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Aims and Scope

The electronic Ural Mathematical Journal (UMJ) is a high standard peer-reviewed electronic journal devoted to innovative
research which covers the fields of Mathematics, Mechanics and Theoretical Computer Science, Computer Engineering and
Optimization, and Control Theory.

We hope that the Ural Mathematical Journal will help Russian and foreign experts to exchange ideas, to establish new
scientific contacts and to do important joint researches.

Journal Topies

Pure and Applied Mathematics and Mechanics in general, with a certain emphasis on innovative researches which cover the
fields of Modern Mathematical Analysis and Theory of Functions, Algebra, Approximation Theory, Regulation Theory and
Applications, Inverse and IlI-Posed Problems, Nonlinear Analysis, Control and Optimization Theory, Game Theory,
Fractional Calculus and Applications, Modeling for Optimization and Control, Linear Programming, Nonlinear
Programming, Stochastic Programming, Parametric Programming, Discrete Programming, Dynamic Programming,
Nonlinear Dynamics, Stochastic Differential Equations, Applications related to Optimization and Engineering.

Basic information about the Journal

The journal was founded by the Institute of Mathematics and Mechanics named after academician N.N. Krasovskii of the
Ural Branch of the Russian Academy of Sciences (http://imm.uran.ru) in collaboration with the Ural Federal University
named after the first President of Russia B.N.Yeltsin (http://urfu.ru).

e The Ural Mathematical Journal was founded in 2015 as an electronic scientific publication.

e The Ural Mathematical Journal is registered as a scientific periodical publication by the Federal Service for
Supervision in the Sphere of Communication, Information Technologies and Mass Communications (Certificate of
Registration On Ne @®C77 - 61719 of 07.05.2015).

e The Ural Mathematical Journal is registered by the International Standard Serial Numbering Center with the

assignment of the international standard number ISSNN 2414-3952.

Each paper in the journal is assigned a DOI (Digital Object Identifier).

The journal is periodical, it is published 2 times a year, in July and December.

All papers submitted to the editors are necessarily reviewed by experts of the highest level.

Papers are accepted written in English. All articles contain detailed annotations.

Publication for all authors is free. The full-text version of the journal is in the free access mode on the journal's

website. Also, the journal's materials are placed on the platform of the Russian Scientific Citation Index of the

Russian Universal Scientific Electronic Library eLIBRARY.ru and on the all-Russian mathematical portal Math-

Net.Ru.

The journal Ural Mathematical Journal is included in the database Scopus.

The journal Ural Mathematical Journal is included in the database MathSciNet (Mathematical Reviews).

The journal Ural Mathematical Journal is included in the database Zentralblatt MATH (zbMATH).

The journal Ural Mathematical Journal is included in DOAJ (Directory of Open Access Journals).

All the contents of the journal, except where otherwise noted, is licensed under a Creative Commons Attribution

License.
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Editor-in-Chief

Vitalii I. Berdyshev, Institute of Mathematics and Mechanics, Ural Branch of Russian Academy of Sciences, Ekaterinburg,
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Vladimir G. Pimenov, Ural Federal University, Ekaterinburg, Russian Federation

Editorial Council

USER

Username I
Pasewond I—
Remember me

Login |

NOTIFICATIONS

View
Subscribe

LANGUAGE

Select Language
I English 3]
Submit |

JOURNAL CONTENT

Search

Search Scope
I All ¢i

Search
Browse
By Issue

By Author
By Title

FONT SIZE

INFORMATION
For Readers

For Authors
For Librarians

Journal Help

NN
,-}’/,// .

Pt 19560%

N.N.Krasovskii Institute of
Mathematics
and Mechanics of the Ural
Branch
of the Russian Academy of
Sciences

Ural Federal
University

Ural Federal University
named after
the first President of Russia
B.N.Yeltsin


http://umjuran.ru/index.php/umj/notification
http://umjuran.ru/index.php/umj/notification/subscribeMailList
http://umjuran.ru/index.php/umj/issue/archive
http://umjuran.ru/index.php/umj/search/authors
http://umjuran.ru/index.php/umj/search/titles
http://umjuran.ru/index.php/umj/information/readers
http://umjuran.ru/index.php/umj/information/authors
http://umjuran.ru/index.php/umj/information/librarians
javascript:openHelp('http://umjuran.ru/index.php/umj/help/view/user/topic/000001')
http://www.imm.uran.ru/
http://urfu.ru/
http://umjuran.ru/index.php/umj/index
http://umjuran.ru/index.php/umj/about
http://umjuran.ru/index.php/umj/login
http://umjuran.ru/index.php/umj/user/register
http://umjuran.ru/index.php/umj/search
http://umjuran.ru/index.php/umj/issue/current
http://umjuran.ru/index.php/umj/issue/archive
http://umjuran.ru/index.php/umj/announcement
http://umjuran.ru/index.php/umj/index
http://umjuran.ru/index.php/umj/index
http://www.imm.uran.ru/
http://urfu.ru/
http://umjuran.ru/index.php/umj/about/certificates#Certificate_of_Registration
http://www.doi.org/
http://umjuran.ru/index.php/umj/issue/view/4
https://elibrary.ru/title_about.asp?id=57324
http://www.mathnet.ru/php/journal.phtml?jrnid=umj&option_lang=eng
https://www.scopus.com/
http://www.ams.org/mathscinet/search/journaldoc.html?id=9009%20
https://zbmath.org/serials/?q=2414-3952
https://doaj.org/toc/2414-3952?source=%7B%22query%22%3A%7B%22filtered%22%3A%7B%22filter%22%3A%7B%22bool%22%3A%7B%22must%22%3A%5B%7B%22terms%22%3A%7B%22index.issn.exact%22%3A%5B%222414-3952%22%5D%7D%7D%2C%7B%22term%22%3A%7B%22_type%22%3A%22article%22%7D%7D%5D%7D%7D%2C%22query%22%3A%7B%22match_all%22%3A%7B%7D%7D%7D%7D%2C%22from%22%3A0%2C%22size%22%3A100%7D
http://creativecommons.org/licenses/by-nc-sa/4.0
javascript:openRTWindow('https://umjuran.ru/index.php/umj/about/editorialTeamBio/38')
javascript:openRTWindow('https://umjuran.ru/index.php/umj/about/editorialTeamBio/76')
javascript:openRTWindow('https://umjuran.ru/index.php/umj/about/editorialTeamBio/75')
javascript:openRTWindow('https://umjuran.ru/index.php/umj/about/editorialTeamBio/2')
javascript:openRTWindow('https://umjuran.ru/index.php/umj/about/editorialTeamBio/83')
javascript:openRTWindow('https://umjuran.ru/index.php/umj/about/editorialTeamBio/88')
http://repository.unej.ac.id/
http://repository.unej.ac.id/

Alexander G. Chentsov, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation
Sergei V. Matveev, Chelyabinsk State University, Chelyabinsk, Russian Federation
Alexander A. Makhnev, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation

ina V. Melnikova al Federal University, Ekaterinburg, Russian Federation
Fernando M.F.L. Pereiral, Faculdade de Engenharia da Universidade do Porto, Porto, Portugal
Stefan W. Pickl, University of the Federal Armed Forces, Munich, Germany
Szilard G. Révész, Alfréd Rényi Institute of Mathematics of the Hungarian Academy of Sciences, Budapest, Hungary
Lev B. Ryashko, Ural Federal University, Ekaterinburg, Russian Federation
Arseny M. Shur, Ural Federal University, Ekaterinburg, Russian Federation
Vladimir N. Ushakov, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation
Vladimir V. Vasin, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation
Mikhail V. Volkov, Ural Federal University, Ekaterinburg, Russian Federation

