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A vertex irregular total k-labeling of a graph G with vertex set V and edge set E is an assignment
of positive integer labels {1,2,...,k} to both vertices and edges so that the weights calculated at
vertices are distinct. The total vertex irregularity strength of G, denoted by tvs(G) is the minimum
value of the largest label k over all such irregular assignment. In this paper, we consider the
total vertex irregularity strengths of disjoint union of s isomorphic sun graphs, tvs(sM,,), disjoint
union of s consecutive nonisomorphic sun graphs, tvs(U;_; M;.»), and disjoint union of any two
nonisomorphic sun graphs tvs(Mj U M,,).

1. Introduction

Let G be a finite, simple, and undirected graph with vertex set V and edge set E. A vertex
irregular total k-labeling on a graph G is an assignment of integer labels {1,2,...,k} to both
vertices and edges such that the weights calculated at vertices are distinct. The weight of a
vertex v € V in G is defined as the sum of the label of v and the labels of all the edges
incident with v, that is,

wt(v) = A(0) + D M(uv). (1.1)

uvekE

The notion of the vertex irregular total k-labeling was introduced by Baca et al. [1]. The
total vertex irregularity strength of G, denoted by tvs(G), is the minimum value of the largest
label k over all such irregular assignments.
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The total vertex irregular strengths for various classes of graphs have been determined.
For instances, Bata et al. [1] proved that if a tree T with n pendant vertices and no vertices
of degree 2, then [(n + 1)/2] < tvs(T) < n. Additionally, they gave a lower bound and an
upper bound on total vertex irregular strength for any graph G with v vertices and e edges,
minimum degree 6 and maximum degree A, [(|[V]+06)/(A +1)] <tvs(G) < |V|+A-26+1.
In the same paper, they gave the total vertex irregular strengths of cycles, stars, and complete
graphs, that is, tvs(C,) = [(n +2)/3], tvs(K1,,) = [(n +1)/2] and tvs(K,) = 2.

Furthermore, the total vertex irregularity strength of complete bipartite graphs K, ,
for some m and n had been found by Wijaya et al. [2], namely, tvs(K,,) = [(n +2)/3] for
n > 3, tvs(Ky,) = 3 forn > 3, tvs(Kynr1) = 3 forn > 3, tvs(Ky 4+2) = 3 for n > 4, and
tvs(Kpan) = [n(a+1)/(n +1)] for all n and a > 1. Besides, they gave the lower bound on
tvs(Kp,) for m < n, thatis, tvs(Ky,,) > max{[(m+n)/(m+1)], [2m+n—-1)/n]}. Wijaya and
Slamin [3] found the values of total vertex irregularity strength of wheels W,, fans F,, suns
M, and friendship graphs f, by showing that tvs(W,,) = [(n + 3)/4], tvs(F,) = [(n +2)/4],
tvs(My) = [(n+1)/2], tvs(fn) = [(2n+2)/3].

Ahmad et al. [4] had determined total vertex irregularity strength of Halin graph.
Whereas the total vertex irregularity strength of trees, several types of trees and disjoint
union of ¢ copies of path had been determined by Nurdin et al. [5-7]. Ahmad and Baca [8]
investigated the total vertex irregularity strength of Jahangir graphs J,» and proved that
tvs(Ju2) = [(n +1)/2], for n > 4 and conjectured that for n > 3 and m > 3,

tvs(Jmn) > max{ [n(m _31) al 2], [nm4+ 2] } (1.2)

They also proved that for the circulant graph, tvs(C,(1,2)) = [(n + 4)/5], and conjectured
that for the circulant graph C,(ai,ay,...,a,) with degree at least 5, 1 < a; < [n/2],
tvs(Cp(ai, az,...,am)) = [(m+71)/(1+71)].

A sun graph M, is defined as the graph obtained from a cycle C, by adding a
pendant edge to every vertex in the cycle. In this paper, we determine the total vertex
irregularity strength of disjoint union of the isomorphic sun graphs tvs(sM,), disjoint
union of consecutive nonisomorphic sun graphs tvs(U;_; Mi;») and disjoint union of two
nonisomorphic sun graphs tvs(Mx U M), as described in the following section.

2. Main Results

We start this section with a lemma on the lower bound of total vertex irregularity strength of
disjoint union of any sun graphs as follows.

Lemma 2.1. The total vertex irreqularity strength of disjoint union of any sun graphs is
tvs(Uiy My,) 2 [(Zi mi) +1)/2], for s > 1, s 2 nj,and 1 <i<s.

