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PREFACE 
 

Cauchy is a national journal published by Mathematics Department, Science and 

Technology Faculty, Maulana Malik Ibrahim State Islamic University of Malang. This 

is the second issue of this year. It contains 6 (six) article from all over the country, 

not only from local area of East Java. Those articles covered graph theory, numerical 

analysis, applied mathematics, statistics, economic mathematics, and algebra. This 

issue was authored by 13 authors and co-authors.  

In the first article, the author discussed the application of pontryagin’s minimum 

principle in optimum time of missile manoeuvring. Analysis of surface-to-surface 

missile which considered objective and dynamical system showed that trajectory tracking 

of this missile was split up in three sub-intervals, namely flying, climbing, and diving in 

which had different performances of speed. 

The second article discussed about power of test path analysis and partial least 

square analysis. The result showed that the usage of path analysis provides better value 

than 𝑃𝐿𝑆 at 𝑅2 value in terms of the power of the test. Behavioral conditions of work of 

civil servants in Kediri City Government did not follow the rules of the science of human 

resources in terms of election officials echelon structural or civil servants. 

The third article, entitled “Estimation Parameters and Modelling Zero Inflated Negative 

Binomial” elaborated that the estimation parameter of Zero inflated Negative Binomial 

(ZINB) model was conducted using Maximum Likelihood Estimation (MLE) and to maximize 

the likelihood function used the EM (Expectation Maximization) algorithm. For parameter 

test predictor variable that has significant effect on the number of cases of Tetanus 

Neonatorum are pregnant mothers visit K4 (X1) and maternal mothers assisted by health 

workers (X3) for the negative binomial state models, while zero inflation state model 

predictor variable that has significant effect on the number of cases of Tetanus Neonatorum 

include the percentage of neonates visit (X4). 

The fourth article emphasized the discussion to Leontief input-output method for 

the fresh milk distribution linkage analysis. Leontief Input-Output Method can 

illustrate the intersectoral linkages and identify the key sector in the fresh milk 

distribution. It is clearly shown that the merging of the collectors’ and the fresh milk 

processing industries’ activities offers high indices of both backward linkages and forward 

linkages, so that it can be the key sector in the fresh milk distribution. 

The fifth article covered the local metric dimension of line graph of special graphs. 
The local metric dimension number of line graph of special graphs, namely line graph of path, 
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The last article entitled “Some Properties from Construction of Finite Projective 

Planes of Order 2 and 3”. It showed that a finite projective plane is a geometric 

construction that extends the concept of a plane. It consists of a set of points and lines 

together with an incidence relation between them and order 2 is the smallest order. In this 

paper some properties from construction of finite projective planes of order 2 and order 3 

which is as a comparison are observed. 
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PUBLICATION ETHICS 
 

Contribution to Editorial Decisions 
Peer review assists the editor in making editorial decisions and through the editorial 
communications with the author may also assist the author in improving the paper. 
 
Promptness 
Any selected referee who feels unqualified to review the research reported in a manuscript 
or knows that its prompt review will be impossible should notify the editor and excuse 
himself from the review process. 
 
Standards of Objectivity 
Reviews should be conducted objectively. Personal criticism of the author is inappropriate. 
Referees should express their views clearly with supporting arguments. 
 
Acknowledgement of Sources 
Reviewers should identify relevant published work that has not been cited by the authors. 
Any statement that an observation, derivation, or argument had been previously reported 
should be accompanied by the relevant citation. A reviewer should also call to the editor's 
attention any substantial similarity or overlap between the manuscript under consideration 
and any other published paper of which they have personal knowledge. 
 
Disclosure and Conflict of Interest 
Privileged information or ideas obtained through peer review must be kept confidential and 
not used for personal advantage. Reviewers should not consider manuscripts in which they 
have conflicts of interest resulting from competitive, collaborative, or other relationships or 
connections with any of the authors, companies, or institutions connected to the papers. 
 
Reporting standards 
Authors of reports of original research should present an accurate account of the work 
performed as well as an objective discussion of its significance. Underlying data should be 
represented accurately in the paper. A paper should contain sufficient detail and references 
to permit others to replicate the work. Fraudulent or knowingly inaccurate statements 
constitute unethical behaviour and are unacceptable. 
 