Editorial Board

Elena N. Akimova, Institute of Mathematics and Mechanics, Ural Branch of the Russian Academy of Science, Ekaterinburg,
Russia, Russian Federation

Alexander G. Babenko, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation

Vitalii A. Baranskii, Ural Federal University, Ekaterinburg, Russian Federation

Elena E. Berdysheva, University of Cape Town, South Africa

Alexey R. Danilin, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation

Yuri F. Dolgii, Ural Federal University, Ekaterinburg, Russian Federation

Vakif Ya. Dzhafarov (Cafer), Department of Mathematics, Anadolu University, Eskisehir, Turkey

Polina Yu. Glazyrina, Ural Federal University, Ekaterinburg, Russian Federation

Mikhail I. Gusev, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation

Eva Gyurkovics, Department of Differential Equations, Institute of Mathematics, Budapest University of Technology and
Economics, Budapest, Hungary

Marc Jungers, National Center for Scientific Research (CNRS), Nancy and Université de Lorraine, CRAN, Nancy, France
Mikhail Yu. Khachay, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation

Anatolii F. Kleimenov, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation

Anatoly S. Kondratiev, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation

Vyacheslav . Maksimov, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation

Tapio Palokangas, University of Helsinki, Helsinki, Finland

Emanuele Rodaro, Politecnico di Milano, Department of Mathematics, Italy

Dmitrii A. Serkov, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation

Alexander N. Sesekin, Ural Federal University, Ekaterinburg, Russian Federation

Alexander M. Tarasyev, Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation

Managing Editor

Oxana G. Matviychuk, Institute of Mathematics and Mechanics, Ural Branch of Russian Academy of Sciences,
Ekaterinburg, Russian Federation

Technical Advisor

Alexey N. Borbunov, Ural Federal University, Institute of Mathematics and Mechanics of the Ural Branch of Russian
Academy of Sciences, Ekaterinburg, Russian Federation

ANNOUNCEMENTS

RSCI

The Ural Mathematical Journal is included now in RSCI (Russian Science Citation Index).
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ON LOCAL IRREGULARITY OF THE VERTEX COLORING
OF THE CORONA PRODUCT OF A TREE GRAPH

Arika Indah Kristiana''f, M. Hidayat!, Robiatul Adawiyah', D. Dafik!,
Susi Setiawani!, Ridho Alfarisi’

Department of Mathematics Education, University of Jember,
Jalan Kalimantan 37, 68126, Jember, Jawa Timur, Indonesia

’Department of Elementary School Education, University of Jember,
Jalan Kalimantan 37, 68126, Jember, Jawa Timur, Indonesia

Tarika.fkip@unej.ac.id

Abstract: Let G = (V, E) be a graph with a vertex set V and an edge set E. The graph G is said to be with a
local irregular vertex coloring if there is a function f called a local irregularity vertex coloring with the properties:
1) 1 : (V(G)) — {1,2,...,k} as a vertex irregular k-labeling and w : V(G) — N, for every wv € E(G),
w(u) # w(v) where w(u) = ZvGN(u) I(z) and (i) opt(!) = min{max{l; : [; is a vertex irregular labeling}}. The
chromatic number of the local irregularity vertex coloring of G denoted by x;;s(G), is the minimum cardinality
of the largest label over all such local irregularity vertex colorings. In this paper, we study a local irregular
vertex coloring of P, (O G when G is a family of tree graphs, centipede C, double star graph (S2,,), Weed
graph (S3,,), and E graph (E35).

Keywords: Local irregularity, Corona product, Tree graph family.

1. Introduction

Let G(V,E) be a connected and simple graph with a vertex set V and an edge set E. In
this paper, we combine two concepts, namely the local antimagic vertex coloring and the distance
irregular labelling, with a local irregularity of vertex coloring. This concept firstly was introduced
by Kristiana [2, 3|, et. al. The latest research was conducted by Azzahra [4], who examined the
local irregularity vertex coloring of a grid graph family. In this paper we study the local irregularity
of vertex coloring of corona product graph of a tree graph family.

Definition 1. Suppose I : V(G) — {1,2,...,k} and w: V(G) — N, where

ww) = Y 1),
)

vEN (u

then l(v) is called the vertex irreqular k-labeling and w(u) is called the local irregularity of vertex
coloring if

(i) opt(l) = min{max{l;} : l; vertex irreqular labeling};

(i1) for every uv € E(G),w(u) # w(v).

Definition 2. The chromatic number of local irreqular graph G denoted by xys(G), is the
minimum of cardinality of the local irregularity of vertex coloring.
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In this paper, we will use the following lemma which gives a lower bound on the chromatic
number of local irregular vertex coloring:

Lemma 1 [2]. Let G be a simple and connected graph, then x1s(G) > x(G).

Proposition 1 [2]. Let G be a graph each two adjacent vertices of which have a different vertex
degree then opt(l) = 1.

Proposition 2 [2]. Let G be a graph each two adjacent vertices have the same vertex degree
then opt(l) > 2.

Definition 3 [1]. Let G and H be two connected graphs. Let o be a vertex of H. The corona
product of the combination of two graphs G and H is defined as the graph obtained by taking a
duplicate of graph G and |V(G)| a duplicate of graph H, namely H;; i = 1,2,3,..|V(G)| then
connects each vertex i in G to each vertex in H;. The corona product of the graphs G and H is
denoted by G () H.

2. Result and discussion

In this paper, we analyze the new result of the chromatic number of local irregular vertex
coloring of corona product by family of tree graph (P,, ) G) where G is centipede graph (C,),
double star graph (Sz,,), and Weed graph (S3,,).

Theorem 1. Let G = P, () Cp,, be a corona product of a path graph of order m and a
centipede graph of order n for n,m > 2, then

DS Ot . — 3 Yand i 2.3-
6, for m=2 and n=2,3 or for m=3 and n >4,
Xiis (P @Cpn) ) 7, for m=2 and n>4 or for m>4 and n=2,3,
8, for m>4 and n >4,
with opt(l) defined as
iy, for m=3 and n =3,
1,2, for m=2 and n= or
opt(!)(Prm @Cp”) - for m=3 and n=2 or
for m>3 and n > 4.

Proof. Vertex set is
V(Pm@C’Pn):{:ci;l§i§m}u{xij;1§i§m,1§j§n}U{yij;1§i§m,1§j§n}
and the edge set is

E(Pn () CPy) = {mimip1;1 <i <m— 1} U{agmij; 1 <i<m,1<j <n—1}
U{miyis 1 <i<m, 1 <j <njU{zizg; 1 <i<m,1<j <n}pU{zy;;l <i<m,1<j<n},

the order and size respectively are 2mn + m and 4mn — 1.

Case l: m#p, m>2, p>2 n>3.
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First step to prove this theorem is to find the lower bound of V' (P,, () CP,). Based on Lemma 1,
we have xyis(Pn O Cppn) > x(P, O Cpp) = 3.

