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Inagraph G = (V, E) the degree of a vertex v € V/, denoted by dg (v) is defined as the number of edges incident on v. A set D of
vertices of G is called a strong dominating set if for every v € V\ D, there exists a vertex u € D such thatuv € E and dg(u) > dg(v).
For a given graph G, Min-Strong-DS is the problem of finding a strong dominating set of minimum cardinality. The decision version of Min-
Strong-DS is shown to be NP-complete for chordal graphs. In this paper, we present polynomial time algorithms for computing a strong
dominating set in block graphs and proper interval graphs, two subclasses of chordal graphs. On the other hand, we show that for a graph G
with n-vertices, Min-Strong-DS cannot be approximated within a factor of (% — &) Inn for every e > 0, unless NP C DTIME(nO(loglogn)
We also show that Min-Strong-DS is APX-complete for graphs with maximum degree 3. On the positive side, we show that Min-Strong-DS can

be approximated within a factor of O(ln A) for graphs with maximum degree A.

Research Papers

No Access

(1,0)-Relaxed strong edge list coloring of planar graphs with girth 6

Kai Lin, Min Chen and Dong Chen

1950064

https://doi.org/10.1142/51793830919500642

Abstract PDF

v Preview Abstract

Let G be a graph. An (s, t)-relaxed strong edge k-coloring is a mapping 7 : E(G) — {1,2, ..., k} such that for any edge e, there are at
most s edges adjacent to e and ¢ edges which are distance two apart from e assigned the same color as e. The (s, t)-relaxed strong
chromatic index, denoted by X’(&t)(G), is the minimum number k of an (s, t)-relaxed strong k-edge-coloring admitted by G. G is called
(s,t)-relaxed strong edge L-colorable if for a given list assignment L = {L(e) | e € E(G)}, there exists an (s, t)-relaxed strong edge
coloring wof G such that w(e) € L(e) foralle € E(G). If Gis (s, t)-relaxed strong edge L-colorable for any list assignment with

|L(e)| = k foralle € E(G), then G is said to be (s, t)-relaxed strong edge k-choosable. The (s, t)-relaxed strong list chromatic index,

denoted by chzsﬂf) (G), is defined to be the smallest integer k such that G is (s, t)-relaxed strong edge k-choosable.
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In this paper, we prove that every planar graph G with girth 6 satisfies that ch'(m) (G) < 3A(G) — 1. This strengthens a result which says
that every planar graph G with girth 7 and A(G) > 4 satisfies that le,o)(G) < 3A(G) — 1.

Research Papers
No Access

Some results for the two disjoint connected dominating sets problem

Xianliang Liu, Zishen Yang and Wei Wang

1950065

https://doi.org/10.1142/S1793830919500654

Abstract PDF

v Preview Abstract

As a variant of minimum connected dominating set problem, two disjoint connected dominating sets (DCDS) problem is to ask whether there
are two DCDS Vi, Vs, in a connected graph G = (V, E) with V; NV, = 0 and V4 U Vo = V, and if not, how to add an edge subset with
minimum cardinality such that the new graph has a pair of DCDS. The two DCDS problem is so hard that it is NP-hard on trees. In this paper,
if the vertex set V' of a connected graph G = (V, E) can be partitioned into two DCDS of G, then it is called a DCDS graph. First, a necessary
but not sufficient condition is proposed for cubic (3-regular) graph to be a DCDS graph. To be exact, if a cubic graph is a DCDS graph, there

are at most four disjoint triangles in it. Next, if a connected graph G = (V, E) is a DCDS graph, a simple but nontrivial upper bound
2|V]+18
9

6 log, + 2 of the girth g(G) is presented.
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Linear time algorithm for dominator chromatic number of trestled graphs
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S. Arumugam and K. Raja Chandrasekar

1950066

https://doi.org/10.1142/S1793830919500666

Abstract PDF

v Preview Abstract

A dominator coloring (respectively, total dominator coloring) of a graph G is a proper coloring ¢ of G such that each closed neighborhood
(respectively, open neighborhood) of every vertex of G contains a color class of . The minimum number of colors required for a dominator
coloring (respectively, total dominator coloring) of G is called the dominator chromatic number (respectively, total dominator chromatic

number) of G and is denoted by x4 (G) (respectively, X;;(G)). In this paper, we prove that the dominator coloring problem and the total
dominator coloring problem are solvable in linear time for trestled graphs.
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Extremal trees with respect to the Steiner Wiener index

Jie Zhang, Guang-Jun Zhang, Hua Wang and Xiao-Dong Zhang

1950067

https://doi.org/10.1142/S1793830919500678

Abstract PDF

v Preview Abstract

The well-known Wiener index is defined as the sum of pairwise distances between vertices. Extremal problems with respect to it have been
extensively studied for trees. A generalization of the Wiener index, called the Steiner Wiener index, takes the sum of minimum sizes of
subgraphs that span k given vertices over all possible choices of the k vertices. We consider the extremal problems with respect to the
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Steiner Wiener index among trees of a given degree sequence. First, it is pointed out minimizing the Steiner Wiener index in general may be a
difficult problem, although the extremal structure may very likely be the same as that for the regular Wiener index. We then consider the
upper bound of the general Steiner Wiener index among trees of a given degree sequence and study the corresponding extremal trees. With
these findings, some further discussion and computational analysis are presented for chemical trees. We also propose a conjecture based on
the computational results. In addition, we identify the extremal trees that maximize the Steiner Wiener index among trees with a given

maximum degree or number of leaves.
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Graham's pebbling conjecture holds for the product of a graph and a sufficiently large complete bipartite graph

Nopparat Pleanmani

1950068

https://doi.org/10.1142/5179383091950068X

Abstract PDF

v Preview Abstract

A graph pebbling is a network optimization model for the transmission of consumable resources. A pebbling move on a connected graph G
is the process of removing two pebbles from a vertex and placing one of them on an adjacent vertex after configuration of a fixed number of
pebbles on the vertex set of G. The pebbling number of G, denoted by 7r(G), is defined to be the least number of pebbles to guarantee that
for any configuration of pebbles on G and arbitrary vertex v, there is a sequence of pebbling movement that places at least one pebble on v.
For connected graphs G and H, Graham'’s conjecture asserted that (G O H) < 7(G)7w(H). In this paper, we show that such conjecture
holds when H is a complete bipartite graph with sufficiently large order in terms of 7w(G) and the order of G.
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A short proof of a min-max relation for the bases packing of a matroid

Brahim Chaourar

1950069

https://doi.org/10.1142/S1793830919500691

Abstract PDF

v Preview Abstract

Let E be a finite set, and M be a matroid defined on E. Given w € RE, we use the notations (w-maximum bases packing for the first one):
. . rw(BE)—w(0)
Aw) = Max{)_ pi.qs AB Suchthat Y- Ap < w(e) foranye € E, and Ag > 0 for any basis B}, and wy = Mm{m

that U C Eand r(U) < r(E) — 1}. In this paper, we give a short proof for the known min-max relation A(w) = w,. Moreover, we prove

such

that the minimum w; can be restricted to single elements and semi locked subsets only. A subset L C E is semi locked in M if M *|(E\L)
is closed and 2-connected, and min{r(L),7*(E\L)} > 2. We deduce then a polynomial algorithm to compute wy in a large class of
matroids by using a matroid oracle related to semi locked subsets.
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Some spectral properties of A,-matrix

Shuang Zhang and Yan Zhu

1950070

https://doi.org/10.1142/S1793830919500708
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For a real number a € [0, 1], the A, -matrix of a graph G is defined to be A,(G) = aD(G) + (1 — a)A(G), where A(G) and D(G)
are the adjacency matrix and degree diagonal matrix of G, respectively. The A, -spectral radius of G, denoted by p,, (G), is the largest
eigenvalue of A, (G). In this paper, we consider the upper bound of the A, -spectral radius p,,(G), also we give some upper bounds for the
second largest eigenvalue of A, -matrix.

Research Papers
No Access

Resolving domination number of graphs

Ridho Alfarisi, Dafik and Arika Indah Kristiana

1950071

https://doi.org/10.1142/5179383091950071X

Abstract PDF

v Preview Abstract

ForasetW = {s1, 82, ..., s} of vertices of a graph G, the representation multiset of a vertex v of G with respect to W is

r(v| W) = {d(v, s1),d(v, s2),...,d(v, sx)}, where d(v, s;) is a distance between of the vertex v and the vertices in W together with
their multiplicities. The set W is a resolving set of G if r(v | W) # r(u| W) for every pair u, v of distinct vertices of G. The minimum
resolving set W is a multiset basis of G. If G has a multiset basis, then its cardinality is called multiset dimension, denoted by md(G). A set
W of vertices in G is a dominating set for G if every vertex of G that is not in W is adjacent to some vertex of W. The minimum cardinality
of the dominating set is a domination number, denoted by y(G). A vertex set of some vertices in G that is both resolving and dominating set
is a resolving dominating set. The minimum cardinality of resolving dominating set is called resolving domination number, denoted by
v,(QG). In our paper, we investigate and establish sharp bounds of the resolving domination number of G and determine the exact value of
some family graphs.
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The hull number of powers of cycle graphs under restricted conditions
Jameel Rwalah, Hasan Al-Ezeh and Manal Ghanem
1950072

https://doi.org/10.1142/S1793830919500721

Abstract PDF

v Preview Abstract

Let C,, be the cycle graph of order n on the vertices vy, Vs, - . . , Up_1 and C¥ be the kth power of C,,. In this paper, we find the hull
number of C,’f under restricted conditions on the vertices of the graph C’,’f namely the independent and connected hull numbers of C,’f.

