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Abstract. This paper presents the characteristics of damping force and energy regeneration of a 

pendulum. The damping force analysis includes force-displacement and force velocity loops when 

the pendulum, attached in a cart, is subjected with sinusoidal displacement input. The energy 

regeneration analysis includes the voltage, the current and the power generated by a generator. The 

main objectives of this paper are to obtain the mathematical models and to characterize both force 

and energy regeneration based on the inputs. The results show that the amplitudes and the 

frequencies at low level are most likely basic damper behavior. Moreover, the energy regeneration 

increases as well as the amplitude and the frequency. 

Introduction 

Pendulum as a vibration absorber has been of interest of many researchers. In the development 

of the pendulum, it can be classified as passive, semi-active and active due to the ability to suppress 

vibrations. Nowadays the pendulum is not only to minimize vibrations but also to harvest energy [1-

6]. The vibration energy is converted by a mechanism to produce useful energy such as electric 

power. 

Based on the energy conversion, energy harvesting on the pendulum can be derived and 

classified into three main categories such as piezoelectric, linear generator and rotary generator [7]. 

Reported on [8], the rotary generator has several advantages compared with the linear generator and 

the piezoelectric such as an issue regarding its reliability and its ability to produce sufficient 

damping force. To optimize the rotary generator performance, it must rotate in unidirectional 

motion, as suggested by [9]. 

Considering the advantage of unidirectional motion converter as developed by [10], the aims of 

this paper are to derive mathematical models of the pendulum using motion rectifier and to study 

the characteristics of damping force and energy regeneration produced by its systems. The main 

contributions are to design the systems, to propose some mathematical models and to get the 

feasibility of the systems as vibration absorber and energy regenerator. 

Design and Modeling 

Proposed Design. The proposed design of the Regenerative Pendulum Vibration Absorber (RPVA) 

is depicted in Fig. 1(a). Overall, it consists of bevel gears, clutches, a planetary gear, a generator, a 

pendulum and an energy regeneration unit. The construction of bevel gears is such a rectifier 

motion. Gear 1 (8) can only rotate in the counterclockwise (CCW) and Gear 2 (3) can only rotate in 

the clockwise (CW). Therefore, Gear 3 (5) can definitely rotate unidirectional motion even though 

the pendulum (5) rotates bidirectional motion. This configuration is caused by clutch (2) and (4). 

Therefore, Gear 1 (8) and Gear 2 (3) will always have opposite direction. 
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                                     (a)                                                                              (b) 

Fig. 1. System layout of (a) the RPVA, and (b) an energy regeneration unit 

 

The physical device of an energy regeneration unit is shown in Fig. 1(b). It consists of a 3-phase 

rectifier, a DC step up and a 12V battery. The 3-phase AC generator is rectified into DC current 

using the 3-phase rectifier arranged as shown in Fig. 1(b). DC step up is used to boost up the DC 

voltage, so the output voltage is sufficient to charge the 12V battery. 

Modeling of Energy Regeneration Unit. Considering the physical device of the energy 

regeneration unit as shown in Fig. 1(b), the 3-phase AC generator, the 3-phase rectifier and the DC 

step up voltage can be classified as a set of DC generator. In the other hand, the DC step up device 

and the battery can be considered as a set of external resistance. Then the diagram analysis of the 

energy regeneration unit can be simplified as shown in Fig. 2. 

 

 
Fig. 2 Simplified diagram of the energy regeneration unit 

 

Based on the Kirchhoff’s voltage law, the back electromotive force (EMF) and the electric 

torque, the following relations can be obtained as follows, 

{
 

     
  

  
 (         )   

      ̇ 
      

 (1) 

where, L and i are the generator internal inductance and the electric current, respectively. Rin and 

RLOAD are the internal generator resistance and the external resistance, respectively. Te and kt 

represent the electrically induced torque and torque constant, respectively. Em, km and  ̇  are the 

mechanically induced voltage, the generator EMF constant and the generator angular velocity, 

respectively.  

In addition, the generator internal inductance is small and can be neglected. Hence, Eq. (1) can 

be reformed to obtain the electric current as follows, 

  
  

         
 ̇  (2) 
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Modeling of the RPVA. The dynamic modeling of the RPVA is illustrated in Fig. 3. The systems 

are attached to a sliding cart. When the cart is subjected by force in the left direction, the pendulum 

will rotate in the CCW direction as shown in Fig. 3(a), the motion of the pendulum is transmitted 

into Gear 1 by shaft. In this motion, clutch 1 engages and clutch 2 disengages. These configurations 

make Gear 2 free to rotate. On the contrary, when the cart moves on the right direction, the 

pendulum will rotate in CW direction as shown in Fig. 3(b). It means that clutch 1 disengages and 

clutch 2 engages. Therefore, force in the pendulum is transmitted into Gear 2 and Gear 1 is free to 

rotate. 
 