Assume xpis(Pry O Cpp) = 4, let xus(Pry O Cpp) = 4, if I(z1) = l(z3) = 1, l(x2) = 2,
l(zij) = U(yij) = 1 then w(z1) = w(zz), then there are 2 adjacent vertices that have the same
color, it contradicts the definition of vertex coloring. If

Uxi) =1 = w(z;) #w(Tit1), w(zin) # (Ti2),
then xis(Pm O Cpr) > 5. Based on this, we have the lower bound xy;s(P, (& Cpp) > 5.
After that, we will find the upper bound of x;s(Pm O Cpy). Furthermore, the upper bound

for the chromatic number of local irregular (P,, () Cpy,), we define | : V(P,, &) Cpy) — {1,2} with
the vertex irregular 2-labelling as follows:

1, for
yij) = {

1<
2 Mol <%

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
(1) 6, fori=1,3,
w(x;) =
‘ 8, fori=2,
3, forl<i<3andj=1,
w(wj) = ? )
4, for1<i<3andj=2,
w(Yi;) o JNOTENEY <30 it ) — 128

The upper bound is true: xyis(Ppn ) Cpr) < 5, and we have 5 < yis(Prn O Cpr) < 5, so
Xiis(Pm O Cpyr) =5 for m = 3 and n = 2.

Case 2: m =n = 3.
Based on Proposition 1, opt(l) = 1. So the lower bound of (P,, () Cpy,) is

Xlz's(Pm @ Cpn) > 5.

Hence opt(l) =1 and the labelling provides the vertex-weight as follows:
B 7, Be: =T, 3,
w(x;) =
) 8, fori=2,
3, for1<i<3andj=1,3 (mod4),
w(yij) = . ‘
4, for1<i<3andj=2,
w(ziy;) =2, for1<i<3and1l<j<3.

)

The upper bound is true: xis(Pn O Cpn) < 5. We have 5 < xus(Pn O Cpn) < 5, so
Xiis(Pm (&) Cpyp) =5 for m = 3 and n = 3.

Case 3: m=n = 2.
First step here is to find the lower bound of V(P,, &) CP,). Based on Lemma 1, we have
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Assume x;is(Pn (O Cpp) =5, if l(x1) =1, l(x2) = 2, l(z45) = l(ys5) = 1, then w(z11) = w(z12)
and there are 2 adjacent vertices, that have the same color, it contradicts the definition of vertex
coloring. If

l(.%'l) = 1, l(wg) = 2, l(.%'”) = 1, l(yﬂ) = 1, 7= 1,2, l(yig) = 2, = 1,2,

then w(x1) # w(xz), w(xy) # w(xe). Based on that we have the lower bound
Xtis(Pm O Cpy) = 6.

After that, we will find the upper bound of x;s(Pn O Cpp).

Furthermore, we define | : V(P,, ©O Cpn) — {1,2} with the vertex irregular 2-labelling as
follows:

1, fori=1 1, fori=1,2and j=1
l.’Ei — ’ ’ ll‘z :1’ l i) — ’ ’ ?
@) {2, for i = 2, (@) wiy) {2, for i =1,2 and j = 2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

6, fori=2,
w(wz) = {7

for Y=l

3, fort=1and j=1
w(z;; e 4 Wfor =L BRAN =01, or fdl : g and j =1,
5, fori=2and j=2,

iy 2, fori=1andj=1;2,
M. ) —
b 3, fori=2andj=1,2.

We have the following upper bound x;is(Pn, () Cpr) < 6. We have 6 < x5(P &) Cpyp) < 6, so
Xiis(Prmn O Cpyp) = 6 for m = 2 and n = 2.

Case 4: m =2 and n = 3.

First step here is to find the lower bound of V(P,, © CP,). Based on Lemma 1, we have
Xiis(Em O Cpn) 2 x(En O Cpn) = 3.

Assume xy;5(P, O Cpyp) = 5, if

then w(wa2) = w(wa3), so there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

l(xl) =1, l($2) =2, l(xl]) =1, l(yl]) =1,

then w(x) # w(z2), w(z;1) # w(z; 2). Based on that we have the lower bound x;;s(Py (O Cpy) > 6.
After that, we will find the upper bound of x;s(Pn (O Cpp).
Furthermore, we define I : V(P, O Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

1, fori=1
l i) = ’ ’ l ii) =1, i) = 1.
(@) {2’ iy @) =1 ul)
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Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

7, fori=2
w(xi):{’ or ¢ ,

8, fori=1,

3, fori=1andj=1,3,
w(zi;) =<4, fori=1and j=2, or fori=2and j=1,3,
5, fori=2and j=2,

(1) 2, fori=1and 1< j <3,
W) —
Yis 3, fori=2and1<j<3.

The upper bound is true: Xus(Pmn O Cpp) < 6. So we have xii5(FP O Cpp) = 6 for m = 2 and
n=3.

Case 5: m = 3 and n > 4.

First step to prove this theorem in this case is to find the lower bound of V (B, () CP,). Based
on Lemma 1, we have xys(P, O Cpp) = x(Py, © Cpr) = 3.

Assume xi;is(Pn, O Cpyp) = 5, if l(z1) = l(z3) = 1, Uz2) = 2, l(z4s5) = l(ys5) = 1, then w(zy) =
w(z2) so there are 2 adjacent vertices with the have same color, it contradicts the definition of
vertex coloring. If

with the w(z;) # w(xiy1), w(@y) = w(@j41). Therefore we have the lower bound

Xlis (Pm Q Cpn) > 6.

After that, we will find the upper bound for xis(Pm © Cpn).

Furthermore, we define | : V(P,, ®OCp,) — {1,2} with the vertex irregular 2-labelling as
follows:

B = 1, for1<i<3andj=1,n or forl<i<3andj=0 (mod2),
K7 T 2, for 1 < il I T, i |, .

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

2n+n/2, fori=1,3 and n = 0 (mod 2),
2n+ |n/2], fori=1,3 and n = 1,3 (mod4),
3n+1-n/2, for i =2 and n = 0 (mod 2),
3n+1—[n/2], fori=2andn=1,3 (mod4),
3, for1<i<3andj=1,n,
w(zij) =44, forl1<i<3andj=0 (mod2),
5, for1<i<3andj=1,3 (mod4), j#1,n,
w(yij) = 2.

The upper bound is true: Xis(Pm O Cpp) < 6. So Xiis(Prm O Cpyr) = 6 for m = 3 and n > 4.

Case 6: m =0 (mod2), m >4 and n = 2.
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First step here is to find the lower bound of V(P,, &) CP,). Based on Lemma 1, we have
Assume Xi5(Prn O Cpn) = 5, let x1i5(Prn O Cpy) = 5, if

l(z;) =1, i=1,3 (mod4), i=2 (mod4), I(z;)=2, i=0(mod4), I[(xiy)=1Iyy)=1

then w(z;;) = w(zij41), then there are 2 adjacent vertices that have same color, this contradicts
the definition of vertex coloring. If

l(z;)=1, i=1,3 (mod4), =2 (mod4), I(z;)=2,

then w(x;;) # w(xij1); w(zig1) # w(wir2). So we have the lower bound xys(Pm (O Cppn) > 7.
After that, we will find the upper bound of xys(Pn O Cpy)-
Furthermore, we define | : V(P,, ® Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

(i) 1, fori=1,3 (mod4) or for i =2 (mod4),
xT;) —
2, for i =0 (mod4),

1, for1<i<mandj=1,
2, for1<i<mandj=2.

Wzig) =1, Uyij) = {

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

6, fori=1,m,
w(z;) =47, fori=0 (mod2), i#m,
8, fori=1,3 (mod4), i#1,
3, fori=1,3 (mod4) and j=1 or fori=2 (mod4)and j =1,
4, fori=1,3 (mod4)and j =2 or fori=2 (mod4)and j=2or
for i =0 (mod4) and j =1,
5, fori=0 (mod4) and j = 2,

w(zi;) =

(i) 2, fori=1,3 (mod4) and j=1,2 or fori=2 (mod4)and j=1,2,
w\Y;i) =
Yij 3, fori=0 (mod4)and j =1,2.