Research Papers

No Access

Adjacency and Laplacian spectra of variants of neighborhood corona of graphs constrained by vertex subsets

M. Gayathri and R. Rajkumar

1950073

https://doi.org/10.1142/S1793830919500733
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In this paper, we define some variants of corona of graphs namely, subdivision (respectively, R-graph, Q-graph, total) neighborhood corona,
R-graph (respectively, Q-graph, total) semi-edge neighborhood corona, R-graph (respectively, total) semi-vertex neighborhood corona of
graphs constrained by vertex subsets. These corona operations generalize some existing corona operations such as subdivision (R-graph, Q-
graph, total) double neighborhood corona, subdivision vertex (respectively, edge) neighborhood corona, R-graph vertex (respectively, edge)
neighborhood corona of graphs. First, we consider a matrix in specific form and determine its spectrum. Then by using this, we derive the
characteristic polynomials of the adjacency and the Laplacian matrices of the new graphs when the base graph is regular. Also, we deduce

the characteristic polynomials of the adjacency and Laplacian matrices of the above mentioned particular cases from our results.

Research Papers

No Access

Counting dominating sets in generalized series-parallel graphs
Min-Sheng Lin
1950074

https://doi.org/10.1142/51793830919500745

Abstract PDF

v Preview Abstract

Counting dominating sets in a graph is a #P-complete problem even in planar graphs. This paper studies this problem for generalized series-
parallel graphs, which are a subclass of planar graphs. This work develops some linear-time algorithms for counting dominating sets and

their two variants, independent dominating sets and connected dominating sets in generalized series-parallel graphs.
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Monotone submodular maximization over the bounded integer lattice with cardinality constraints
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Lei Lai, Qiufen Ni, Changhong Lu, Chuanhe Huang and Weili Wu

1950075

https://doi.org/10.1142/S1793830919500757

Abstract PDF

v Preview Abstract

We consider the problem of maximizing monotone submodular function over the bounded integer lattice with a cardinality constraint.
Function f : ZF — R, is submodular over integer lattice if f(x) + f(y) > f(z V y) + f(z Ay).V &,y € ZE, where v and A
represent elementwise maximum and minimum, respectively. Let B € Z%, and k € Z_., we study the problem of maximizing submodular
function f(a) with constraints 0 < & < B and () < k. Arandom greedy (1 — 1)-approximation algorithm and a deterministic < -
approximation algorithm are proposed in this paper. Both algorithms work in value oracle model. In the random greedy algorithm, we
assume the monotone submodular function satisfies diminishing return property, which is not an equivalent definition of submodularity on
integer lattice. Additionally, our random greedy algorithm makes & ((|E| + 1) - k) value oracle queries and deterministic algorithm makes
O(|E| - B - k*) value oracle queries.
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The fastest known algorithms for finding the exact value of the diameter of general graphs are no faster than the algorithms that compute
all-pairs shortest paths. An extension of the problem of computing graph diameter is enumerating pairs of vertices in a graph, ordered
decreasingly by their distance. In this paper, we investigate this problem with the presence of memory constraints. We also show how our
result can help the computation of graph Hyperbolicity, by lowering the memory complexity of computing the ordered list of far-apart vertex
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For a set W = {s1, s2,...,8k} of vertices of a graph G, the representation multiset of
a vertex v of G with respect to W is r(v| W) = {d(v, s1),d(v, $2),...,d(v, si)}, where
d(v, s;) is a distance between of the vertex v and the vertices in W together with their
multiplicities. The set W is a resolving set of G if r(v | W) # r(u| W) for every pair u,v
of distinct vertices of G. The minimum resolving set W is a multiset basis of G. If G has
a multiset basis, then its cardinality is called multiset dimension, denoted by md(G). A
set W of vertices in G is a dominating set for G if every vertex of G that is not in W
is adjacent to some vertex of W. The minimum cardinality of the dominating set is a
domination number, denoted by (G). A vertex set of some vertices in G that is both
resolving and dominating set is a resolving dominating set. The minimum cardinality
of resolving dominating set is called resolving domination number, denoted by ~,(G).
In our paper, we investigate and establish sharp bounds of the resolving domination
number of G and determine the exact value of some family graphs.

Keywords: Resolving set; multiset dimension; dominating set; domination number;
resolving dominating set; resolving domination number.

Mathematics Subject Classification 2010: 05C12

1. Introduction

In this paper, all graphs are nontrivial and connected graphs, for detailed definition
of graph, see [11[2,[4]. The concept of metric dimension was independently introduced
by Slater [6], Harrary and Melter [3]. In his paper, Slater considered the minimum
resolving set of a graph as the location of the placement of a minimum number of
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sonar/loran detecting devices in a network. So, the position of every vertex in the
network can be uniquely described in terms of its distances to the devices in the set.
Applications of metric dimension problem can also be found in network and veri-
fication, robot navigation, combinatorial optimization, pharmaceutical chemistry,
and strategies for the mastermind game.

Simanjuntak et al. [7] started the definition of multiset dimension of G. Let G be
a connected graph with vertex set V(G). Suppose W = {s1,82,..., 8} is a subset
of vertex set V(G), the representation multiset of a vertex v of G with respect to W
isr(v| W) ={d(v,s1),d(v,s2),...,d(v,sk)}, where d(v, s;) is a distance between v
and the vertices in W together with their multiplicities. The resolving set W is a
resolving set of G if r(v| W) # r(u|W) for every pair of distances vertices u and
v. The minimum resolving set W is a multiset basis of G. If G has a multiset basis,
then its cardinality is called a multiset dimension, denoted by md(G).

A vertex v in a graph G is said to dominate itself as well as its neighbors. A
set W of vertices in G is a dominating set for G if every vertex of G is dominated
by some vertex of W. The minimum cardinality of a dominating set is domination
number, denoted by v(G). In recent years, there exist additional properties for
dominating set, for example independent dominating set requires a dominating set
to be independent, the connected dominating set requires a dominating set to induce
a connected graphs and total dominating sets are not defined for graphs having an
isolated vertex. For more details about other conditional domination numbers see
[B]. Some results of domination numbers of some special families graphs are as
follows.

Proposition 1.1 ([5]). Let P, be a path graphs, v(P,) = [5].

The centipede graphs, denoted by Cp,, are the caterpillar graphs C, 1.
Proposition 1.2 ([5]). Let C,, ., be a caterpillar graphs, v(Cp m) = n.

We define the new notation that combines the concept multiset dimension and
domination number of G, which is called the resolving domination number. We start
the definition of resolving domination number as follows.

Definition 1.1. A vertex set W of some vertices in G that is both resolving and
dominating set is a resolving dominating set. The minimum cardinality of resolving
dominating set is called the resolving domination number, denoted by 7, (G).

We will illustrate these concepts in Fig.[Il In this case, we have the resolving set
W = {v1} which is shown in Fig. [Ia) that md(G) = 1 and the representations of
v € V(G) with respect to W are distinct. On the other hand, the set W = {vq, v4}
is a dominating set of G and so we have v(G) = 2 which is shown in Fig. Ib). To
determine the resolving domination number of G, (a) W is a resolving set but not
a dominating set, (b) W is a dominating set but not a resolving set such that we
observe the set W = {v1,v3,v4} in (c) with the given representation of the vertices
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0\ Ovi @vi {023YOw
1'@v: Owv {1.12:1@m»

2'@v: @vi {01213

3@ v Ow {0,1.3¥Ow
(a) (b) (c)
Fig. 1. (a) A graph with multiset dimension md(G) = 1; (b) A graph with domination number
v(G) = 2; (c) A graph with resolving domination number 7, (G) = 3.
of G with respect to W as follows:
r(vy |W) ={0,2,3}, r(ve|W)={1,1,2}
r(vs | W) ={0,1,2},  r(vg|W)=1{0,1,3},

and vy € V(G) — W adjacent to vertices in W, then W is a resolving set and a
dominating set. Hence, v,(G) = 3.

Until now, there have been some results of multiset dimension in Simanjuntak
et al. [7] as follows.