                            
                                            (a)                                                                       (b) 

Fig. 3 Dynamic model of the RPVA (a) Front view, and (b) Back view 

 

Considering the pendulum’s motions, CW and CCW are determined as negative and positive 

direction, respectively. Hence, the equations of motions both in Fig. 3(a) and in Fig. 3(b) can be 

written based on the D’Alembert’s law as follows, 

  ̈   ( )   

(      ) ̈    ̈                      
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where, m and g are the pendulum mass and the gravity acceleration, respectively. L and F define the 

length of A point to B point and the external force on the cart, respectively. JP, JG1, JG2 and JG3 

represent the moment of inertia of Gear 1, Gear 2 and Gear 3, respectively. , 1, 2 and 3 are the 

rotation angle of pendulum, Gear 1, Gear 2 and Gear 3, respectively. rG1, rG2, and rG3 signify the 

radius of Gear 1, Gear 2 and Gear 3, respectively. fC1 and fC2 are the contact force in 1 and 2. TLOAD 

is defined as torque needed to rotate the planetary gear and the generator. 

To obtain the moment of inertia in the planetary gear, first the system and notation are sketched 

in the Fig. 4(a). The carrier works as an input of rotation. Therefore the angular velocity of the 

carrier ( ̇ ) is equal to the Gear 3 ( ̇ ). The relations of angular velocity in each gear can be linked 

by equations as follows, 
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where,  ̇ ,  ̇  and  ̇  are the angular velocity of the carrier, the planet gear and the sun gear, 

respectively. rc, rp and rs are the radius of the carrier, the planet gear and the sun gear, respectively. 

 

 
                                                   (a)                                                              (b) 

Fig. 4 (a) Configuration model of the planetary gear; and (b) Free body diagram of the planetary 

gear and the generator 

 

Taking advantage of the kinetic energy produced by the internal gear system, the equivalent 

moment of inertia can be calculated with reference to the carrier as follows, 

      (
 ̇ 

 ̇ 
)

 

 (        
 )      (

 ̇ 

 ̇ 
)
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where, Jeq represents the equivalent moment of inertia of the planetary gear. n and mp are the 

number of the planet gear and the planet gear mass, respectively. Jc, Jpl and Js are the moment of 

inertia of the carrier, the planet gear and the sun gear.  

Regarding the equivalent model of the planetary gear and the energy regeneration unit, the free 

body diagram of the models is illustrated in Fig. 5b. Here the angular velocity of the sun gear ( ̇ ), 

determined as an output of the gear, is equal to the generator (  ̇ ). Hence, the following 

mathematical models of Fig. 4(b) can be expressed as follows, 

    ̈            (6) 

where, N designates as the gear ratio of the carrier (rc) and the sun gear (rs). 

Now there are 6 governing equations with several unknown parameters. By eliminating fC1, fC2, 

  ̈ and by substituting each angular velocity into pendulum’s velocity, the following equations will 

be obtained as follows, 

(            
  [       ]  

 ) ̈      
     ̇                       

(        
      [       ]  

 ) ̈      
     ̇                       

(7) 

where,       ⁄ ;          ⁄ ;          ⁄ ;          ⁄ ;          ⁄ ; and     
    (         )⁄ .  

Eq. (7) is such a nonlinear equation. By considering the small movement in the pendulum 

motion, here the linear approximation of small angle can be used for sin    and cos   1. In 

addition, the above equation can be reformed to obtain Fext as follows, 
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where, F in Eq. (8) designates as damping force. 

Parameters. Several parameters presented in this paper are taken by direct measurement, 

calculation and approximation. The moment of inertia in a gear is obtained by measuring its weight 

and considering the gear as a hollow disc. Moreover, the generator characteristics such as the 

current constant () and the voltage constant () are determined by direct measurements in each 

rotation per minute. Then the results are graphed and linearized to obtain parameter constants.  To 

sum up, the parameters used for simulation are listed in Table 1. 

 

Table 1. Parameters of the RPVA and the energy regeneration units 

Parameter 

(unit) 
Value 

Parameter 

(unit) 
Value 

Parameter 

(unit) 
Value 

JG1 (kg.m
2
) 2.2834x10

-5
 N 9 g (m/s

2
) 9.81  

JG2 (kg.m
2
) 2.2834x10

-5
 N1 1  (A/rpm) 0.004359 

JG3 (kg.m
2
) 6.2279x10

-7
 N2 2 1 (V/rpm) 0.174 

Jc (kg.m
2
) 5.7180x10

-6
 N3 1 2 (V/rpm) 0.0033 

Jpl (kg.m
2
) 1.6073x10

-7
 N4 2 CTe (T/rpm) 9.16x10

-4
 

Js (kg.m
2
) 1.2778x10

-7
 m (kg) 10   

JP (kg.m
2
) 0.625 L (m) 0.25   

Results and Discussion 

To conduct a numerical simulation, the input parameters must be known first. Therefore, the 

sinusoidal signal is used as an input and its equations can be given as follows, 

 ( )           

 ̇( )              

 ̈( )   (   )          

(9) 

where,  ,  ̇ and  ̈ are the displacement, the velocity and the acceleration of the cart respectively, 

and also refer to Eq. (3), Eq. (7) and Eq. (8). A and f are the amplitude and the frequency of the 

sinusoidal signal, respectively. 