Data Access and Retention 
Authors are asked to provide the raw data in connection with a paper for editorial review, 
and should be prepared to provide public access to such data (consistent with the ALPSP-
STM Statement on Data and Databases), if practicable, and should in any event be prepared 
to retain such data for a reasonable time after publication. 
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Acknowledgement of Sources 
Proper acknowledgment of the work of others must always be given. Authors should cite 
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Authorship of the Paper 
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have participated in certain substantive aspects of the research project, they should be 
acknowledged or listed as contributors. The corresponding author should ensure that all 
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all co-authors have seen and approved the final version of the paper and have agreed to its 
submission for publication. 
 
Hazards and Human or Animal Subjects 
If the work involves chemicals, procedures or equipment that have any unusual hazards 
inherent in their use, the author must clearly identify these in the manuscript. 
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interest that might be construed to influence the results or interpretation of their 
manuscript. All sources of financial support for the project should be disclosed. 
 
Fundamental errors in published works 
When an author discovers a significant error or inaccuracy in his/her own published work, 
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ABSTRACT 

Let G be a simple, nontrivial, and connected graph. 𝑊 = {𝑤1, 𝑤2, 𝑤3 , … , 𝑤𝑘} is a representation of an ordered 
set of k distinct vertices in a nontrivial connected graph G. The metric code of a vertex v, where 𝑣 ∈ G, the 

ordered 𝑟(𝑣|𝑊)  =  (𝑑(𝑣, 𝑤1), 𝑑(𝑣, 𝑤2), . . . , 𝑑(𝑣, 𝑤𝑘)) of k-vector is representations of v with respect to W, 

where 𝑑(𝑣, 𝑤𝑖) is the distance between the vertices v and wi for 1≤ i ≤k.  Furthermore, the set W is called a 
local resolving set of G if  𝑟(𝑢|𝑊) ≠  𝑟(𝑣|𝑊) for every pair u,v of adjacent vertices of G. The local metric 
dimension ldim(G) is minimum cardinality of W. The local metric dimension exists for every nontrivial 
connected graph G. In this paper, we study the local metric dimension of line graph of special graphs , namely 

path, cycle, generalized star, and wheel. The line graph L(G) of a graph G has a vertex for each edge of G, 
and two vertices in L(G) are adjacent if and only if the corresponding edges in G have a vertex in common.  

 
Keywords: metric dimension, local metric dimension number, line graph, resolving set. 

INTRODUCTION 

All graph in this paper are simple, nontrivial, and undirected, for more detail basic 
definition of graph, see [1]. In [2] define the distance 𝑑(𝑢, 𝑣) between two vertices u and v in a 
connected graph G is the length of a shortest path between these two vertices. Suppose that 𝑊 =
{𝑤1, 𝑤2, 𝑤3 , … , 𝑤𝑘}  is an ordered set of vertices of a nontrivial connected graph G. The metric 

representation of v with respect to W is the k-vector 𝑟(𝑣|𝑊)  =  (𝑑(𝑣, 𝑤1), 𝑑(𝑣, 𝑤2), . . . , 𝑑(𝑣, 𝑤𝑘)). 

Distance in graphs has also been used to distinguish all of the vertices of a graph. The set W is 
called a resolving set for G if distinct vertices of G have distinct representations with respect to W.  
The metric dimension dim(G) of G is the minimum cardinality of resolving set for G [3]. 
Furthermore, we consider those ordered sets W of vertices of G for which any two vertices of G 
having the same code with respect to W are not adjacent in G. If 𝑟(𝑢|𝑊) ≠  𝑟(𝑣|𝑊)  for every pair 
u, v of adjacent vertices of G, then W is called a local metric set of G. The minimum k for which G 
has a local metric k-set is the local metric dimension of G, which is denoted by ldim(G) [4]. 