We have the upper bound x;s(P, © Cpp) < 7. So Xiis(Prn O Cpp) =7 for m > 4 and n = 2.

Case 7: m =0 (mod2), m >4 and n = 3.
First step to prove this theorem is to find the lower bound of V(P,, () CP,). Based on Lemma 1,
we have Xiis(Pm Q Cpn) > x(Pn Q Cpn) = 3.

Assume yy;s(Pp, (O Cpy) = 5, in this case if
Uxi) =U(w5) =1, ly;)=1, 1<i<m, j=3, lyy)=2 1<i<m, j=12,

then w(z;) = w(z;11), then there are 2 adjacent vertices that have the same color, this contradicts
the definition of vertex coloring. If

l(z;) =1 i=1,3 (mod4), i=2(mod4), I(z;)=2, i=0 (mod2), I(yi;)=1Uzs)=1,
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then w(w;y1) # w(wive), w(rin) # w(xe), w(x;) # w(ye). Therefore we have the lower bound

Xiis(Pm O Cpn) > 7.
After that, we will find the upper bound of xy;s(Pp, ) Cpr).
Furthermore, we define | : V(P,,®© Cp,) — {1,2} with the vertex irregular 2-labelling as

follows:
) = 1, fori=1,3 (mod4) or for i = 2 (mod4),
712, fori=0 (mod4),
Wzij) =1, Uyy) =1.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

7, fori=1,m,
w(z;) =18, fori=0 (mod?2), i # m,
9, fori=1,3 (mod4), i #1,
3, fori=1,3 (mod4) and j=1,3 or for i =2 (mod4) and j = 1,3,
4, fori=1,3 (mod4) and j =2 or for i = 2 (mod4) and j =2 or
for i =0 (mod4) and j =1, 3,
5, for i =0 (mod4) and j = 2,
(i) 2, fori=1,3 (mod4) and 1 < j<3orfori=2(mod4)and 1 <j <3,
W \Yi;) =
& 3, fori=0 (mod4) and 1< j <3.

w(zi;) =

We have the upper bound xs(P, O Cpp) < 7. So Xiis(Pn O Cpp) = 7 for m > 4 and n = 3.

Case 8: m =2 and n > 4.
First step here is to find the lower bound of V (P, (&) CP,). Based on Lemma 1, we have

Assume x5 (P O Cpp) < 7, let xpis(Pr O Cpy) = 6, if

l(xl) =1, l(xQ) =7 l(xij) = l(yij) =1,

then w(z;j41) = w(x;j4+2), then there are 2 adjacent vertices that have same color, it contradicts
the definition of vertex coloring. If

Hr e, I(zo) = 20z i—gis WD =™ =1 (mod2) 3§ = 1,n,
Wyij) =2, j=1,3(mod4d), j#1, n—=w@)#w®), w@ijt1)# w(Tire),
then we have the lower bound xy;s(P, O Cpp) > 7.

After that, we will find the upper bound of xy;5s(P,, ) Cpy).
Furthermore, we define | : V(P,, O Cp,) — {1,2} with the vertex irregular 2-labelling as

follows:
1, fori=1
ai) = , fori ,
2, fori=2,

lzij) =1,
(i) = 1, fori=1,2and j=1,nor for i = 1,2 and j = 0 (mod 2),
Yig) = 2, fori=1,2 and j =1,3 (mod4), j # 1,n.
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Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

3n+1—-n/2, for i =1 and n =0 (mod 2),
3n+1—[n/2], fori=1andn=1,3 (mod4),
2n +n/2, for i =2 and n =0 (mod 2),
2n + [n/2], for i =2 and n=1,3 (mod4),

w(z;) =

fori=1and j=1,n,

fori=1and j =0 (mod2), j #norfori=2andj=1n,
fori=1and j =1,3 (mod4), j# 1,n or for i =2 and j =0 (mod 2), j # n,
fori=2and j =1,3 (mod4), j# 1,n,

(1) 2, fori=1and 1< j<n,
) =
& 3, fori=2and 1<j <n.

w(zi;) =

S Ot e W

The upper bound x;is(Pm O Cpy) < 7 is true. So xyis(P O Cpp) =7 for m = 2 and n > 4.

Case 9: m=1,3 (mod4), m > 5 and n = 2.

First step to prove this theorem in this case is to find the lower bound of V (£, (O C'P,). Based
on Lemma 1, we have x;5(Ppn & Cpy) > x (P, O Cpy) = 3.

Assume x;is(Pn, O Cpy) < 7, and let xyis(Pr O Cpp) = 6, if

l(z;) =1, i=1(mod4), =0 (mod2), I(x;)=2, =3 (mod4), Il(ziy)=1IUyy)=1,

then w(z;1) = w(x2), w(xi41) = w(x;pe), then there are 2 adjacent vertices that have same color,
it contradicts the definition of vertex coloring. If

l(z;)=1, i=1(mod4), i=0(mod2), I(z;)=2, i=3(mod4),
L(z;;) =1, (ORI s R == < i < m, 2,

then w(zip1) # w(wir2), w(@ij+1) # w(Tij42).  Therefore we have the lower bound
Xiis(Pm O Cpn) > 7.

After that, we will find the upper bound of xy;s(Pn, © Cpp)-

Furthermore, we define | : V(P,, ®O Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

I(a;) = {L for i =1 (mod4) or for i = 0 (mod 2),

2, for ¢ =3 (mod4),
1, forl1<i<mandj=1,

w(zi;) =1;  Uyij) = . .
2, forl1<i<mandj=2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

6, fori=1m,
w(z;) =17, fori=1,3 (mod4), i #1,
8, fori=0 (mod2), i #m,
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3, fori=1(mod4)and j=1orfori=0 (mod2)and j =1,
4, fori=1 (mod4) and j =2 or for i =0 (mod2) and j =2 or
for i =3 (mod4) and j =1,

5, fori=3 (mod4) and j =2,

w(zi;) =

(i) 2, fori=1(mod4) and j =1,2 or for i =0 (mod2) and j = 1,2,
W \Y;5) =
Yii 3, fori=3(mod4)and j =1,2.

The upper bound xiis(Pr O Cpr) < 7 is true. So Xxiis(Pm O Cpyr) = 7 for m = 1,3 (mod 4),
m > 5 and n = 2.

Case 10: m = 1,3 (mod4), m > 5 and n = 3.

First step here is to find the lower bound of V(P,, O CP,). Based on Lemma 1, we have
Xlis(Pm Q Cpn) > X(Pm @ Cpn) =3.

Assume xis(Ppn O Cpr) < 7, let x1is(Pm O Cpy) = 6, if

;) (xij) = Lo TN ) (1) = 24F 7 = 2,3,

then w(zit1) = w(wit+2), then we have that there are 2 adjacent vertices that have same color, it
contradicts the definition of vertex coloring. If

(@)=1, =T mod {30 mod 2T lEH =2, S5 WNMd 1), *(z;;) = 1;I(vl) =1,

then w(zir1) # w(wige), w(wijr1) # w(xij+2). DBased on that we have the lower bound

Xlis (Pm Q Cpn) >17.

After that, we will find the upper bound of x;s(Pm (O Cpp)-

Furthermore, we define { : V(P,, ©Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

() 1, fori=1 (mod4) or for i =0 (mod2),
€T;) =
2, for i =3 (mod4),

lzij) =1, Uyi) =1.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

7, fori=1,m,
w(z;) =148, fori=1,3 (mod4), ¢ # 1,m,
9, fori=0 (mod?2),
3, fori=1 (mod4) and j =1,3 or for i =0 (mod2) and j = 1,3,
4, fori=1 (mod4) and j =2 or for : =0 (mod2) and j =2 or
for i =3 (mod4) and j = 1,3,
5, for i =3 (mod4) and j = 2,

’U)(,IZ]) =
3, fori=3(mod4)and 1<j<3.