Proof. The disjoint union of the isomorphic sun graphs |J;_; My, has 37, n; vertices u;; of
degree 1 and X7, n; vertices v;; of degree 3. Note that the smallest weight of vertices of
Ui, My, must be 2. It follows that the largest weight of 3}, n; vertices of degree 1 is at least
(> ni) + 1 and of X7 | n; vertices of degree 3 is at least 2(3;; ; n;) + 1. As a consequence,
at least one vertex u;; or one edge incident with u;; has label at least [((X_; n;) +1)/2].
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Moreover, at least one vertex v;; or one edge incident with v; ; has label at least [(2(37_; n;) +

1)/4]. Then
lE R o
Because of
[(Zil:i) + 1} _ [Z(Zf=14"i) + 1], (2.2)
then

tvs<o Mnl.> > [M] 2.3)
i=1
0

We now present a theorem on the total vertex irregularity strength of disjoint union of
the isomorphic sun graphs tvs(sM,) as follows.

Theorem 2.2. The total vertex irreqularity strength of the disjoint union of isomorphic sun graphs is
tvs(sM,) = [(sn+1)/2], for s> 1and n > 3.

Proof. Using Lemma 2.1, we have tvs(sM,) > [(sn + 1)/2]. To show that tvs(sM,) < [(sn +
1) /2], we label the vertices and edges of s M, as a total vertex irregular labeling. Suppose the
disjoint union of the isomorphic sun graphs s M,, has the set of vertices

V(sMy) ={uij|1<i<s, 1<j<n}u{ov;|1<i<s, 1<j<n} (2.4)
and the set of edges
E(sM,) = {ui,jvi,]- | 1<i<s, 1 S] < 1’1} U {Ui,]'Ui,]'+1 | 1<i<s, 1 S] < 11}. (25)

The labels of the edges and the vertices of s M,, are described in the following formulas:

s—1

1 fori:1,2,...,[ l;j:1,2,...,n

and i = [ﬂl j:1,2,...,<[5"+1l —n[s_lb
A(uig) = 5 2 2 2

1+j+@G@-1n

- [sn Al 1] for other i, j,
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( —
1 forizl,Z,...,[Szll; j=12,...,n
w2} e (] )
)L(vi,j)=<
1+j+@G@-1n
- sn+l] for other i, j,
2
(.. . s—11 .
j+(@{@-Dn for1:1,2,...,[ > l;]:1,2,...,n
. s+1 . sn+1 s—1
A(uijvij) = S andzz[Tl,]:LZ,...,<[ 5 ]—n[ 5 l)
[sn 2+ 1] for other i, j,

1
(i jvijn) = [sn2+ l, fori=1,2,...,s, j=1,2,...,n.

(2.6)

The weights of the vertices u; ; and v; ; of sM, are

wt(uj)=1+j+@{i-1n, fori=1,2,...,5,j=12,...,n,

sn+1 2.7)

wt(vjj) :1+j+(i—1)n+2[ ], fori=1,2,...,s, j=1,2,...,n.

It is easy to see that the weights calculated at vertices are distinct. So, the labeling is vertex
irregular total. Therefore tvs(sM,) = [(sn+1)/2] fors >1and n > 3. O

Figure 1 illustrates the total vertex irregular labeling of the disjoint union 5 copies sun
graphs M.

If we substitute s = 1 into the theorem above, we obtain a result that has been proved
by Wijaya and Slamin [3] as follows.

Corollary 2.3. The total vertex irregularity strength of sun graph tvs(M,,) = [(n+1)/2], for s =1
and n > 3.

The following theorem shows the total vertex irregularity strength of disjoint union of
nonisomorphic sun graphs with consecutive number of pendants.

Theorem 2.4. The total vertex irregularity strength of disjoint union of consecutive nonisomorphic
sun graphs is tvs(U;_; Mir2) = [(s(s +5)) /4], for s > 1.

Proof. Using Lemma 2.1, we have tvs(Ui_; Mi2) > [(s(s + 5) + 2)/4]. To show that

tvs(U; Mix2) < [(s(s +5) +2)/4], we label the vertices and edges of |J;_; M., as a total
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Figure 1: Vertex irregular total 13 labelings of 5Ms5.

vertex irregular labeling. Suppose the disjoint union of the nonisomorphic sun graphs with
consecutive number of pendants |J;_; M.» has the set of vertices

S —
V(UL Mi) = {u1,1, urp, U3, Uz, Unp, Un3, Ung, - - -, Ust, Usp, - - ., Ussi2, 2.8)

01,1,012,013,021,022,U23,02,4,++-,0s1,Us,2++.,Us,542 }
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and the set of edges

S
E<UM1'+2> ={u11011,...,U1,3013, U21021, .., U2 4024, - - -, Us1 Vs 1, UspTs2, - - -, Us,542Us 542 }
i=1

U {o1,1012,...,013011, 021022, .., V24021, - -, Us1Us2, . - ., Vs s42Us 1 } -
(2.9)

