,
then p is on a closed interval [2,/g, 2¢ — 1]. In the same paper, they also proved that a cycle C,, is
an odd harmonious graph if and only if n = 0(mod4).

There are many papers deal with odd harmonious labeling. In 2011, Vaidya and Shah [17]
proved that the shadow graph of path P, and star graph K , are odd harmonious graphs. Fur-
thermore Vaidya and Shah [18] investigate odd harmonious labeling of the shadow graph and the
splitting graph of bistar B, ,,, the arbitrary supersubdivision of path F,, the joint sum of two copies
of cycle C,, for n = 0( mod 4) and the graph H,, ,,. Let G be a connected graph. The shadow graph
D5 (@) is constructed by taking two copies of G say G’ and G”, and join each vertex «' € V(G’)
to the neighbours of the corresponding vertex v’ in V (G”).

Abdel-Aal [2] studied odd harmonious labelings of cyclic snakes. Alyani et al. [3] gave an odd
harmonious labeling of kC}-snake and kCg-snake graphs. Abdel-Aal and Seoud [1] proved that
m-shadow path is odd harmonious. Sugeng et al. [16] discussed about odd harmonious labeling
of m-shadow of cycle, gear with pendant and shuriken graphs.

In their some papers, Jeyanthi and Philo studied odd harmonious labeling of some graphs,
namely plus graphs [8], some cycle related graphs [9], the shadow and splitting of graph K ,,, C,
for n = 0(mod4) [10] and gird graph [6], super subdivision graphs [5], and some certain graphs
[7]. Next, Jeyanthi ef al. [11] proved that banana tree and the path union of cycles C,, for n =
0(mod4) are odd harmonious.

Pujiwati et al. [13] gave an odd harmonious labeling of the double stars .S,,,. They also
investigated whether the graphs obtained by an identification operation of a cycle and star, are odd
harmonious or not. Srividya and Govindarajan [15] discussesd about an odd harmonious labelling
of even cycles with parallel chords and dragons with parallel chords. Saputri et al. [14] proved that
the dumbbell D,, ;. » for n = k = 0(mod 4) and the generalized prims graphs are odd harmonious.

Here we discuss an odd harmonious labeling of graphs formed by edge comb product of path
P, and the cycle C; or the shadow of a cycle on four vertices Dy(Cy), namely P, > C; and
P, > Dy(Cy) foreachn > 2. Let G and H be graphs. An edge comb product of two graphs G and
H, denoted by G > H, is a graph formed by taking one copy of G and |E(G)| copies of H, then
attaching the i-th copy of H at the edge e to the i-th edge of G.

2. Main Results

In this section, we prove that P, > C and P, &> Dy(C}) are odd harmonious graphs. First, we
consider a graph P, > Cy. A graph P, > C, has 3n — 2 vertices and 4(n — 1) edges. Let

and
E(P, > Cy) = {wvi1, vinvig, Uilig1, Ui V2|1 <@ <mn —1}

be the set of vertices and edges of P, > C}, respectively. As an illustration, in Figure 1, we can see
that the notation of vertices and edges of P; > ().
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V11 V12 V31 V32
¢ r—
Cy Cy
1st 3rd
€2 €4
® ® ®
Uy é 1 U us 63 Uy us
04 04
2nd 4th
o——9
V921 V22 (%21 V42

Figure 1. The notation of vertices and edges of P5 > Cj.

Theorem 2.1. P, > C} is an odd harmonious graph for all n > 2.

Proof. We define a vertex labeling 7 : V/(P, > Cy) — {0,1,...,8n — 9} by

) = 49 — 4, for odd i,
Y| 4i—3, foreveni,

foreach:=1,2,...,n, and

49 — 3, foroddiandj =1,

(vg) = 49 — 4, foreveniand ) =1,
K 47— 2, foroddiand j = 2,

47 — 1, foreveniand j = 2,

foreachi =1,2,...,n — 1. Itis easily seen that each vertex of V' (P, > Cy) get distinct label. So,
the vertex labeling 7 : V(P, > Cy) — {0,1,...,8n — 9} is an injective function. Next, by the
vertex label, we obtain the edge labeling 7* : E(P, > Cy) — {1,3,...,8n — 9} as follows.
Fori=1,2,...,n—1,

T*(uiuiﬂ) = 2(42 - 2) + ]_,
T*<UZ‘1’UZ‘2) = 2(42 - 3) + 1,
T*(u;vi1) = 2(4i—4)+1,
T*(Uip102) = 2(4i—1)+1