Theorem 1.3. The multiset dimension of a graph G is one if and only if G is a
path.

Theorem 1.4. Let G be a graph other than a path. Then md(G) > 3.

Theorem 1.5. If G is a graph of diameter at most 2 other than a path, then
md(G) = oo.

Lemma 1.1. If G contains a vertex which is adjacent to (at least) three pendant

vertices, then md(G) = oc.

2. Main Results

In this paper, we investigate and determine the exact values of a resolving domina-
tion number of some family of graph.

Proposition 2.1. For every graph G,
max{y(G), md(G)} < 7:(G).

Theorem 2.2. Let G be a connected graph with G = Ky, P> if and only if the
resolving domination number of G is v, (G) = 1.

1950071-3
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Proof. For this proof, we characterize for a graph G = K1, Ps.

Case 1. Let K; be a trivial graph with order one (say |V(K1)| = 1) such that we
have W = V(K;) = {u} that is a resolving and dominating set, then v,/ (K7) = 1.
Now, we show that if yp/ (K1) = 1, then G is trivial graph K;. Let W = {u} be a
resolving dominating set of a graph G. Thus, d(u,u) = 0 with diameter 0, hence G
is trivial graph K.

Case 2. Let P, be a path graph with order two. Then the set W = {u} contains
a pendant vertex of a path, which is resolving dominating set, thus vy (P2) = 1.
Now, we show that if va;(P2) = 1, then G is path graph Ps. Let W = {u} be
a resolving dominating set of a graph G. Thus, r(u|W) = {d(u,u)} = {0} and
r(v|W) = {d(v,u)} = {1}, this implies that the diameter of G is 1, hence, G is
complete graph Ky isomorphic to path graph with order 2.

From both cases, for G = K, P,, if and only if the resolving domination number
7 (G) = 1. o

Theorem 2.3. Let G be a connected graph with diameter one except Ps, then the
resolving domination number of G is v, (G) = co.

Proof. If G has a diameter at most one expect K; and P, then every vertex is
adjacent to other vertices. We choose the vertices in W as wq, wa, ws, . . ., wy, where
i € [1,k] such that we have r(w; | W) = {0,171} that is same representation and
w; € W is also dominator for vertices in G. For r(u|W) = {1*} foru € V(G) - W
has same representation. Therefore, W is not resolving dominating set of G. |

Lemma 2.1. No graphs G has resolving domination number 2.

Proof. Let G be a connected graph with order at least 2. Assume that v,.(G) = 2
for any graphs. We choose resolving dominating set W = {u,v}, then we have
r(u| W) ={0,d(u,v)} = {d(v,u),0} = r(v| W), where d(u,v) = d(v,u), it is a con-
tradiction. Hence, all graphs do not have the resolving domination number 2. O

From Lemma [2-1] Theorems and [2:3] we have lemma as follows.

Lemma 2.2. Let G be a connected graph with diameter at least two, then the
resolving domination number of G is v (G) > 3.

Proof. Based on Theorem 22 that G = K7, P, < 7,(G) = 1 and Theorem [Z.3] and
Lemma 2] that no graph has multiset dominating number two. Hence, 7,(G) > 3
for diameter at least 2. |

Lemma 2.3. If G contains a vertex which is adjacent to (at least) three pendant
vertices, then the resolving domination number is v,(G) = oo.
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Proof. Let W be a resolving dominating set of vertex set in G. We have uy, uo, us
that is, three pendant vertices for some vertices in G. Therefore, there exist at least
two vertices of pendant vertices (u; and ug) are in W, or at least two vertices of
pendant vertices (u1 and ug) aren’t in W. We know that the distance vy, v2 to other
vertex v of vertex set in G (say d(vy,v) = d(vz,v)), then in both cases these vertices
cannot be resolved or dominated. |

The following theorem is a corollary of Theorem 2.3}
Corollary 2.1. Let K,, be a complete graph with order m > 3, then resolving
domination number of K., is vy (Ky,) = o0.

The following theorem is a corollary of Lemma

Corollary 2.2. Let S, be a star graph with order m > 2, then the resolving domi-
nation number of Sy, 18 Ya (Sm) = o0.

Corollary 2.3. Let Br,, ,, be a broom graph with order n,m > 3, then the resolving
domination number of Bry, m, is yar(Sm) = oo.

Corollary 2.4. Let DS, ,,, be a double star with order n,m > 3, then the resolving
domination number of DSy, m i Y (Sm) = 0.

For any two graphs G and H, a corona product of G and H, denoted by G® H,
is a connected graph which is formed by taking n copies of graphs H;, 1 <i < n of
H and connecting ith vertex of G to the vertices of H;.

Theorem 2.4. Let G ©@ mK; be a corona product of G order n and mK; is trivial
graph with m > 3, then the resolving domination number of G ©® mKy is yp (G ©
mKi) = oco.

Furthermore, we determine the exact value of some families graphs for the
resolving domination number, namely path, centipede graphs and tadpole T,,.
The results of 7,-(G) as follows.

Theorem 2.5. Let P, be a path with order n > 2, then the resolving domination
number of P, is

Ly ifn=2

0, ifn=3

, ifn e {4,5,6)
ifn>7,n#0 (mod 3)

YM(P,) =

—‘ +1, ifn>7n=0 (mod 3).
Proof. Path graph, denoted by P,, is a tree graph with n vertices. Vertex set and
edge set of P,, respectively, are V(P,) = {x; : 1 <i < n} and E(P,) = {z;—12; :

1 <i < n—1}. For this proof, we divide the proof into two cases as follows.
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Case 1. For n = 2.
Based on Theorem 2.2 that yas(P2) = 1.
Case 2. For n = 3.

Based on Lemma2 T that 57 (Ps) > 3. Furthermore, we prove that vas(Ps) < 37 we
can construct the resolving dominating set of Py, namely W = V(Ps) = {1, 22, z3}.
The representation of vertex in Ps is as follows:

r(zy |[W)=1{0,1,2} r(x2|W)=4{0,1,1} r(zs|W)={0,1,2}.

There are same representations, namely r(zq | W) = r(xs|W). We know that
W is not a resolving set such that W is not a resolving dominating set. Thus, we
obtain that yu(Ps) # 3. It concludes that vy (Ps) = oo.

Case 3. For n =4,5,6.

Based on Lemma 2] that v (P,) > 3. Furthermore, we prove that vy (P,) < 3,
we can construct the resolving dominating set of P,. The representation of vertex
in P, is as follows:

P, with P; with P with
W ={m1, 22,24} | W ={x1,20,25} | W = {2, x5, 26}

r(zy | W) {0,1,3} {0,1, 4} {1,4,5}
r(zo | W) {0,1,2} {0,1,3} {0,3,4}
r(zg | W) {1,1,3} (L, {1,2,3}
r(zy | W) {0,2,3} 1 2¥3 1 {1,2,2}
r(zs | W) {0,3,4} {0,1,3}
r(ze | W) {0,1,4}

All vertices in P, have distinct representations. We know that W is resolving
set and dominating set such that W is resolving dominating set. Thus, we obtain
that v (P,) < 3. It concludes that vy (F,) = 3.

Case 4. For n > 7 and n =1 (mod 3).
Based on Proposition .l that yas(P,) > max{y(P,),md(P,)} = {[§],1} = [5].
Furthermore, we prove that v (P,) < [%], we can construct the resolving dominat-
ing set of P, namely W = {x;,2,_1;i = 2 (mod 3)}. The vertex x;;i # 2 (mod 3)
is dominated by vertices in W. We have the properties to show that all vertices
have distinct representation as follows:

(i) We know that d(z;, xp—1) # d(xk, 2pn-1), for 1 <1,k <n—1and z;,z, ¢ W.
(ii) We have the representation of z; € V(P,) — W, namely r(x; | W) = {d(x;, x5) :
xs €W —{xp_1}}U{d(zs, 2n-1)}
(iii) We have the representation of x; € V(P,) — W, namely r(z; | W — {yn}) =
{d(zi,2s) s x5 €W —{an_1}} = {d(ap,x5) 25 €W —{ap_1}} =r(zp | W —
{zp1}) forl+k=n+land 1 <L k<n-—1

1950071-6


http://repository.unej.ac.id/
http://repository.unej.ac.id/

Resolving domination number of graphs

(iv) Based on (i)—(iii) that r(x; | W) # r(zk |W) for 1 <,k <n—1.
(v) We know that r(z; | W) # r(x, |[W) for 1 <i<n-—1.

From the representation, all vertices are distinct. We know that W is a resolving
set and dominating set such that W is a resolving dominating set with |[W| = [%].