(i7) {2, fori=1 (mod4) and 1 < j <3orfori=0 (mod2) and 1 <j <3,
wW\Yij) =

The upper bound is true: xus(Pn OCpy) < 7. So xis(Pn(®OCp,) = T for
m =1,3 (mod4), m >5 and n = 3.
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Case 11: m =0 (mod2) m >4 and n > 4.
First step to prove this theorem is to find the lower bound of V(P,, ) CP,). Based on Lemma 1,

we have Xlis(Pm @ Cpn) > X(Pm @ Cpn) =3.
Assume yyis(Pr, O Cpp) < 8, let x1is(Pre O Cpyp) = 7, if

l(z;) =1, i=1,3 (mod4), i=2(mod4), I(z;)=2, i=0(mod4), I(x;y)=1IUyy) =1,

then w(x;j+1) = w(ij42), so there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

l(l‘z) = 1, = 1,3

i mod4), =2 (mod4), [(x;)=2, =0 (mod4), I(z;)=1,
Wyiy) =

, I<ism, j=1n, j=0(mod2), I(yy)=2,
1<i1<m, j=1,3(mod4), j#1,n,

(
1

then w(z;y1) # w(xita), W(Tij+1) # w(Xijtr2), w(wi;) # w(y;;). Based on that we have the lower
bound Xlis (Pm Q Cpn) > 8.

After that, we will find the upper bound of x;s(Pn O Cpp)-

Furthermore, we define I : V(P,, ©Cpn) — {1,2} with the vertex irregular 2-labelling as
follows:

l(xi):{l’ for i =1,3 (mod4) and 1 < j <nor fori=2 (mod4) and 1 <j <n,
2, fori=0 (mod4) and 1< j<n,
e
l(yij):{l’ forl<i<mandj=1nor forl <i<mandj=0 (mod?2),
2, forl<i<mandj=1,3 (mod4), j#1,m.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

2n+n/2, for i =1,m and n = 0 (mod 2),

2n+ |n/2], fori=1,m and n = 1,3 (mod4),
3n+1-—n/2, for i =1,3 (mod4), i #1 and n =0 (mod 2),
3n+1—[n/2], fori=0 (mod2), i # m and n=1,3 (mod4),
3n+ 2 —n/2, for i =1,3 (mod4), i # 1 and n =0 (mod 2),
3n+1—|n/2], fori=0 (mod2), i #m and n=1,3 (mod4),

w(z;) =

3, fori=1,3 (mod4) and j = 1,n or for i = 2 (mod4) and j = 1,n,
4, fori=1,3 (mod4) and j =0 (mod?2), j#n or
for i =2 (mod4) and j =0 (mod2), j #n or for i =0 (mod4) and j = 1,n,
w(ziy;) =<5, fori=1,3 (mod4) and j =1,3 (mod4), j #1,n or
for i =2 (mod4) and j = 1,3 (mod4), j # 1,n or
for i =0 (mod4) and j =0 (mod2), j #n,
6, fori=0 (mod4)and 7 =1,3 (mod4), j # 1,n,

(i) 2, fori=1,3 (mod4) and 1 <j<mnorfori=2 (mod4)and 1 <j<n,
W) —
Vi 3, fori=0 (mod4)and1<j<n.

The upper bound is true: xis(Pm O Cpr) < 8. So Xiis(Prn O Cpp) = 8 for m =0 (mod 4), m >4
and n > 4.
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Case 12: m=1,3 (mod4), m > 5 and n > 4.

First step to prove this theorem in this case is to find the lower bound of V (P, ) CP,). Based

on Lemma 1, we have xyis(Pm O Cpp) > x(Pr O Cpy) = 3.
Assume xis(Pn O Cpr) < 8, let x1is(Pr O Cpyp) =7, if

l(z;)=1, i=1(mod4), (=0 (mod2), I(z;)=2, i=3(mod4), I(zi)=1IUy;)=1,

then w(xij+1) = w(zij42), so there are 2 adjacent vertices that have same color, it contradicts the

definition of vertex coloring. If

l(z;)=1, i=1(mod4), ¢=0(mod2), I(z;)=2, =3 (mod4), l(z;;)=1, Uyj) =1,

(
1<i<m, j=1mn, j=0(mod2), [(y;)=2, 1<i<m, j=1,3(mod4),

J#Ln = w(@igr) 7 w@i2), w(Tijr1) # w(wg

"
g

8
<
N~—
RIS

g

s

<

:_/

therefore we have the lower bound x;;s(Pr, (&) Cpy) > 8.
After that, we will find the upper bound of x;;s(Pp &) Cpy).

Furthermore, we define | : V(P,, O Cp,) — {1,2} with the vertex irregular 2-labelling as

follows:
Ne:) 2 {1, for z =1 (mod4) or for i =0 (mod 2),
2, for i =3 (mod4),
R Il
Yon) = {1, o 2 <m andj:z 1,n or for 1 S'i <m and j =0 (mod2),
2, forl <i<mandj=1,3 (mod4), j+# 1,n.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

2n 4+ n/2, for i =1,m and n =0 (mod 2),
3n+2—n/2, for i = 0 (mod 2) and n = 0 (mod 2),

In+1-—n/2, for i =1,3 (mod4) and n = 0 (mod 2),
w(z;) =

2n+ |n/2], for i =1,m and n = 1,3 (mod4),
3n— |n/2|g fori=1,3 (mod4), i #1 and n = 1,3 (mod4),
3n+1—|n/2|, fori=0 (mod4) and n=1,3 (mod4),
3, fori=1 (mod4) and j =1,n or for i =0 (mod2) and j = 1,n,
4, fori=1 (mod4) and j =0 (mod2), j #n or
for i =0 (mod2) and j =0 (mod2), j # n or
for i = 3 (mod4) and j = 1,n,
w(zij) =

5, fori=1 (mod4) and j =1,3 (mod4), j #1,n or
for i =0 (mod2) and j = 1,3 (mod4), j # 1,n or
for i =3 (mod4) and j =0 (mod 2), j # n,

6, for:=3 (mod4)and j =1,3 (mod4), j #1,n,

(i7) 2, fori=1(mod4)and 1 <j<norfori=0 (mod2)and1<j<n,
W \Yi;) =
Vi 3, fori=3(mod4)and 1< j<n.

The upper bound is true: Xis(Pm O Cpr) < 8. So Xiis(Prm O Cpyp) = 8 for m > 5 and n > 4.

0
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Theorem 2. Let G = P, () Sa,, for n,m > 2, then the chromatic number of local irregular G
18
5, form=3and n> 2,
Xtis(Pm @52,n) =<6, form=2andn>2,
7, form >4 and n > 2,
with opt(1)(Pm O Sen) = 1,2, for m > 2 andn > 2.
P roof. Vertex set is
V(PnQSg,n) ={zr;1<i<m}U{a;;1 <i<m}U{bj;1l<i<m}
Ufai;j;1 <i<m, 1 <j<n}U{bj;1<i<m,1<j<n}
and the edge set is
E(P, @SQJL) ={ziziy1, 1 <i<m—=1}U{a;b;;1 <i <m}U{za;;1 <i<m}
U{z: il <0 < m W w0551 < i sl < nt Uz i <mWe< j < n}
Ufgaglie] < i illin NS < 1) U {0 il < 1, Ll 7}

The order and the size respectively are 2mn + 3m and 4mn + 4m — 1. This proof is divided into 4
cases as follows.