 

 
Fig. 5 Force-displacement characteristics with 

different frequencies 

 
Fig. 6 Force-velocity characteristics with 

different frequencies 
 

By simulating the above mathematical models into numerical simulation software, the damping 

force can be characterized. Fig. 5 and Fig. 6 show the force-displacement and force-velocity curve 

with fixed amplitude at 0.05 m and three different frequencies. When the frequency is set at 1 Hz, 

both force-displacement and force-velocity show more obviously relevant to basic damper [11]. As 
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increasing frequency, the curves become more likely relevant to the hysteretic damping but in 

opposite direction [12]. It can be caused by the multiplication result of the moment of inertia and 

the angular acceleration, in which the angular acceleration has a negative sign as described in  

Eq. (9). 

Force-displacement and force-velocity is also evaluated with fixed frequency at 1 Hz and three 

different amplitudes, as shown in Fig. 7 and Fig. 8. Increasing amplitude does not make 

significance changes in the loop shape, compared with increasing frequency. From Fig. 8, there is 

constantly small force at low velocity that looks like a dead zone. This characteristic also refers to 

the multiplication result of the moment of inertia and the angular acceleration, in which the angular 

acceleration reaches the peak when the angular velocity around zero as described in Eq. (9). 
 

 
Fig. 7 Force-displacement characteristics with 

different amplitudes 

 
Fig. 8 Force-velocity characteristics with 

different amplitudes 
 

The influences of the amplitude and the frequency as inputs can be obtained using 3D plot. 

Hence the results are depicted in Fig. 9, where X-axis defines the frequency that lies from 0.25 Hz 

to 5 Hz and Y-axis defines the amplitude that runs from 0.005 m to 0.05 m. It is obtained that force 

generated by the pendulum increases as long as the frequency and the amplitude arise.  
 

 
Fig. 9 The relation between frequencies and 

amplitudes to the damping force 

 
Fig. 10 The relation between frequencies and 

amplitudes to the voltage generated 
 

The energy regeneration characteristics including the voltage, the current and the power 

generation will be evaluated using different amplitudes and frequencies. The voltage generated 

generally has the values that lie around 12V to 16.5V, as shown in Fig. 10. It means that the 

charging process on the battery works. Deliberately, the voltage is limited at 16.5V to prevent any 

damages on the battery. To obtain the voltage characteristic, here the plot of voltage-velocity is 

depicted in Fig. 11 with the amplitude and the frequency fixed at 0.05 m and 5 Hz, respectively. 

From Fig. 11, there is dead zone at low velocities in which the generator cannot produce 

electricity. Then the voltage increases significantly until the angular velocity reaches 0.74 rad/s. It 

causes by the minimum requirement of DC step up to boost up the voltage. When the generator 

produces at least 3V, the DC step up suddenly boosts up the voltage to 12 V. This phenomenon can 

be related to Fig. 10 where the sinusoidal inputs are set up at low frequencies and amplitudes. 
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Fig. 11 Voltage-velocity characteristics 

 
Fig. 12 The relation between frequencies and 

amplitudes to the current generated 

 

The influences between frequencies and amplitudes to the current and the power generated are 

depicted in Fig. 12 and Fig. 13, respectively. They show the same trend line, in which there is no 

current at low frequencies and low amplitudes. It can be related to the voltage characteristic at low 

level, where there is no sufficient voltage to charge the battery. To sum up, the negative sign in the 

voltage, the current and the power generated mean that the pendulum works in CW direction. 

 

 

Fig. 13 The relation between frequencies and amplitudes to the power generated 

Conclusion 

The design of pendulum using motion rectifier as vibration absorber and energy harvester is 

proposed and analyzed. Its mathematical model is derived and studied under sinusoidal signal 

inputs. Generally, the damping force produced by systems fulfills hysteretic damper in opposite 

direction that caused by the moment of inertia in gears. Dead zone in the voltage, the current and 

the power generated is occurred at low velocities, in which the generator cannot produce sufficient 

electric. 

This analysis only determines the characteristics of damping force and energy regeneration. The 

influences of hysteretic damper, caused by multiplication of the moment of inertia and the 

acceleration, must be analyzed to obtain the ability of its systems reducing vibrations. 
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