In this paper, we study the local metric dimension number of line graph of special graphs, 
namely path, cycle, generalized star, and wheel graph. Line graphs are a special case of 
intersection graphs. The line graph L(G) of a graph G has a vertex for each edge of G, and two 
vertices in L(G) are adjacent if and only if the corresponding edges in G have a vertex in common. 
Thus, the line graph L(G) is the intersection graph corresponding to the endpoint sets of the edges 
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of G. As for an example, Figure 1 shows a graph G and its line graph L(G) [5]. The results show that 
distinct vertices of each L(G), with G is a special graph, namely path, cycle, generalized star, and 
wheel graph have distinct representations with respect to W, and their local metric dimension 
attain a minimum number. Furthermore, [6] showed that on the metric dimension, the upper 

dimension and the resolving number of graphs, [7] showed the metric dimension of 

amalgamation of cycles,  [8] studied the constant metric dimension of regular graphs, [2] obtained 
resolvability in graphs and the metric dimension of a graph. The last, [9] showed the Fault-tolerant 
metric and partition dimension of graph.  

 
                                         Figure 1. A graph and its line graph 

 
 

RESULTS AND DISCUSSIONS 

We have some observation to show the result of line graph of path, cycle, generalized star, 
and wheel graph. Thus, we have four main theorem about local metric dimension to discuss as 
follows. 

 
Observation 1. The order and the size of 𝐿(𝑃𝑛) are |𝑉(𝐿(𝑃𝑛))| = 𝑛 − 1 and |𝐸(𝐿(𝑃𝑛))| = 𝑛 − 2, 

respectively. 
Proof. Line graph of Path 𝐿(𝑃𝑛) is connected, simple, and undirected graph with vertex set 
𝑉(𝐿(𝑃𝑛)) = {𝑣𝑖; 1 ≤ 𝑖 ≤ 𝑛 − 1} and edge set 𝐸(𝐿(𝑃𝑛)) = {𝑣𝑖𝑣𝑖+1; 1 ≤ 𝑖 ≤ 𝑛 − 2}. Thus, 

|𝑉(𝐿(𝑃𝑛))| = 𝑛 − 1 and |𝐸(𝐿(𝑃𝑛))| = 𝑛 − 2. See Figure 2 (a) and 2 (b) for illustration.                    ∎ 

 

Theorem 1. For 𝑛 ≥ 2, the local metric dimension of line graph of path is 𝑙𝑑𝑖𝑚(𝐿(𝑃𝑛)) = 1. 

Proof. By observation 1, line graph of path 𝐿(𝑃𝑛) is isomorphic to 𝑃𝑛−1. Thus, the vertex set and 
the edge set of 𝐿(𝑃𝑛) are 𝑉(𝐿(𝑃𝑛)) = {𝑣𝑖; 1 ≤ 𝑖 ≤ 𝑛 − 1} and 𝐸(𝐿(𝑃𝑛)) = {𝑣𝑖𝑣𝑖+1; 1 ≤ 𝑗 ≤ 𝑛 − 2}, 

respectively. The number of vertices |𝑉(𝐿(𝑃𝑛))| = 𝑛 − 1 and the size |𝐸(𝐿(𝑃𝑛))| = 𝑛 − 2.  By 

Theorem 3, 𝑙𝑑𝑖𝑚(𝑃𝑛) = 1, thus 𝑙𝑑𝑖𝑚(𝐿(𝑃𝑛)) = 1. It concludes the proof. See Figure 2 (c) for 

illustration .                                                                                                                             ∎ 
  

 
Figure 2. (a) 𝑃8  , (b) 𝐿{𝑃8},  (c) Construction of local resolving set 𝑊 = {𝑣1} 

 
Observation 2. The order and the size of 𝐿(𝐶𝑛) are |𝑉(𝐿(𝐶𝑛)) | = 𝑛 and |𝐸(𝐿(𝑃𝑛))| = 𝑛, 

respectively. 
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Proof. Line graph of cycle 𝐿(𝐶𝑛) is connected, simple, and undirected graph with vertex set 
𝑉(𝐿(𝐶𝑛)) = {𝑣𝑖; 1 ≤ 𝑖 ≤ 𝑛} and edge set 𝐸(𝐿(𝐶𝑛)) = {𝑣𝑖𝑣𝑖+1; 1 ≤ 𝑗 ≤ 𝑛 − 1} ∪ {𝑣𝑛𝑣1; }. Thus, 

|𝑉(𝐿(𝐶𝑛))| = 𝑛 and |𝐸(𝐿(𝐶𝑛))| = 𝑛. See Figure 3 (a) and 3 (b) for illustration.                                 ∎ 
 