3
Thus, we obtain that yas(P,) < [5]. It concludes that yas(P,) = [§].
Case 5. For n > 7 and n = 2 (mod 3).

Based on Proposition 21l that yas(P,) > max{y(P,),md(P,)} = {[5],1} = [F].
Furthermore, we prove that vy (P,) < [%], we can construct the resolving dominat-
ing set of P,,, namely W = {z;, z,—1;7 = 2 (mod 3)}. The vertex x;;i # 2 (mod 3)
is dominated by vertices in W. We have the properties to show that all vertices
have distinct representation as follows:

(i) We know that d(z, xn—1) # d(Tg, @n-1), for 1 <1,k <n —1and z;,z, ¢ W.

(ii) We have the representation of z; € V(P,) — W, namely r(x; | W) = {d(x;, x5) :
zs €W —{xn_1}} U {d(zs, 2n-1)}

(iii) We have the representation of x; € V(P,,) — W, namely r(z; |W — {x,—1}) =
{d(zy2s) : s € W —{an_1}} = {d(ap,xs) 125 EW —{ap_1}} =r(zp | W —
{xp_1}) fori+k=n—T1land 1 <l k<n-—1.

(iv) Based on (i)—(iii) that 7(x; | W) # r(zk |W) for 1 <l,k<n-—1.

(v) We know that r(z; | W) £ r(x, |[W) for 1 <i<n—1.

From the representation, all vertices are distinct. We know that W is a resolving
set and dominating set such that W is a resolving dominating set with [W| = [%Z].
Thus, we obtain that yar(Pn) < [§]. It concludes that ya(Pn) = [5].

3
Case 6. For n > 7 and n = 0 (mod 3).

Based on Proposition 2] that yas(P,) > max{y(P,), md(P,)} = {[§],1} = [§].
Assume that |[W/| = [%£], namely W = {x;;4 = 2 (mod 3)}. There are at least two
vertices which have same representation. We can construct the representation as

follows:

(i) We have the representation of z; € V(P,)— W, namely r(z; | W) = {d(z;, x5) :
xs € Wi =2 (mod 3)}.
(ii) We have the representation of z; € V(P,) — W, namely r(z; | W) = {d(z, xs) :
xs € W} ={d(zg,xs) 1 xs € W} =r(ap|W)forl+k=n+1land 1 <[k <
n— 1.
(iil) Based on (i)—(ii) that r(z; |W) = r(ay |W) for 1 <,k <n—1.

Based on the assumption above, there are same representations, which is a con-
tradiction. Thus, yas(P,) > [%§]4 1. Furthermore, we prove that yas(P,) < [5]+1,
we can construct the resolving dominating set of P,, namely W = {x;, x,;i =
2 (mod 3)}. The vertex x;;i # 2 (mod 3) is dominated by vertices in W. We have
the properties to show that all vertices have distinct representation as follows:

(i) We know that d(z;, x,) # d(xg,zy), for 1 <,k <n-—1and x;,x, ¢ W.
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{1,4,7,10,119 ?{0,1,4,7,10}
©10,3,6,9,10} {0,1 ,3,6,9)‘

{1 ,2,5,8,9}# ®12582)

#{1'2'47778} {1,247,3)

{0,3,3,6,7} {0,3,3,6,4}

{1.2,4,5,6} {1,2,4,5,5}

Fig. 2. A graph with resolving domination number vyps(Pi2) = 5.

(ii) We have the representation of z; € V(P,) — W, namely r(z; | W) = {d(z;, xs) :
xs € W= {x,}yU{d(z;, xn)}-

(iii) We have the representation of z; € V(P,) — W, namely r(x; | W — {z,}) =
{d(z1,zs) : s € W —{zp }} = {d(zp,ws) : w5 € W —{z0n}} = 7w | W — {20 })
foril+k=n+land1<[,k<n-—1.

(iv) Based on (i)—(iii) that r(x; | W) # r(zk |W) for 1 <.k <n—1.

(v) We know that r(z; | W) # r(a, |[W) for 1 <i<n-—1.

From the representation, all vertices are distinct. We know that W is a resolving
set and dominating set such that W is a resolving dominating set with |W| =
[2]+1. Thus, we obtain that yar(P,) < [§] + 1. It concludes that yar(P,) =

[2]+1. 0

Theorem 2.6. Let Cp,, be a centipede with order n > 2, then the resolving domi-
nation number of Cp,, is

S5 i —ge

w, # > 3.

Proof. Centipede graph, denoted by Cp,,, is a tree graph with 2n vertices. Ver-
tex set and edge set of Cp,,, respectively, are V(Cp,,) = {x;,y;:1 < i < n} and
E(Cp,) ={xi—12; : 1 <i<n—1}U{z;y;; 1 <i < n}. The vertice z; is a backbone
and the vertice y; is a pendant vertex. For this proof, we divide the proof into two
cases as follows.

Case 1. For n = 2.

Centipede graph Cp, has four vertices (two vertices as backbone and two vertices
in pendant vertex), based on the definition that Centipede graph Cp, isomorphic

1950071-8
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{1.23456,79} 12233457} 112233455} {1,233456,7}

01123457 10.1,12,2.33.5) {0,1,1,2,3,34,5} {1.1.23456.7}
{01,2345,6,8) {0,1,1,22,3,4,6) 01,122,344} {01,22,34,56}
112.2,3.45,6.8) {1.22,334,46} 11,22,3,4,4,5,6} {0,2,3,456,7,8}

Fig. 3. A graph with resolving domination number ;7 (Cpg) = 8.

to path with four vertices. It is based on Lemma that yar(Cpy) > 3. Further-
more, we prove that vy (Cpy) < 3, we can construct the resolving dominating set
of Cp,, namely W = {x1,41,y2}. The vertex x5 is dominated by ys or 7. The
representation of vertex in Cp,, is as follows:

Bix: |[WE=H0,1,2} naW)=1{1,1)2}
T‘(yl |W) - {0’ 173} T(y2 | W)= {O’2>3}'

From the representation, all vertices are distinct. We know that W is resolving
set and dominating set such that W is a resolving dominating set with |[W| = 3.
Thus, we obtain that ya7(Cps) < 3. It concludes that v, (Cp,) = 3.

Case 2. For n > 3.

Centipede graph Cp,, has 2n vertices (n vertices as backbone and n vertices in pen-
dant vertex), based on Proposition 2] that v (Cpy) > max{~y(Cp,,), md(Cp,,)} =
{n,n} = n. Furthermore, we prove that ~vp/(Cp,) < n, we can construction
the resolving dominating set of Cp,,, namely W = {z1,...,2,_1,yn}. The ver-
tex x, is dominated by ¥, or x,_ 1 and the vertex y;,, 1 < ¢ < n — 1 domi-
nated by z;, 1 < ¢ < n — 1. The representation of vertex in Cp,, is shown in
Table [II

From Table[Il we have the properties that all vertices have distinct representa-
tion as follows:

(i) We know that d(yi, yn) # AUk, Yn) # d(Xn,yn), for 1 <1k <n-—1.
(ii) We have the representation of y; in Cp,,, namely r(y; | W) = {d(y1,xs) : s €

W — {yn}} U {d(ywyn)}
(iii) We have the representation of y; in Cp,,, namely r(y; | W —{y,}) = {d(y, zs) :

xs €W —{yn}} ={dyr,zs) : s E W —{yn}} = r(yp | W — {yn}) for I+ k=n
and 1 <[,k <n-—1.
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Table 1. The representation of Cp,,.

Y1 Y2 Y3 Y4 s | yn—2 | yn—1 Tn
1 1 2 3 4 5 n—2 | n—1|n-1
To 2 1 2 3 4 n—3 n—2 | n—2
T3 3 2 1 2 3 n—4 | n—-3 | n—3
T4 4 3 2 1 2 n—>5 n—4 n—4
T5 5 4 3 2 1 n—6 | n—5 | n—>5
T2 n—2 n—3 | n—4 | n—5 n—=~6 1 2 2

Tpn—1 n—1 n—2|n—-3 | n—4 | n—-5 1 1
Yn n+1 n n—1 n—2 n—3 4 3 1

(iv) Based on (i)—(iii) that 7(y; | W) # r(yg | W) for 1 <,k <n—1.
(v) We know that r(y; | W) # r(z, |W) for 1 <i<n—1.

From the representation, all vertices are distinct. We know that W is a resolving
set and dominating set such that W is a resolving dominating set with |W| = n.
Thus, we obtain that yar(Cp,,) < n. It concludes that vy (Cp,,) = n. O

Theorem 2.7. Let T}, be a tadpole graph with order n € N, then resolving domi-
nation number of Ty 5, is

! ifn =3,
Y (Lan) =
[g] "\

Proof. Tadpole graph, denoted by T4 ,, is a unicyclic graph which is obtained by
joining a cycle C4y and path P, with a bridge. Vertex set and edge set of Ty ,,
respectively, are V(Tyn) = {xi,y; 1 1 <1 <4,1 < j<n}and E(Tyn) = {yj—1y; :
1 <5 <n—1}U{z1y1, 2122, 223, 2374, T421 }. The edge x1y; is a bridge in tadpole
graphs. For this proof, we divide the proof into two cases as follows:

Case 1. For n = 3.