Case 1: m =3 and n > 2.

First step to prove this theorem is to find the lower bound of V (P, () S2,,). Based on Lemma 1,
we have Xiis(Pm O S2n) 2 X(Prn © S2,) = 3.

Assume xis(Pr () Sa.n) =4, if I(a;) = 1(b;) =1, l(z;) = (asj) = U(bij) = 1 then w(a;) = w(by),
then there are 2 adjacent vertices that have same color, it contradicts the definition of vertex
coloring. If

l(l’l) - l(az) = l(bz) = l(aij) = l(bw) = 1, 1 < _] S n — 1, l(bm) = 2,
then
w(a;) #w(b:), w(z1) =w(zs) # w(wz),
therefore we have the lower bound x;is(Prm © S2.,) > 5.

After that, we will find the upper bound of x;s(Pp, (O S2.).

Furthermore, we define | : V(P (D S2,) — {1,2} with the vertex irregular 2-labelling as
follows:

Wzi) =1, Uai) =1, Ub)=1, Iai)=1,
1(bi) = 1, forl<i<3andl<j<n-1,
R 2, for1<i<3andj=n.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
2n+4, fori=1,3,
w(z;) = :
2n+5, for i =2,
w(a;)) =n+2, forl<i<3,
w(b;)) =n+3, forl<i<3,
w(aij) =2, w(by) = 2.
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The upper bound xi;s(Pr () S2,n) < 5 is true. So Xiis(Prm (O S2,n) =5 for m =3 and n > 2.

Case 2: m=2and n > 2.
First step here is to find the lower bound of V(P,, () S2,). Based on Lemma 1, we have

Xlis(Pm Q S2,n) > X(Pm @ S2,n) = 3.
Assume xjis(Pp O S2,n) = 5, if

Uwi) = Ua;) = U(b;) = laij) =1(boy) =1, l(by;) =1, 1<j<n—1, I(bn) =2,

and then w(as) = w(b2), and there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

l(mz) = l(ai) = l(bl) = l(aij) = 1,
l(bLj) = 1, l(bl,n) = 2, l(bgyj) = 2, ] = 1,77,, l(bgj) = 1, 2 S] S n — 1,
then w(a;) # w(b;), w(z1) # w(xz). Based on that we have the lower bound x;is(P O S2.,) > 6.
After that, we will find the upper bound of xy;s(Pr O S2.n)-

Furthermore, we define I : V(P () S2,) — {1,2} with the vertex irregular 2-labelling as
follows:

zi) =1, la;)=1, Ub;)=1, Ilay) =1,
(biy) = fori=1land1<j<n—lorfori=2and2<j<n-1,
a 2, fori=1and j=norfori=2and j=1,n.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

e, 2n+4, fori=1,
w(z;) =
. 2n+ 5, for i =2,

w(a;)) =n+2, fori=1,2,
n+3, fori=1,
w(bi) = .
n+4, fori=2,
w(aij) = 2, w(bij) =2
The upper bound is true: Xzis(Pm ) S2.) < 6. So Xiis(Pr O S2,,) = 6 for m =2 and n > 2.

Case 3: m =0 (mod4), m >4 and n > 2.

First step to prove this theorem in this case is to find the lower bound of V' (P,, () S2,,). Based
on Lemma 1, we have xis(Pm O S2.n) > X (P O S2.5) = 3.

Assume xys(Pr O S2,n) = 6, if

;) = U(a;) =U(b;) =l(as;) =1, U(bj)=1, i=1,3 (mod4), i=2 (mod4),
l(bij) =1, i=0(mod4), j#1,n, Il(bj) =2, i=0(modd), j=1,n,

then w(a;) = w(b;), so there are 2 adjacent vertices that have same color, it contradicts the definition
of vertex coloring. If

;) =U(a;) =Ub;) =l(azj) =1, U(bj) =1, i=1,3 (mod4), i=m, 1<j<n-1,
' n—1, l(by;)=2, i=1,3(mod4),
(mod?2), i#m, j=1,n,
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then w(a;) # w(b;), w(z;) # w(xiy1). Based on that we have the lower bound xyis(Pm () S2,n) > 7.
After that, we will find the upper bound of X;is(Pp O S2,5)
Furthermore, we define I : V(P,, (O S2,n) — {1,2} with the vertex irregular 2-labelling as
follows:
Uzy) =1, la;)) =1, Ub)=1, I a;) =1,
1, fori=1,3 (mod4)and 1<j<n-—1or
fori=0 (mod2), i#mand2<j<n-—1or
fori=m, and 1 <j<n-—1,
2, fori=1,3 (mod4) and j =n or
for i =0 (mod2), i #m and j = 1,n or

for i =m, and j = n.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
2n+4, fori=1,m,
w(z;) = ¢ 2n+5, fori=0 (mod2), i#m,
2n+6, fori=1,3 (mod4), i #1,
w(a;)) =n+2, forl<i<m,
Lok n + 3, forzizl,?)(modél)., -
n+4, fori=0 (mod2), i#m,
w(aij) = 2, w(bij) = 28

The upper bound is true: Xiis(LPm O S2.n) < 7. S0 Xiis(Pm O S2.n) = 7 for m = 0 (mod 2),
m >4 and n > 2.

Case 4: m =1,3 (mod4), m > 5 and n > 2.
First step here is to find the lower bound of V (P, () S2,). Based on Lemma 1, we have

Ntsalerr, (D2 ol Pl ) Somm)i— 3,
Assume x;is(Pn (O S2,,) = 6, if
l(éﬂl) = Z(CLZ) = l(bz) = l(al-j) - 1, l(sz) - 1, 1=1 (m0d4), 1=0 (mod2),
l(b) =1, ©¢=3 (modd), j#mn, lbj)=2y t=3(mod4), ij=n,
then w(a;) = w(b;), and there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If
Uzi) =Ua;) =Ub;) =1, lai;) =1, Ub;;)=1, i=1,3(mod4), 1<j<n-—-1,

i=0(mod2), 2<j<n-—1, (bj;)=2, i=1,3(mod4), j=n, i=0(mod2), j=1,n,
then w(a;) # w(b;), w(x;) # w(z;y1). Based on that we have the lower bound xjis(Pp (O S2,n) > 7.

After that, we will find the upper bound of x;is(Pp, (D S2.n).

Furthermore, we define I : V(P,, () S2,) — {1,2} with the vertex irregular 2-labelling as
follows:

W) =1, la;) =1, Ubi)=1, lIay)=1,
by = 1, fori=1,3 (mod4)and 1<j<n-—1lorfori=0(mod2), and2<j<n-—1,

Y772, fori=1,3 (mod4) and j = n or for i =0 (mod2) and j = 1,n.
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Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

2n +4, fori=1,m,
w(z;) =4 2n+5, fori=1,3 (mod4),
2n 46, for i =0 (mod?2),
w(a;)) =n+2, forl<i<m,
n+3, fori=1,3 (mod4),
w(by) = = 13 mod )
n+4, fori=0 (mod?2),
w(aij) = 2, w(bw) = 2.
The upper bound is true: xzis(Pm O S2.n) < 7. S0 Xiis(Pm O S2,n) = 7 for m = 1,3 (mod4),
m >5and n > 2. O

Theorem 3. Let G = P,, ) S3,, for n,m > 2, then the chromatic number of local irreqular G
18
5, for m =3 and n > 2,
Xtis (ol ®S3,n) =<6, form=2andn>2,
7, form >4 and n > 3,
with,

s, for m =3 and n = 3,
opt(l)(PmQSg,n) =4¢1,2, form=2andn=2or form=3and n=2or
for m >4 and n > 2.