Theorem 2. For 𝑛 ≥ 3, the local metric dimension of line graph of cycle is 

𝑙𝑑𝑖𝑚(𝐿(𝐶𝑛)) = {
 1, 𝑓𝑜𝑟  𝑛 𝑒𝑣𝑒𝑛
2,        𝑓𝑜𝑟  𝑛 𝑜𝑑𝑑

 

Proof. By observation 2, line graph of cycle 𝐿(𝐶𝑛) is isomorphic to 𝐶𝑛. Thus, the vertex set and the 

edge set of 𝐿(𝐶𝑛) are 𝑉(𝐿(𝐶𝑛)) = {𝑣𝑖; 1 ≤ 𝑖 ≤ 𝑛} and 𝐸(𝐿(𝐶𝑛)) = {𝑒𝑗; 1 ≤ 𝑗 ≤ 𝑛}, respectively. 

The order of vertices |𝑉(𝐿(𝐶𝑛))| = 𝑛 and the size |𝐸(𝐿(𝐶𝑛))| = 𝑛.  By Theorem 3,  

𝑙𝑑𝑖𝑚(𝐶𝑛) = {
 1, for 𝑛 even
2,        for 𝑛 odd

 

thus  

𝑙𝑑𝑖𝑚(𝐿(𝐶𝑛)) = {
 1, for 𝑛 even
2,        for 𝑛 odd

 

It concludes the proof. See Figure 3 (c) for illustration.  ∎ 
 

 
Figure 3. (a) 𝐶8  , (b) 𝐿{𝐶8},  (c) Construction of local resolving set 𝑊 = {𝑣1} 

 
Observation 3. The order and the size of 𝐿(𝑆𝑛,𝑚) are |𝑉(𝐿(𝑆𝑛,𝑚))| = 𝑚𝑛 and |𝐸(𝐿(𝑆𝑛,𝑚))| = 𝑚𝑛 +
𝑛(𝑛−3)

2
, respectively. 

Proof. Line graph of generalized star 𝐿(𝑆𝑛,𝑚) is connected, simple, and undirected graph with 

vertex set 𝑉(𝐿(𝑆𝑛,𝑚)) = {𝑥𝑖,𝑗; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚} and edge set 𝐸(𝐿(𝑆𝑛,𝑚)) = {𝑥𝑖,𝑗𝑥𝑖,𝑗+1; 1 ≤ 𝑖 ≤

𝑛, 1 ≤ 𝑗 ≤ 𝑚 − 1} ∪ {𝑥𝑖,1𝑥𝑡,1; 𝑖 ≠ 𝑡, 1 ≤ 𝑖, 𝑡 ≤ 𝑛}. Thus, |𝑉(𝐿(𝑆𝑛,𝑚))| = 𝑚𝑛 and |𝐸(𝐿(𝑆𝑛,𝑚))| =

𝑚𝑛 +
𝑛(𝑛−3)

2
. See Figure 4 (a) and 4 (b) for illustration.                                                                       ∎ 

 

Theorem 3. For 𝑛 ≥ 3, the local metric dimension of line graph of generalized star is 
𝑑𝑖𝑚(𝐿(𝑆𝑛,𝑚)) = 𝑛 − 1. 