Based on Lemma 1] that yaz(Zy,,,) > 3. Assume that |W| = 3, such that we have
the same representation as follows:

(i) If we choose the set W = {x3,y1,y3}, then we know that d(za,x1) = d(z4,21)
and d(x2,x3) = d(x4,x3) = 1. Thus, r(ze | W) = r(zs | W) = {1,2,4}.

(ii) If we choose the set W = {3, x4, y2}, then we know that d(x2,z4) = d(y1,24)
and d(x2,y2) = d(y1, x3). Thus, r(ae | W) =r(y | W) = {1,2,3}.

There are same representations such that yas(74,,) > 4. Furthermore, we prove
that 'yM(T4,n) < 4, we can construct the resolving dominating set of 7} ,. The
representation of vertex in Ty , is as follows:

1950071-10
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T4,n With
W = {x3,74,y1,Yy3}

r(xy |W) {1,1,2,3}
r(zg | W) {1,2,2,4}
r(xzs | W) {0,1,3,5}
r(zy | W) {0,1,2,4}
r(yl | W) {0’272’3}
T(y2|W) {1717374}
T‘(yg l W) {0’274’5}

All vertices in Ty, have distinct representations. We know that W is a resolving
set and dominating set such that W is a resolving dominating set. Thus, we obtain
that yar(Ty,,) < 4. It concludes that yas (T ,) = 4.

Case 2. For n = 0,2 (mod 3).
We prove that yas(Ty,n) > [5] + 2. Assume that [W| = [Z] + 1, namely W = {y;;

j =2 (mod 3)} U {x3}. There are at least two vertices which have same represen-
tation. We can construct the representation as follows:

(i) We have d(xq,x3) = d(x4,23) and d(x2, 1) = d(x4,x1).
(ii) We know that d(xe,ys) = d(z2,21)+d(x1,ys) = d(zg,21)+d(z1,ys) =
d(xy,ys) for ys € W.
(iii) We know that r(zo |W) = {d(z2,ys) : ys € W} = {d(v4,ys) : ys € W} =
r(zy |W).

Based on the assumption above, there are same representations, which is a contra-
diction. Thus, yas(T4,n) > [ 5] + 2. Furthermore, we prove that yas (Tun) < [5]+2,
we can construct the resolving dominating set of T} ,,, namely W = {y;, x3, z4;j =
2 (mod 3)}. The vertex y;; j # 2 (mod 3) dominated by vertices in W. We have the
properties this show that all vertices have distinct representations as follows:

(i) We know that d(y;, x4) # d(yk,x4), for 1 <1,k < n and y;,yr € W.

(ii) We have the representation of y; € V(Ty,)—W, namely r(y;|W) =
{d(yj,ys) : ys € W= {z3,24}} U{d(y;,4)}.

(iii) We have the representation of y; € V/(Ty,,), namely r(y; | W — {xs3,24}) =
{dyi,ys) 1 ys € W —{xs, 24t} = {d(yr,ys) 1 ys €W —{xs, 24} } = r(ys |[W —
{zg,z4}) forl+k=n+2and 1 <[,k <n.

(iv) Based on (i)—(iii) that r(y; | W) # r(yg | W) for 1 <1,k <n.

(v) We know that r(y; | W) # r(z1 |W) #r(xe |W) for 1 < j <n.

From the representation, all vertices are distinct. We know that W is a resolving
set and dominating set such that W is a resolving dominating set with |W| =
[%]+2. Thus, we obtain that yas(Ty,,) < [%] + 2. It concludes that vas(Thn) =
[2]+2.
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O {1234 {1,245 {0367

{0,147}

{1.22,5) 10,3,3,4} {1,2,5,6} (1478

{0,1,3,6}

Fig. 4. A graph with resolving domination number vy (V (T4,6)) = 4.

Case 3. For n =1 (mod 3).

We prove that yar(Tyn) > [5] + 2. Assume that |[W| = [§] + 1, namely W =
{YjsYn;J = 2 (mod 3)} U {x3}. There are at least two vertices which have same
representation. We can construction the representation as follows:

(i) We have d(xa,x3) = d(x4,23) and d(xe,x1) = d(x4,x1).
(i) We know that d(za,ys) = d(z2,21)+d(z1,ys) = d(va,z1)+d(z1,ys) =
d(xy4,ys) for y, € W.
(iii) We know that r(zg |W) = {d(x2,ys) : ys € W} = {d(z4,ys) : ys € W} =
r(za |W).

Based on the assumption above, there are same representations, which is a con-
tradiction. Thus, yas(T4,n) = [5] + 2. Furthermore, we prove that vas(Tyn) <
[2] + 2, we can construct the resolving dominating set of 7} ,, namely W
{yj, 23,24, yn;j = 2 (mod 3)}. The vertex y;;j # 2 (mod 3) is dominated by
vertices in W. We have the properties this show that all vertices have distinct

representations as follows:

(i) We know that d(y;, x4) # d(yk, z4), for 1 <1,k <n and y;, y ¢ W.
(ii) We have the representation of y; € V(Iy,)—W, namely r(y;|W) =
{d(yj/ ys) “Ys H-= {$3,$4,yn}} U {d(y],$4)}

(iii) We have the representation of y; € V(T4 ,,), namely r(y; | W — {z3,24,yn}) =

{d(ylvys) tYs € W — {I37I47yn}} = {d(ykvyS) P Ys € W — {x37:1747yﬂ}} -
r(yr |W —{xs,24,yn}) for l+ k=nand 1 <,k <n.

(iv) Based on (i)—(iii) that r(y; | W) # r(yg | W) for 1 <1,k <n.
(v) We know that r(y; | W) # r(z1 |W) #r(ze |W) for 1 < j <n.

From the representation, all vertices are distinct. We know that W is a resolving
set and dominating set such that W is a resolving dominating set with |W| =

[2] + 2. Thus, we obtain that ya(Ty,n) < [%§] + 2. It concludes that vas(Ty,) =
(3] +2. O
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3. Conclusion

In this paper, we have given results on the lower bound of a resolving domination
number and determine the exact values of some special graphs. Hence, the following
problems arise naturally.

Open Problem 3.1. Determine the resolving domination number of family graph
namely family tree, unicyclic, regular graphs, and others.

Open Problem 3.2. Determine the resolving domination number of operation
graph namely corona product, cartesian product, joint, comb product, and others.

Open Problem 3.3. Characterize the resolving domination number ~,(G) = n — 1.
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For a set W = {81,80,...,8;,} of vertices of a graph G, the representation multiset of
a vertex v of G with respect to W is r{v| W) = {d(v, s1),d(v, s2), ..., d(v, 55 )}, where
dlv, ;) is adistance between of the vertex v and the vertices in W together with their
multiplicities. The set W is a resolving set of GLilr(v [W) # r{u | W) for every pair u, v
of distinet vertices of . The minimum resolving set W is a multiset basis of . If (7 has
a multiset basis, then its cardinality is called multiset dimension, denoted by md{G). A
set W of vertices in (7 is a dominating set for & if every vertex of G that is not in W
15 adjacent to some vertex of W. The minimum cardinality of the dominating set s a
domination number, denoted by v(G). A vertex set of some vertices in G that is both
resolving and deminating set I8 a resolving dominating set. The minimum eardinality
of resolving deminating set is called resolving domination number, denoted by ~,.(G).
In our paper, we investigate and establish sharp bounds of the resolving domination
number of (¢ and determine the exact value of some family graphs.

Keywords: Resolving set; multiset dimension; dominating set; domination number;
resolving dominating set; resolving domination number.

Mathematics Subject Classification 2010: 05C12

1. Introduction

In this paper, all graphs are nontrivial and connected graphs, for detailed definition

of graph, see [11[21[4]. The concept of metric dimension was independently introduced
by Slater [6], Harrary and Melter [3]. In his paper, Slater considered the minimum
resolving set of a graph as the location of the placement of a minimum number of
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sonar /loran detecting devices in a network. So, the position of every vertex in the
network can be uniquely described in terms of its distances to the devices in the set.
Applications of metric dimension problem can also be found in network and veri-
fication, robot navigation, combinatorial optimization, pharmaceutical chemistry,
and strategies for the mastermind game.

Simanjuntak et al. [7] started the definition of multiset dimension of ¢, Let G be
a connected graph with vertex set V(G). Suppose W = {s1,5,...,5;} is a subset
of vertex set V' ((7), the representation multiset of a vertex v of ¢ with respect to W
is r(v| W) = {d(v,s1),d(v,s2),....d{v,sp)}, where d(v, s;) is a distance between v
and the vertices in W together with their multiplicities. The resolving set W is a
resolving set of G if r(v | W) # rlu | W) for every pair of distances vertices u and
v. The minimum resolving set W is a multiset basis of G. It G has a multiset basis,
then its cardinality is called a multiset dimension, denoted by md(G).