The labels of the edges and the vertices of |J;_; M, are described in the following formulas:

r1 fori=1,2,...,<[%]—1),j=1,2,...,i+2,
. 2s
1= ?,
10 s(s+5)+2] ([2s/3] -1)([2s/3] +4)
) - jer2e (5 )

i, (Pr3icd
J 2

B [ S@# ] for other i, j,
\

-

1 fori:1,2,...,<[%]—1>,j:1,2,...,i+2,

-2l

. s(s+5)+2 ([2s/3] = 1)(]2s/3] + 4)
)L(Ui,j):< ]—1,2,...,([ 2 ]— > >
1+it iZ+3i-4
J 2
k— Wl for other i, j,

.2 ._4 2
j+<%> fori:l,z,...,<[§]—1>,j=1,2,...,i+2,
-}
- 12

i 1’2,“"<[s(s +f) +2] ~(12s/3] —1)2([25/3] +4))

)L(ui,jvi,j) = 1

for other i, j,

\ [s(s +41:3) +2]

5)+2
)L(Ui,jvi,jﬂ) = [%], fOI‘i=1,2,...,S, j=1,2,...,i+2.

(2.10)
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Figure 2: Vertex irregular total 10 labelings of M3 U M4 U M5 U Ms.

The weights of the vertices u; j and v; ; of Ui, Mis are

2 +3i+2j-2
wi(ui) = ——T=5, fori=1,2,..,5 j=1,2,...,i+2,
X (2.11)
2 +3i+2j-2 5)+2
wt(vy)) = - 12 / +2[s(s+4)+ ] fori=1,2,...,5, j=1,2,...,i+2.

It is easy to see that the weights calculated at vertices are distinct. So, the labeling is vertex
irregular total. Therefore tvs(J;_; Mis2) = [(s(s +5) +2)/4] for s > 1 dann > 3. O

Figure 2 illustrates the vertex irregular total 10 labelings of the disjoint union 4
consecutive nonisomorphic sun graphs Mz U M U Ms U M.

Finally, we conclude this section with a result on the total vertex irregularity strength
of disjoint union of two nonisomorphic sun graphs as follows.

Theorem 2.5. The total vertex irreqularity strength of disjoint union of two nonisomorphic sun
graphsis tvs(Mx U M,) = [(k+n+1)/2], forn>k > 3.
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Figure 3: Vertex irregular total 6 labelings of My U M.

Proof. Using Lemma 2.1, we have tvs(U;_; Mis2) > [(k+n+1)/2]. To show that tvs(MiUM,,) <
[(k+n+1)/2], we label the vertices and edges of MUM, as a vertex irregular total k-labeling.
Suppose the disjoint union of the nonisomorphic sun graphs with different pendant M UM,
has the set of vertices

V(sM,) = {ui1, 12, ..., Wi, U1, U22, oo, U2, V11, D12, -+, Oln, V21, V22, -+, U2} (2.12)
and the set of edges

E(sMy) = {u1,1011, 12012, - . ., U1,n01n, U2,102,1, U2 2022, - - ., U2 nTV2 1 } 213)

U {01,1012, 012013, - ., V1,n01,1, V21022, V22023, - - -, V2,nTV21 }-

The labels of the edges and the vertices of My U M,, are described in the following formulas:

1 fori=1;j=1,2,...,k,
i=2; j=1,2,...,<[$] —1>
/\(u,-,]-):<
1+j+@G@-1k
+<[%]> for other i, j,
(1 fori=1,j=1,2,...,k
i=2; j:1,2,...,<[$]—1>
.)L(Ui,]')=<
1+j+@-1)k
k+n+1 ..
n+<[Tl) for other i, j,
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j+(@-1k fori=1j=12,...,k,

. . k+n+1
Muijvi ) = i=2; ]:1,2,...,<[T] —l)
[k+n+1

> ] for other i, j,

k+n+1
M(vij0ij1) = [%l for i=1; j=1,2,...,k i=2 j=1,2,...,n

(2.14)
The weights of the vertices u; ; and v; ; of My U M, are

wt(uj)=1+j+(@{-1k, fori=1,2,j=12,...,n,

(2.15)
wh(v;j) =1+ + (i—l)k+2<[%]>, fori=1,2, j=1,2,...,n.

It is easy to see that the weights calculated at vertices are distinct. So, the labeling is vertex
irregular total. Therefore tvs(Mx U M,,) = [(k+n+1)/2] forn > k > 3. O

Figure 3 illustrates the vertex irregular total 6 labelings of the disjoint union of
2 nonisomorphic sun graphs My U M.

3. Conclusion

We conclude this paper with the following conjecture for the direction of further research in
this area.

Comnjecture 1. The total vertex irregularity strength of disjoint union of any sun graphs is
tvs(Uiy My,) = [(Zini) +1)/2],fors >1,ni1 >njand 1 <i<s.
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