Proof. By observation 3, the order and the size of 𝐿(𝑆𝑛,𝑚) are |𝑉(𝐿(𝑆𝑛,𝑚))| = 𝑚𝑛 and 

|𝐸(𝐿(𝑆𝑛,𝑚))| = 𝑚𝑛 +
𝑛(𝑛−3)

2
, respectively. Suppose the lower bound is 𝑙𝑑𝑖𝑚(𝐿(𝑆𝑛,𝑚)) ≥ 𝑛 − 2 

with the resolving set 𝑊′ = {𝑥𝑖,1; 1 ≤ 𝑖 ≤ 𝑛 − 2}. Thus two vertices of 𝑉(𝐿(𝑆𝑛,𝑚)) −𝑊
′ with 

respect to 𝑊′ are  

𝑟(𝑥𝑛−1,1|𝑊
′) = 𝑟(𝑥𝑛,1|𝑊

′) = ( 1,… ,1⏟  
𝑛−2 𝑡𝑖𝑚𝑒𝑠

)  

It is easy to see that the line graph of generalized star has the same vertex representation 
respecting to 𝑊′. Thus, the lower bound is 𝑙𝑑𝑖𝑚(𝐿(𝑆𝑛,𝑚)) ≥ 𝑛 − 1. Now, we will show that 

𝑙𝑑𝑖𝑚(𝐿(𝑆𝑛,𝑚)) ≤ 𝑛 − 1 by determining the resolving set 𝑊 = {𝑥𝑖,1; 1 ≤ 𝑖 ≤ 𝑛 − 1} and the vertex 

representation of 𝑉(𝐿(𝑆𝑛,𝑚)) −𝑊 respect to 𝑊, as follows 
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𝑟(𝑥𝑛,𝑗|𝑊) = ( 𝑗,… , 𝑗⏟  
𝑛−1 𝑡𝑖𝑚𝑒𝑠

) ; 1 ≤ 𝑗 ≤ 𝑚 

𝑟(𝑥𝑖,𝑗|𝑊) = ( 𝑗,… , 𝑗⏟  
𝑖−1 𝑡𝑖𝑚𝑒𝑠

, 𝑗 − 1, 𝑗, … , 𝑗⏟  
𝑛−𝑖−1 𝑡𝑖𝑚𝑒𝑠

) ; 1 ≤ 𝑖 ≤ 𝑛 − 1, 2 ≤ 𝑗 ≤ 𝑚 

 

It easy to see that ∀𝑢, 𝑣 ∈ 𝑉(𝐿(𝑆𝑛,𝑚)) −𝑊 have a different representation respect to W for every 

pair 𝑢, 𝑣 of adjacent vertices in 𝐿(𝑆𝑛,𝑚). The cardinality of resolving set 𝐿(𝑆𝑛,𝑚) is 𝑛 − 1, thus 
𝑙𝑑𝑖𝑚(𝐿(𝑆𝑛)) ≤ 𝑛 − 1. It concludes the proof. See Figure 4 (c).                                                  ∎ 

 

 
Figure 4. (a) 𝑆6,3,  (b) 𝐿(𝑆6,3), (c) Construction of local resolving set 𝑊 = {𝑥1,1, 𝑥2,1, 𝑥3,1, 𝑥4,1, 𝑥5,1} 

 

Observation 4. The order and the size of 𝐿(𝑊𝑛) are |𝑉(𝐿(𝑊𝑛))| = 2𝑛 and |𝐸(𝐿(𝑊𝑛))| =
𝑛(𝑛+5)

2
, 

respectively. 
Proof. Line graph of wheel 𝐿{𝑊𝑛} is connected, simple, and undirected graph with vertex set 

𝑉(𝐿(𝑊𝑛)) = {𝑥𝑖,𝑗; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 2} and edge set 𝐸 (𝐿(𝑆𝑛,𝑚)) = {𝑥𝑖,1𝑥𝑖,2; 1 ≤ 𝑖 ≤ 𝑛} ∪

{𝑥𝑖,1𝑥𝑡,1; 𝑖 ≠ 𝑡, 1 ≤ 𝑖, 𝑡 ≤ 𝑛} ∪ {𝑥𝑖,2𝑥𝑖+1,2; 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑥𝑖,2𝑥𝑖+1,1; 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑥1,2𝑥𝑛,2} 

∪ {𝑥1,1𝑥𝑛,2}. Thus, |𝑉(𝐿(𝑊𝑛))| = 2𝑛 and |𝐸(𝐿(𝑊𝑛))| =
𝑛(𝑛+5)

2
. See Figure 5 (a) and 5 (b) for 

illustration.                                                                                                                                             ∎ 

 

Theorem 4. For 𝑛 ≥ 3, the local metric dimension of line graph of wheel is 𝐿𝐷𝑖𝑚(𝐿(𝑊𝑛)) = 𝑛 − 1. 