A wertex v in a graph ¢ is said to dominate itself as well as its neighbors, A
set W of vertices in (G is a dominating set for (7 if every vertex of ( is dominated
by some vertex of W. The minimum cardinality of a dominating set is domination
number, denoted by ¥(G). In recent years, there exist additional properties for
dominating set, for example independent dominating set requires a dominating set
to be independent, the connected dominating set requires a dominating set to indnce
a connected graphs and total dominating sets are not defined for graphs having an
isolated vertex. For more details about other conditional domination numbers see
[5]. Some results of domination numbers of some special families graphs are as
follows.

Proposition 1.1 ([5]). Let P, be a path graphs, v(P,) = [%].
The centipede graphs, denoted by Cp,, are the caterpillar graphs C, ;.
Proposition 1.2 ([5]). Let Cym be a caterpillar graphs, v(Cy ) = n.

We define the new notation that combines the concept multiset dimension and
domination mimber of &, which is called the resolving domination munber. We start
the definition of resolving domination number as follows.

Definition 1.1. A vertex set W of some vertices in & that is both resolving and
domindgliill set is a resolving dominating set. The minimum cardinality of resolving
dominating set is called the resolving domination number, denoted by ~.(G).

We will illustrate these concepts in Fig. [T] In this case, we have the resolving set
W = {v;} which is shown in Fig.[[la) that md(&) = 1 and the representations of
v € V(G) with respect to W are distinct. On the other hand, the set W = {vo, v}
isa domirang set of G and so we have v(G) = 2 which is shown in Fig.[[Ib). To
determine the resolving domination number of G, (a) W is a resolving set but not
a dominating set, (b) W is a dominating set but not a resolving set such that we
observe the set W = {v1, v3,v4} in (¢) with the given representation of the vertices
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01 v @i {02310

1/@v: Ow {1.1.2}@w

2'@v: @v: {01210

31@w Ow {0,1310Ow
(a) (b) (c)

Fig. 1. (a) A graph with multiset dimension md(G) = 1; (b) A graph with domination number
+G) = 2; (¢} A graph with resolving domination number ~,.(G) = 3.

of G with respect to W as follows:
r(v1|W) =1{0,2,3}, r(va| W)= {1,1,2},

r(vs | W) ={0,1,2}, rlve|W) = {0,1,3},

and v, € V(@) — W adjacent to vertices in W, then W is a resolving set and a
dominating set. Hence, +,.(G) = 3.

Until now, there have been some results of multiset dimension in Simanjuntak
et al. [7] as follows.

Theorem 1.3. The multiset dimension of a graph G is one if and only if G is a
path.

Theorem 1.4, Let G be a graph other than a path. Then md(G) = 3.

Theorem 1.5. If G is a graph of diameter at most 2 other than a path, then
md () = oo.

Lemma 1.1. If G contains a vertex which is adjacent to (at least) three pendant
vertices, then md(G) = oo.

2. Main Results

In this paper, we investigate and determine the exact values of a resolving domina-
tion number of some family of graph.

Proposition 2.1. For every graph G,

max{7(G), md(G)} < +.(G).
Theorem 2.2. Let G be a connected graph with G = Ky, P, if and only if the
resolving domination number of G is 7,.(G) = 1.

1950071-3
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Proof. For this proof, we characterize for a graph G = K1, P,

Case 1. Let K} be a trivial graph with order one (say |V(/1)| = 1) such that we
have W = V(K,) = {u} that is a resolving and dominating set, then /(&) = 1.
Now, we show that if 45, (/1) = 1, then G is trivial graph K. Let W = {u} be a
resolving dominating set of a graph G. Thus, d{u, u) = 0 with diameter 0, hence G
is trivial graph K.

Case 2. Let I be a path graph with order two. Then the set W = {u} contains
a pendant vertex of a path, which is resolving dominating set, thus vy () = 1.
Now, we show that if v, (F;) = 1, then G is path graph Ps;. Let W = {u} be
a resolving dominating set of a graph . Thus, r{u| W) = {d(u,u)} = {0} and
r(v|W) = {d(v,u)} = {1}, this implies that the diameter of G is 1, hence, 7 is
complete graph Iy isomorphic to path graph with order 2.

From both cases, for G = K, P, it and only if the resolving domination number
1(G) = L. O

Theorem 2.3. Let G be a connected graph with diameter one except P,, then the
resolving domination number of G is v-(G) = .

Proof. If (¢ has a diameter at most one expect K, and P, then every vertex is
adjacent to other vertices. We choose the vertices in W as w1, we, wa, . .., wi, where
i € [1, k] such that we have r(w; | W) = {0,1¥7'} that is same representation and
w; € W is also dominator for vertices in G. For r(u| W) = {1¥} for u € V(G) - W
has same representation. Therefore, W is not resolving dominating set of G. m|

Lemma 2.1. No graphs G has resolving domination number 2.

Proof. Let G be a connected graph with order at least 2. Assume that ~,.(G) = 2
for any graphs. We choose resolving dominating set W = {u, v}, then we have
r(u| W) ={0,d(u,v)} = {d(v,u),0} = r(v| W), where d(u, v) =d(v, u), it is a con-
tradiction. Hence, all graphs do not have the resolving domination number 2. O

From Lemma [2:] Theorems [2:2] and [2:33] we have lemma as follows.

Lemma 2.2, Let G be a connected graph with diameter at least two, then the
resolving domination number of G is 7,.(G) = 3.

Proof. Based on Theorem[Z.2]that G 2 K, Py — ~,(G) = 1 and Theorem [2.3] and
Lemma [2.T] that no graph has multiset dominating number two. Hence, ~,(G) = 3
for diameter at least 2. O

Lemma 2.3. If G contains a verter which is adjacent to (at least) three pendant
vertices, then the resolving domination number is v,.(G) = nc.
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Proof. Let W be a resolving dominating set of vertex set in GG. We have uy, us, us
that is, three pendant vertices for some vertices in ¢. Therefore, there exist at least
two vertices of pendant vertices (u; and us) are in W, or at least two vertices of
pendant vertices (1, and w,) aren’t in W, We know that the distance vy, vy to other
vertex v of vertex set in ¢ (say d(vy,v) = d(vo.v)), then in both cases these vertices
cannot be resolved or dominated. O

The following theorem is a corollary of Theorem[2.3]
Corollary 2.1. Let K,, be a complete graph with order m > 3, then resolving
domination number of K, 15 v () = 0o.

The following theorem is a corollary of Lemma [2.3]

Corollary 2.2. Let S, be a star graph with order m > 2, then the resolving domi-
nation number of Sy is yar(Sm) = 00.

Corollary 2.3. Let Brum be @ broom graph with order n,m > 3, then the resolving
domination number of Bry, . i (S, ) = 00.

Corollary 2.4. Let DS, . be a double star with order n,m > 3, then the resolving
domination number of DS, 4, 15 Y (S ) = 0.

For any two graphs G and H, a corona product of G and H, denoted by G H,
is a connected graph which is formed by taking n copies of graphs H;, 1 < < n of
H and connecting 7th vertex of G to the vertices of H;.

Theorem 2.4. Let G m, be a corona product of G order n and mK, is trivial
graph with m = 3, then the resolving domination number of G ©@ mK, is v (G ®
mhi) = oa.

Furthermore, we determine the exact value of some families graphs for the
resolving domination number, namely path, centipede graphs and tadpole T} .
The results of 4, (G) as follows.

Theorem 2.5. Let P, be a path with order n = 2, then the resolving domination
number of P, is

il ifn=2

0a, =3

3, if n € {4,5,6}
YM(PI=§ rn
[ -|a ifn>=7n+#0 (mod3)

|3 gal 3

_3] +1, ifn>=7n=0 (mod3).

Proof. Path graph, denoted by P, is a tree graph with n vertices. \"(.'rtaiet and
edge set of P, respectively, are V(P,) = {z; : 1 <i < n} and E(P,) = {z;_12; :
1 <i < n—1}. For this proof, we divide the proof into two cases as follows.
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Case 1. For n = 2.
Based on Theorem [Z2]that ~,(Ps) = 1.
Case 2. For n = 3.