Proof The vertex set is

V(PmQS&n):{mi;l§i§m}U{ai;1§i§m}U{bi;1§i§m}u{ci;1§i§m}
Ufai ;1 <i<m,1<j<n}U{b;;l<i<m,1<j<n}U{g;1<i<m,1<j<n}

and the edge set is

V(PmQng):{xixiﬂ;lSigm—l}u{xiyi;lSigm}u{xiai;lgigm}
Ulzibi; 1 <i <m}U{mic;;1 <i <m}U{yiai;1 <i <m}U{yib; L <i<m}
U{yici; 1 <i<m}U{z;a;;1 <i<m;1 <j<npU{x;bj;1<i<m;1<j<n}
Ufzicij; 1 <i<m;1 < j <n}U{aa;1 <i<m;1 <j<n}
U{bibij; 1 <1 <m;1 <j<n}U{ce;;1 <i<m;l <j<n}

The order and size respectively are 3mn + 5m and 6mn + 8n — 1. This proof can be divided into
8 following cases.

Case 1: m =3 and n = 2.

First step to prove this theorem is to find the lower bound of V (P, (O S3,). Based on Lemma 1,
we have X1is(Prm O S3.5) > X(Prn O S3.) = 3.

Assume xjis(Pp (O S3.) = 4, if

Uai) = U(bi) = U(c;) = U(yi) = Uaij) = Ubij) = Ueiz) = 1,
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then w(a;) = w(b;) = w(c;) = w(y;), and there are 2 adjacent vertices that have same color, it
contradicts the definition of vertex coloring. If

Wai) =U(bi) =1(c;) =1, (aij) = U(bij) = U(cij) =1, U(y:) =2,

then (w(a;) = w(b;) = w(e)) # w(yi), w(x1) # w(zz). Therefore we have the lower bound

Xlis(Pm Q SB,n) > 5.
After that, we will find the upper bound of xy;s(Pp (O S3.5)-
Furthermore, we define [ : V(P,, (O S3,) — {1,2} with vertex irregular 2-labelling as follows:

l(l‘z) = 1, l(yz) = 2, l(az) = 1, l(bz) = 1, l(cl) = 1, l(aij) = 1, l(bij) = 1, l(cij) =1.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

R * 12 Wfor gie=1, 3,
w\xr;) =
k 13, fori=2,

w(y:) =4, w(a;) =5, wb) =5, wle)=5, wlay)=2 wlby)=2 wlcy)=2
The upper bound is true: x;is(Pm ) S3.) < 5. S0 Xiis(Pm ) S3,,) =5 for m =3 and n = 2.

Case 2: m =3 and n = 3.
Based on Proposition 1, we have opt(l) = 1. So the lower bound (P, ()Ss3,) is

Xlis(Pm Q SB,n) >5
Since opt(l) = 1, the labelling provides the vertex-weight as follows:

3n+5, fori=1,3,
w(a;) = ;
3n+6, fori=2,
w(a;))=n+1 forl<i<3,
w(b;)=n+1 forl<i<3,
w(g)=n+1 forl<i<3,
wlaij) =2, wbiy) =2, wley) = 2.

The upper bound is true: xzis(Prm ) S3.5) < 5. S0 Xiis(Pn () S3,,) =5 for m = 3 and n > 2.

Case 3: m =2 and n = 2.
First step to prove this theorem is to find the lower bound of V (P, (O S35,). Based on Lemma 1,

we have Xlis(Pm @ S3,n) > X(Pm Q SB,n) =3.
Assume xji5(Pp (O S3.0) = 5, if

Wai) = U(bi) = l(c;) = l(aij) = U(bij) = U(cij) =1, U(y1) =1, U(y2) =2,

then w(az) = w(by) = w(ez) = w(y2) and there are 2 adjacent vertices that have same color, it
contradicts the definition of vertex coloring. If

lz;) = la;) = 1(bi) = U(c;) = U(bij) =1, Uys) =2, lcyy) =1, Illcz1) =1, Il(c22) =2,

then w(zy) # w(z2), w(y;) # ((w(a;) = w(b;) = w(e;)). Based on that we have the lower bound

Xlis(Pm Q S3,n) > 6.
After that, we will find the upper bound of xy;s(Pp (O S3.n)-
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Furthermore, we define I : V(P,, (O S3.,) — {1, 2} with vertex irregular 2-labelling as follows:
W) =1, ) =2, Ua)=1, Ub)=1, Ue;))=1, IUaiz) =1, U(b;;)=1,
(o) = {1, fOI‘Z::1 andjizl,2 or for i =2 and j =1,
2, fori=2and j=2.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
() = {12, for z =1,
13, for i =2,
w(yi) =4, w(a;) =5, w(b;) =5,
O P
w(all) =R w(ENe— 2%l (c; = 2.
The upper bound is true: Xiis(Pm O S2.n) < 6. So Xiis(Pr () S2,,) = 6 for m =2 and n = 2.

Case 4: m =2 and n > 3.
First step here is to find the lower bound of V(P (O S3,). Based on Lemma 1, we have

Xlis(Pm Q SB,n) > X(Pm @ S3,n) =13.
Assume x;5(Pn © S3n) =5, if
Uai) =1(b;) = l(c;) =lgs) = 1, Uaij) =Uby) =1, lej)=1,4=12 1<j<n—1
l(CZ'j) a 2, U= 1,2, j =N,
then w(z1) = w(xq), then there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

Uxi) = laij) =U(bij) =1, Uey)=1, i=1 1<j<n, i=2 1<j<n-1,
l(CZ'j) :2, i:2, j:’I’L,
then w(zy) # w(ze),w(y;) # ((w(a;) = w(b;) = w(c;)). Therefore we have the lower bound
Xlis(Pm @ S3,n) > 6.
After that, we will find the upper bound of xis(Pp, & S3.1)-
Furthermore, we define [ : V(P (O S3.n) — {1, 2} with vertex irregular 2-labelling as follows:
Uzi)=1, lw) =1 Ua) =1 1l:)=1 1lc)=1 Uai)=1 Uby;)=1,
(eir) 1, fori=landl<j<norfori=2and1<j<n—1,
Cii) =
4 2, fort=2and j=n.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
3n+5, fori=1,
w(z;) = .
3n+6, fori=2,
w(a;)) =n+1, fori=1,2,
w(b;) =n+1, fori=1,2,
n+1, fori=1,
w(c;) = .
n+2, fori=2,
w(aij) =2, wby) =2, w(ey) =2
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The upper bound is true: xis(Pm ) S3.5) < 6. So Xiis(Prm () S3,,) =6 for m =2 and n > 3.

Case 5: m =0 (mod2) m >4 and n = 2.

First step to prove this theorem in this case is to find the lower bound of V (P, (9 S3.,). Based
on Lemma 1, we have xis(Ppm (O S3.n) > X (P ) S3.5) = 3.

Assume xjis(Pp O S3.,) = 6, if

lai) = Ubi) = U(ei) = Uyi) = 1, Uayy) = Ubij) =1, l(eiy) =1, i=1,3 (mod4),
j=12, i=0(mod4), j=1,2, Il(cg;)=1 i=2 (mod4),
j=1, llcj) =2, i=2(mod4), j=2,

then w(y;) = w(a;). Then there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

i) =1, UWai) =1Ubi) =Uci) =1, Uw) =2, lag)=10bij) =1, Iciy) =1,
i=0(mod2), j=1, z;ém i=1,3(mod4), j=1,2, ;) =2,
i=0 (mod2), i#m, j=2,
then w(xiy1) # w(zipe; w(y;) # w(a;). Therefore we have the lower bound x;is(Pm (O S3.,) > 7.