Proof. By observation 4, the order and the size of 𝐿(𝑊𝑛) are |𝑉(𝐿(𝑊𝑛))| = 2𝑛 and |𝐸(𝐿(𝑊𝑛))| =

𝑛(𝑛+5)

2
, respectively. Suppose the lower bound of 𝐿(𝑊𝑛)  is 𝑙𝑑𝑖𝑚(𝐿(𝑊𝑛)) ≥ 𝑛 − 2 with the resolving 

set 𝑊′ = {𝑥𝑖,1; 1 ≤ 𝑖 ≤ 𝑛 − 2}. Thus two vertices of 𝑉(𝐿(𝑊𝑛)) −𝑊
′ with respect to 𝑊′ are 

𝑟(𝑥𝑛−1,1|𝑊
′) = 𝑟(𝑥𝑛,1|𝑊

′) = ( 1,… ,1⏟  
𝑛−2 𝑡𝑖𝑚𝑒𝑠

) 

It is easy to see that the line graph of wheel possess the same vertex representation respecting to 
𝑊′. Thus the lower bound is 𝑙𝑑𝑖𝑚(𝐿{𝑊𝑛}) ≥ 𝑛 − 1. Now, we will show that 𝑙𝑑𝑖𝑚(𝐿{𝑊𝑛}) ≤ 𝑛 − 1 
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by determining the resolving set 𝑊 = {𝑥𝑖,1; 1 ≤ 𝑖 ≤ 𝑛 − 1} and the vertex representation of 
𝑉(𝐿{𝑊𝑛}) −𝑊 respect to 𝑊, as follows. 

𝑊 = {𝑥1,1, 𝑥2,1, 𝑥3,1, 𝑥4,1, 𝑥5,1, 𝑥6,1, 𝑥7,1} 

 

𝑟(𝑥𝑛,1|𝑊) = ( 1,… ,1⏟  
𝑛−1 𝑡𝑖𝑚𝑒𝑠

) 

𝑟(𝑥𝑖,2|𝑊) = ( 2,… ,2⏟  
𝑖−1 𝑡𝑖𝑚𝑒𝑠

, 1, 2,… ,2⏟  
𝑛−𝑖−1 𝑡𝑖𝑚𝑒𝑠

) ; 2 ≤ 𝑖 ≤ 𝑛 − 1 

 

𝑟(𝑥1,2|𝑊) = (1,1, 2… ,2⏟  
𝑛−3 𝑡𝑖𝑚𝑒𝑠

) 

𝑟(𝑥𝑛,2|𝑊) = (1, 2,… ,2⏟  
𝑛−2 𝑡𝑖𝑚𝑒𝑠

) 

It easy to see that ∀𝑢, 𝑣 ∈ 𝑉(𝐿(𝑊𝑛)) −𝑊 have a different representation respect to 𝑊 for every 

pair 𝑢, 𝑣 of adjacent vertices in 𝐿(𝑊𝑛). The cardinality of resolving set 𝐿(𝑊𝑛) is 𝑛 − 1, thus 
𝑙𝑑𝑖𝑚(𝐿(𝑊𝑛)) ≤ 𝑛 − 1. It concludes the proof.  See Figure 5 (c) for illustration.      ∎ 
 

 
Figure 5. (a) 𝑊8,  (b) 𝐿{𝑊8}, (c) Construction of local resolving set 

 

CONCLUSION 

We have shown the local metric dimension number of line graph of special graphs, namely line graph 

of path, cycle, star, and wheel. The results show that the local metric dimension numbers attain the best 

lower bound. However we have not found the sharpest lower bound for any connected graph, therefore 

we proposed the following open problem. 

 

Open Problem 1. Let 𝐺 be a connected graph, obtain the best lower bound of the local metric dimension 

of any graph 𝐺. 
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