Based on Lemmal2.1]that Y (P3) = 3. Furthermore, we prove that var(Ps) < 37 we
can construct the resolving dominating set of Py, namely W = V(P;) = {z),zy, 23}
The representation of vertex in Py is as follows:

r(ry | W) ={0,1,2} r(zy |[W)={0,1,1} r(zs|W)={0.1,2}
There are same representations, namely r(zy | W) = r(zg | W). We know that
W is not a resolving set such that W is not a resolving dominating set. Thus, we
obtain that ~,,(P3) # 3. It concludes that v, (1) = oc.
Case 3. For n = 4,5, 6.
Based on Lemma 2.1l that 4ar(P.) > 3. Furthermore, we prove that vy (P,) < 3.

we can construct the resolving dominating set of F,. The representation of vertex
in P, is as follows:

2y with P, with % with
W ={z,z0, 24} | W= {m, 20,25} | W = {za, 5, 25}

(x| W) {0, 1.3} {0,1,4} {1,4,5}
(22 | W) (0,1,2) {0,1, 3} {0,3,4)
(x5 | W) {1.1,3} {1,2,2} {1,2,3)
r(zs | W) {0.2.3} (1,2.3) 12 2)
r(zs | W) {0,3,4} 10,1, 3}
r(zg | W) {0,1,4}

All vertices in P, have distinet representations. We know that W is resolving
set and dominating set such that W is resolving dominating set. Thus, we obtain
that vy (P, ) < 3. It concludes that vy (F,) = 3.

Case 4. Forn = 7 and n = 1 (mod 3).

Based on Propesition 2] that vy (P,) > max{~(P,), md(P,)} = {[%],1} = [%].
Furthermore, we prove that yas () < [%], we can construct the resolving dominat-
ing set of P, namely W = {zi, 7,,~1;1 = 2 (mod 3)}. The vertex z;;i # 2 (mod 3)
is dominated by vertices in W. We have the properties to show that all vertices

have distinct representation as follows:
(i) We know that d(z),z, 1) #d(ry, 2y ), for 1 <[k <n—1and z,z; ¢ W.
(ii) We have the representation of z; € V() — W, namely r(z;: | W) = {d(z:, z4) :
s €W —{z, 1} U{d(z;,3,-1)}
(iii) We have the representation of x; € V(P,) — W, namely r(z; | W — {yn}) =
{d[:.!'g_..l‘fs) LT € W — {']-‘u—l}} = {d(']-‘kr']-‘s) DT € W — {']-‘u—l}} i r(l'j‘- | W—
{zn aPforl+k=n+land 1< k<n-—1.
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(iv) Based on (i)-(iii) that r(z | W) # r(ze |[W) for 1 <Lk <n— 1.
(v) We know that r(z; |W) #r{z,|[W)for 1 <i<n-—1

From the representation, all vertices are distinct. We know that W is a resolving
set and dominating set such that W is a resolving dominating set with |[W| = [%].

Thus, we obtain that vy, (P, ) < [§]. It concludes that v, (F,) = [%4].

Case 5. Forn > 7 and n = 2 (mod 3).

Based on Proposition 23] that yas(Pn) > max{y(FPn), md(FP.)} = {[5].1} = [3].
%7, we can construct the resolving dominat-
ing set of P,, namely W = {z,,z,, 1;i =2 (mod 3)}. The vertex z,;i # 2 (mod 3)

Furthermore, we prove that v, (P,) < [

is dominated by vertices in W. We have the properties to show that all vertices
have distinet representation as follows:

(i) We know that d(zy,z,—1) # d(zp, zn—1), for 1 <Lk <n—1and oz, ¢ W.

(ii) We have the representation of x; € V(P,) — W, namely r(z; | W) = {d(z;, z,) :
T W = {z,, o} Ml d( 88T, 1) 18

(iii) We have the representation of x; € V (P, ) — W, namely r(zy|W — {z,1}) =
{d(z;,z,) 2e € W—{z,1}} = {dlzp,z) e € W — {2y }} =1z [ W —
{zna})forl+k=n—land 1<l k<n-—1

(iv) Based on (i)—(iii) that r(z; | W) # r(zy |[W) for 1 <L,k <n—-1.

(v) We know ﬁt r{z; |W)#r(z, |W)for 1l <i<n-—1

Irom the representation, all vertices are distinct. We know that W is a resolving
set and dominating set such that W is a resolving dominating set with [W| = [£].
Thus, we obtain that yy7(P,) < [%]. It concludes that vy () = [5].

Case 6. Forn > 7 and n = 0 (mod 3).

Based on I’ropositiunlﬂthat Y (LPn) = max{"r(P“J,md(P“)} = {|"—;-|,1} = f'—;]

Assume that [W| = [%], namely W = {z;;4 = 2 (mod 3)}. There are at least two

vertices which have same representation. We can construct the representation as
follows:

(i) We have the representation of z; € V(P,) — W, namely r(z; | W) = {d(z;, =) :
zs € Wi = 2 (mod 3)}.

(ii) We have the representation of x; € V(B,) — W, namely r(z; | W) = {d(z;, z;) :
s € W} ={d(zp,zs) : 2o € WY =r(ay |[W)forl+k=n+1and 1 <[ k<
n— 1.

(ili) Based on (i)-(ii) that v(z; | W) = r(z, |W) for 1 <l k <n— 1

Based on the assumption above, there are same representations, which is a con-
tradiction. Thus, ya () > [%5]+1. Furthermore, we prove that yar(F,) < [5]+1,
we can construct the resolving dominating set of B, namely W = {z, . r,;i =
2 (mod 3)}. The vertex x;;1 # 2 (mod 3) is dominated by vertices in W. We have

the properties to show that all vertices have distinet representation as follows:

(i) We know that d(z;,z,) # d(zy,z,), for L <l k<n—1and @, 3 ¢ W.

1950071-7
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{0,1,4,7,10}

{0369,10)  {0,1,369

{12,582}

{03367} {0,3,36,4}

{12456} {1,24,55)}

Fig. 2. A graph with resolving domination number v (Fiz) = 5.

(ii) We have the representation of z; € V(F,) — W, namely r(xz; | W) = {d(x;, z) :
z, €W —{z,}} U{d(z;, z,) }.

(ili) We have the representation of x; € V(P,) — W, namely r(z;|W — {z,}) =
{d(z;,xs) : 7 € W —{z,}} = {d(zp,2:) 13s € W —{x, }} = r(ze | W—{2,})
fori+k=n+1land1 <[k <n-1.

(iv) Based on (i)-(iii) that r(zy | W) # r(z, |[W) for 1 <1,k <n— 1.

(v) We know that r(z; |W) # r(z, |[W)for1l<i<n-—1

From the representation, all vertices are distinct. We know that W is a resolving
set and dominating set such that W is a resolving dominating set with || =
[%]+1. Thus, we obtain that vy (P,) < [%] + 1. It concludes that vu(P,) =
2] +1. .

Theorem 2.6. Let Cp,, be a centipede with order n > 2, then the resolving domi-
nation number of Cp,, is

3, ifn=2,
n, if n>3.

¥ (Cp,) = {

Proof. Centipede graph, denoted by Cp,, is a tree graph with 2n vertices. Ver-
tex set and edge set of Cp,,, respectively, are V(Cp,,) = {z:,y;:1 < i < n} and
E(Cp,) ={zi1x;: 1 <i<n—1}U{zy:; 1 <i < n}. The vertice z; is a backbone
and the vertice y; is a pendant vertex. For this proof, we divide the proof into two
cases as follows.

2
Case 1. For n = 2. .

Centipede graph Cp, has four vertices (two vertices as backbone and two vertices
in pendant vertex), based on the definition that Centipede graph Cp, isomorphic

1950071-8
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{123,4,56,79) (12233457 {1,2,2,33455) 12334567

01123457 0,1,1,223,35) 0,1123345) 11234567}
{0,1,2,345868) {0.1,1,2.2 3,4 6} {01,1,22,344) {01,223 456}

1223456,8) {1,2233446) {1,2234456) 0,23456,7.8)

Fig. 3. A graph with resolving domination number v,y (Cpg) = 8.

to path with four vertices. It is based on Lemma [232] that 4y (Cp,) > 3. Farther-
more, we prove that var(Cpsy) < 3, we can construct the resolving dominating set
of Cp,, namely W = {z.y1,y2}. The vertex rs is dominated by ys or ;. The
representation of vertex in Cp,, is as follows:

r(zy | W) ={0,1,2} r(zs | W) = {1,1,2}

From the representation, all vertices are distinct. We know that W is resolving
set and dominating set such that W is a resolving dominating set with [W| = 3.
Thus, we obtain that v (Cp,) < 3. It coneludes that v (Cpy) = 3.

Case 2. For n > 3.