After that, we will find the upper bound of x;is(Pp, © S3.1).
Furthermore, we define { : V(P,,, (O S3.,) — {1, 2} with vertex irregular 2-labelling as follows:

l(l’z) - 17 l(yl) = 27 l(aZ) - 17 l(bz) x 17 Z(CZ) it 17 l(a’lj) - 17 l(bl]) = 17
1, fori=1,3 (mod4)and j =1,2 or fori =m and j =1,2 or
@) = for i =0 (mod2), i #m and j =1,

2, fori=0 (mod2), i # m and j = 2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

12, toklh= 1l i
w(x;) =413, fori=1,3 (mod4), i # 1,
14, for i =0 (mod?2), i # m,
= AN () = e — 5,
5, fori=1,3 (mod4),
w(c;) = . z
6, for i =0 (mod2), i #m,

w(ay) =2, wbyj) =2, wl(cy)=2,

The upper bound is true: xjis(Pp O S3.n) < 7. S0 X1is (P O S3.,) = 7 for m =0 (mod 2); m > 4
and n = 2.

Case 6: m=1,3 (mod4), m >5 and n = 2.
First step here is to find the lower bound of V(P,, () S3,). Based on Lemma 1, we have

Xlis(Pm @ S3,n) > X(Pm @ SB,n) = 3.
Assume x;i5(Pp, (O S3.,) = 6, if
Wag) = Ubi) = Uci) =Uyi) =1, Uay) =Uby) =1, Uciy) =
i=1(mod4), j=1,2, i=0(mod2), j=12, I(cj)=
i=3(mod4), j=1, Ilcj) =2, i=3(mod4d), j=2,
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then w(y;) = w(a;), then there are 2 adjacent vertices that have same color, it contradicts to
definition of vertex coloring. If

) = 1, l(aij) = l(bw) = 1, l(CZ‘j) = 1, 1= 1,3 (mod4),
j=12, i=0(mod2), j=1, Ilcj)=2, i=0(mod2), j=2, l(y;)=2,

then
w(Tit1) # w(Tive, w(y) #wla), w(y)#wbi), wy)#w(c)

We have the lower bound x;;s(Pm () S3.n) > 7.
After that, we will find the upper bound of x7;s(Pp, O S3.1).
Furthermore, we define I : V(P ( S3.,) — {1, 2} with vertex irregular 2-labelling as follows:

l(l’z) - 17 l(yl) — 27 l(a'z) o= 17 l(bl) = 17 l(cl) i 17 l(a'lj) = 17 l(blj) = 17
1, fori=1,3 (mod4) and j =1,2or
7 for i =0 (mod2), i #m and j =1,
2, fori=0 (mod2), i #m and j = 2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

12, fori=1,m
w(z;) = ¢ 13, fori=1,3 (mod4), i #1,m,
147 fori=0 (mod 2),
(vi) = W@y =15, 8 wib;) =i
%, RGN 3(mod4), 1 = Lol
Wor-= {6, for i =0 (mod 2),
IS

a” ’LU b ) — 2 w(cij) =2

The upper bound is true: xus(Pn(®S3n) < T. So Xiis(Pn (O Ssn) = 7 for
m=1,3 (mod4); m >5 and n = 2.

Case 7: m =0 (mod2) m >4 and n > 3.
First step to prove this theorem is to find the lower bound of V' (P, (O S35,). Based on Lemma 1,

we have xiis(Pm O SB,n) >x(Pm @S&n) =3.
Assume x5 (P (O S3,n) = 6, it is true if
la;) =1(b;) = l(c;) = U(yi) = l(%) Wbij) =1, Uey)=1, 1<i<m,

then w(z;41) = w(z;+2), then there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

Wzi) =1, llay) =1(by) =l(y:) =1, llcj)=1, i=13 (mod4), 1<j<n,
i=0(mod2), i#m, 1<j<n-1, i=m, 1<j<n, I(c;)=2, i=0 (mod2),
i£m, i#£m, j=mn, w(Tit1)F# w(@ir2),

we have the lower bound of xjis(Pp (D S3,) > 7. After that, we will find the upper bound
Xlis (Pm @ S3,n)-
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Furthermore, we define I : V(P,, (O S3.,) — {1, 2} with vertex irregular 2-labelling as follows:
1, fori=1,3 (mod4) and 1 <j <nor

fori=0 (mod2), i#m, and1 <j<n-—1or

fori=m, and 1 <j <mn,
2, fori=0 (mod2), i #m and j =n.

Ueiy) =

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
3n+5, fori=1,m,
w(z;) =4¢3n+6, fori=1,3 (mod4), i+#1,
3n+7, fori=0 (mod2), i# m,
w(y;) = 4,
w(a;))=n+2, forl<i<m,
w(b) =n+2, forl<i<m,

n+3, fori=0 (mod2), i #m,
wlaig) =2, wlby) =2, wlcy)=2

The upper bound Xiis(Prm O S3,n) < 7. S0 Xiis(Prn () S3,) =7 for m =0 (mod 2); m > 4 and
n > 3.

{n-l— 2, fori=m, or fori=1,3 (mod4),
w(ci) =

Case 8: m =1,3 (mod4), m > 5 and n > 3.

First step to prove the theorem in this case is to find the lower bound of V' (P, () S3,,). Based
on Lemma 1, we have xis(Pm O S3.n) > X (P O S3.,) = 3.

Assume x5 (P (O S3,n) = 6, if

i) = UWyi) = Uaig) = Ubig) = Ucig) =1, Uai) =Ubi) =1, U(e;) =2,

then w(xiy1) = w(xiy2). Then there are 2 adjacent vertices that have same color, it contradicts
the definition of vertex coloring. If

Wai) = @) = U(bi) =1(c;) =1, U(aiz) = Ubi;) =Uyi) =1, Ueyj) =1, i=1,3 (mod4),

1<j<n, i=0(mod2), 1<j<n-1, I(g;)=2, i=0(mod2), j=n,

then w(zi;1) # w(zi12). Based on that we have the lower bound x;is(Pp (D S3.,) > 7.

After that, we will find the upper bound of xzis(Pp, O S3.1)-

Furthermore, we define [ : V(P,, (O S3,) — {1,2} with vertex irregular 2-labelling as follows:

l(l’z) =1, l(yl) =1, l(az) =1, l(bl) =1, l(cz) =1, l(a'lj) =1, l(blj) =1,
1, fori=1,3 (mod4), and 1 <j <nor
leij) = fori =0 (mod2), and 1 <j<n-—1,
2, fori=0 (mod2), and j = n.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
3n+5, fori=1m,
w(z;) =< 3n+6, fori=1,3(mod4), i+#1,m,
3n+7, fori=0 (mod?2),
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w(a;)) =n+2, for 1 <i<m,
w(b;)) =n+2, for 1 <i<m,

() n+2, fori=1,3 (mod4),
wlc;) =

n+3, fori=0 (mod?2),
w(ai]’) =2, w(bm) =2, w(cij) = 2.

The upper bound is true: x;is(Pp (D) S35) < 7. So Xpis(Prn (D S3,n) = 7 for m = 1,3 (mod4),
m > 5 and n > 3. O

3. Conclusion

In this paper, we have studied the coloring of the vertices of the local irregular corona product by
the graph of the family tree. We determined the exact value of the local irregular chromatic number
of the corona product from the graph of the family tree, namely Xjis(Pn O Cpn), Xiis(Pm © S2.n)
and Xlis(Pm Q S3,n)-
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