We can see that all edges get odd distinct labels from 1, 3, ..., 8n — 9. Since the cardinality of the
set {1,3,...,8n — 9} is the same as the number of edges E(P, > Cy), namely 4n — 4 and each
edge obtain distinct labels, then 7* : E(P, > Cy) — {1,3,...,8n — 9} is a bijection. Hence,
P, > ()} is an odd harmonious graph for all n > 2. OJ

An odd harmonious labeling of P; > C} is depicted in Figure 2.
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9 10 17 18
19 35
1 7 17 23 33 39
21 37
. 4 . 4 L 4 L 4 . 4
0 5) 13 8 13 29 16 21 45 24
9 15 25 31 41 47
11 27 43
4 7 12 15 20 23

Figure 2. An odd harmonious labeling of P; &> Cj.

Furthermore, we consider a graph P, > Dy(Cy). A graph P, > Dy(Cy) has 7n — 6 vertices and
16(n — 1) edges. We denote the vertex-set and edge-set of a graph P, &> D4 (C}) as follows.

Fori=1,2,...,n—1,

V(P, > Do(Cy)) = {ur, ug, ... un } U{vy, 45, 4350 § = 1,2}

and

E(Pn > D2(04)) = {uiui+1> Vi1Vi2, L3142, yilyi2} U {Uz'Uﬂ; Ti1Yi1, Ti2lli2, Ui+1vz‘2} U
{Uz‘l’u, Ui Yi2, Vi1T42, Uilyil} U {ui+1xi27 Ui+1Yi1, ViaZi1, Uz‘2yi2}-

Figure 3 shows the vertices and edges notation of the P5 > Dy (Cy).
Theorem 2.2. P, > Dy(Cy) is an odd harmonious graph for all n > 2.

Proof. We define the vertex labeling of V (P, > Dy(Cy)), 7 : V(P,> Dy(Cy)) — {0, 1,.
33} as follows. Fori =1,2,...,n,

() = {

., 32n—

167 — 16, for odd z,
167 — 25, foreven 1,

andfor:=1,2,...,n—1,
(167 — 15, foroddiand j = 1,
(i) 16¢ — 6, forevenzand j =1,
K 161+ 8, foroddiand j = 2,
| 160 —1, foreveniandj =2,
( 16i — 13, foroddiand j =1,
(2:7) 16: — 4, foreveniandj =1,
T 164, for odd i and j = 2,
| 160 —9, foreveniandj =2,
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v11 V12 V31 V32

V21 V22 V41 V42

Figure 3. The notation of vertices dan edges of Ps > Do(Cy).

16: — 8, foroddzandj =1,
16¢ — 17, foreveniand j =1,
(i) =\ 16i 11, foroddiandj = 2,
167 — 2, forevent and j = 2.

We see that each vertex of V (P, > D, (C,)) has distinct label. So, the vertex labeling 7 is injective.
By the vertex labeling 7, we obtain the edge label by the formula 7*(xy) = 7(z) + 7(y) for each
xy € E(P, > Dy(Cy)) and prove that every edge gets the distinct odd label.

Forvi=1,2,...,n—1,
™ (wiuiy,) = 32 — 25, (onve) = 32i—T,
T (rpnxi) = 32i— 13, T (yinvyiz) = 32i— 19,
T (u;vi1) = 321 — 31, m™(rayn) = 32i— 21,
T*(Izgyzg) = 321 — ]_]_, T* (Ui+1vi2) = 321—1
m™(uixyn) = 32i—29, T (uye) = 321 — 27,
onrn) = 32i— 15, ™(onya) = 32 — 23,
T* (U1+1LL’12) = 321 — 9, T* (ui+1yi1) = 32t — 17,
T* (Uzgle) = 32t — 5, T* ('UZ‘Qy/LQ) = 321 — 3.

It is easily seen that each edge obtains the distinct odd label. Thus, 7 is an odd harmonious labeling.
Therefore P, > D5 (C}) is odd harmonious for all n > 2. O

For an illustration, an odd harmonious labeling of P5 > D(C}) as depicted in Figure 4.
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64

127

63

Figure 4. An odd harmonious labeling of P5 > D3 (Cy).

3. Concluding Remarks

We conclude this paper by giving some open problems.

1. Whether edge comb product of path P, and a cycle C,, is an odd harmonious graph or not,
foreachn > 2, m > 5.

2. Investigate the odd harmonious labeling of edge comb product of path P, and shadow of a
cycle Dy(C,y,), namely P, > Dy(C,,) foralln > 2, m > 5.
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