Centipede graph Cp,, has 2n vertices (n vertices as backbone and n vertices in pen-
dant vertex), based on Proposition[Z:] that vy, (Cp,) = max{+(Cp, ), md(Cp, )} =
{n.n} = n. Furthermore, we prove that ~a(Cp,) < n, we can construction
the resolving dominating set of Cp,, namely W = {z1,..., 2,1,y }. The ver-
tex r, is dominated by yn or zn—1 and the vertex i, 1 < i < n — 1 domi-
nated by z;, 1 < i < n — 1. The representation of vertex in Cp, is shown in
Table[T]

From Table[ll we have the properties that all vertices have distinct representa-
tion as follows:

(i) We know that d{y. yn) # d(yesn) # d(zy,y, ), for 1< Lk <n—1.
(ii) We have the representation of y; in Cp,, namely r(y; | W) = {d(y1.z:) 1 zc €

W — {y“}} LJ {d(yi:yﬂ)}'
(iii) We have the representation of yi in Cp,, namely r(ye | W —{yn}) = {d(y:, ) :

. EW —{yu}t={dyr,zs) : s €W —{yn}} =rlpp |W —{yn}) for I +k=n
and 1 <[,k <n-1.

1950071-9
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Table 1. The representation of Cp,,.

i 2 Wi Ha s Wn—2 Wn—1 In
1 1 2 3 4 5 n—2|n—1|n-1
T3 2 1 2 3 4 n—3 | n—2 | n—2
T3 3 2 1 2 3 n—4 | n—3 | n—23
Ty 4 3 2 1 2 n—5 | n—4 | n—4
x5 5 4 3 2 1 n—=6G | n—5 | n—>5
Tp—z | m—2 | n—3 | n—4 | n-5|n—-6G1|- - 1 2 2
Tn_1 n—1|n—-2|n—-3|n—-4 | n-5/]---- 2 1 1
Un n+1 T mn—1 n—2 n—3 4 3 1

(iv) Based on (eiii) that r(y | W) £ r(y |[W)for 1< Lk <n—1.
(v) We know that #(y; |W) # r(z, |W)for 1 <i<n-1

From the representation, all vertices are distinet. We know that W is a resolving
set and dominating set such that W is a resolving dominating set with |W| = n.
Thus, we obtain that vy (Cp,, ) < n. It concludes that vy (Cp,,) = n. o

Theorem 2.7. Let Ty, be a tadpole graph with order n € N, then resolving domi-
nation number of Ty ,, is

4, if n =3,
i Tan) =
1 :
[E] +2, ifn#3.

Proof. Tadpole graph, denoted by T} ,,, is a unjgmclic graph which is obtained by
joining a cycle 'y and path P, with a bridge. *Vertex set and edge set of T .,
respectively, are V(T ) = {zi,y;: 1 <i <4, 1 <j<n}and B(Ty,) = {y;—1y; :
1 <j <n—1}YU{z151, 7170, 323, 1374, 471 }. The edge z1y; is a bridge in tadpole
graphs. For this proof, we daie the proof into two cases as follows:

Case 1. For n = 3.

Based on Lemmal[Z.1]that 4p(Ty,) > 3. Assume that [IW] = 3, such that we have
the same representation as follows:

(i) If we choose the set W = {x3, 91,93}, then we know that d(zy,z,) = d(z4,21)
and d(zy,x3) = d(z4,z3) = 1. Thus, r(zs |W) = r(zs | W) = {1,2,4}.

(ii) If we choose the set W = {z3, z4,y2}, then we know that d(za,z4) = d(y1, v4)
and d(xy,ys) = d(y1, 3). Thus, r(zs |W) =r(in | W) = {1,2, 3}.

There are same representations such that v (T4 ) = 4. Furthermore, we prove
that vy (Ty ) < 4, we can construet the resolving dominating set of T} ,,. The
representation of vertex in Ty ,, is as follows:

1950071-10
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Ty, with
W = {z3,74,91,¥3}

r(zy [ W) {1,1,2,3}

r(ze [ W) {1,2,2,4}

r(xg | W) {0,1,3,5}

rlzy|W) {0,1,2,4}

r(y [ W) {0.2,2,3}
r(ya |W) {1.1,3,4}

rlys | W) 10,2,4,5}

All vertices in Ty, have distinet representations. We know that W is a resolving
set and dominating set such that W is a resolving dominating set. Thus, we obtain
that var(Tan) < 4. It concludes that qar(Th ) = 4.

Case 2. Forn = 0.2 (mod 3).
We prove that yp(Ty,) = [%] + 2. Assume that |W| = [‘—;] + 1, namely W = {y;:

1y h

j =2 (mod 3)} U {x3}. There are at least two vertices which have same represen-
tation. We can construct the representation as follows:

(i) We have d(ra, r3) = d(z4,73) and d(zs, 71) = d(za, 21).
(ii) We know that d(zg,ys) = d(zy,z1) +d(z,ys) = dlzg, ) +d(z,ys) =
d(xy,y,) for y, € W.
(i) We know that r(zo |W) = {d(z2,ys) : ve € W} = {d{za,ys) : ys € W} =
r(zy | W).

Based on the assumption above, there are same representations, which is a contra-
diction. Thus, yp(Thn) = [ 4] + 2. Furthermore, we prove that yas (T, ) < [5] 42,
we can construct the resolving dominating set of T, ,,, namely W' = {y;, x5, 745 =
2 (mod 3)}. The vertex y;: j # 2 (mod 3) dominated by vertices in W. We have the
properties this show that all vertices have distinct representations as follows:

(i) We know that d(yi.x4) # d(yr,x4), for 1 <Lk <nand y,yn & W.
(i) We have the representation of y;, € V(Ty,)—W, namely r(y;|W) =
{dy;. ys) s ys €W — {3,241} U {d(y;, 24)}.

(i) We have the representation of y; € V(Ty,), namely r(y |W — {3, 24}) =
{d.ys) : ys € W— {23, 24} } = {d(y.ys) 1y € W= {z5, 2} } = r(yn | W -
{zg,z4}) forl+k=n+2and 1 <[ k<n

(iv) Based on (i)-(iii) that r(y |W) # r(y |W) for 1 < Lk < n.
(v) We know that r(y; | W) # r(z | W) #r(ze |W) for 1 £j < n.

From the representation, all vertices are distinct. We know that W is a resolving
set and dominating set such that W is a resolving dominating set with [W| =
[5]+2. Thus, we obtain that vy, (Ty ,) < [5] + 2. It concludes that (T} ,) =

[3]+2
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{1236) {1.234) (1245 {038,7)

{0147}

{1225 {0,3,3,4) {1,256} 1478

{0,1,3,6}

Fig. 4. A graph with resolving domination number v, (V(Ty )) = 4.

Case 3. For n = 1 (mod 3).

We prove that yar(Tan) > [5] + 2. Assume that [W| = [F] + 1, namely W =
{yjsyn:j = 2 (mod 3)} U {x3}. There are at least two vertices which have same

representation. We can construction the representation as follows:

(i) We have d(zs, r3) = d(x4,z3) and d(zs, 1) = d(z4, 71).
(ii) We know that d(ze,ys) = dlre,z1)+d(z,ys) = dirg, o) +dlz,ys) =
d(zy,y.) for y, € W.
(i) We know that r(ze |W) = {d(z2,ys) : ys € W} = {d(m,ys) Ty € Wi =
rlzy | W).

Based on the assumption above, there are same representations, which is a con-
tradiction. Thus, yar(Tsn) > [%] + 2. Furthermore, we prove that yas(Tan) <

[5] + 2, we can comstruct the resolving dominating set of Ty ,, namely W =
{yj, 3, 24,ynsJ = 2 (mod 3)}. The vertex y;;j # 2 (mod 3) i8 dominated by
vertices in W. We have the properties this show that all vertices have distinet

representations as follows:

(i) We know that d(yi.z4) # d(ys,z4), for 1 <[,k < nand y,ye € W.

(i) We have the representation of y; € V(Tiyn)—W, namely r(y; |W) =
{dly; . ys) s ye €W —{z3, 24,90} } U {d(y;, 4) }.

(iii) We have the representation of y; € V(T4 ), namely r(y | W — {23, 24,yn}) =
{dyi.ys) - ys € W —{z3, 2a,yn}} = {dyk,ys) 2 ys € W — {z3. 20,y }} =
rlu | W — {23, 20.yn}) for I+ k=nand 1 < [,k < n.

(iv) Based on (1)-(iii) that r(y; |W) £ r(y |W) for 1< Lk < n.

(v) We know that r(y; | W) # r(z | W) #r(ze |W) for 1 £j < n.

Irom the representation, all vertices are distinct. We know that W is a resolving
set and dominating set such that W is a resolving dominating set with [W| =
[5] +2. Thus, we obtain that vy (Ty ) < [5]+ 2. It concludes that 5 (T} ,,) =
{J’J"| e 2. D

3
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3. Conclusion

In this paper, we have given results on the lower bound of a resolving domination
number and determine the exact values of some special graphs. Hence, the following
problems arise naturally.

Open Problem 3.1. Determine the resolving domination number of family graph
namely family tree, unicyclic, regular graphs, and others.

Open Problem 3.2. Determine the resolving domination number of operation
graph namely corona product, cartesian product, joint, comb product, and others.

Open Problem 3.3. Characterize the resolving domination number v,.(G) =n — 1.
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