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Abstract. The Ramsey graph theory has many interesting applications, such as in the fields of communications, information
retrieval, and decision making. One of growing topics in Ramsey theory is Ramsey minimal graph. For any given graphs G
and H, find graphs F such that any red-blue coloring of all edges of F' contains either a red copy of G or a blue copy of H.
If this condition is not satisfied by the graph F — e, then we call the graph F as a Ramsey (G, H)—minimal. In this paper, we
derive the properties of (3K;, K3)—minimal graphs. We, then, characterize all Ramsey (3K, K3)—minimal graphs.

Keywords: Ramsey minimal graph, edge coloring, matching, complete graph.
PACS: 02.10.0x

INTRODUCTION

All graphs in this paper are simple, undirected, and finite. For any given graphs G and H, any red-blue coloring on all
edges of F contains a red copy of G or a blue copy of H, denoted by F — (G,H). A (G,H)—coloring is a red-blue
coloring on the edges of F such that F' does not contains a red G and blue H. If a graph F has a (G, H)—coloring, then
we write F' — (G,H). A graph F is called a Ramsey (G,H)—minimal if F — (G,H) but for each e € E(F), (F —e¢)
has a (G, H)—coloring. The set of all Ramsey (G, H)—minimal graphs will be denoted by (G, H). The set Z(G,H)
can be finite or infinite, depends on the pair of graphs G and H. Here we will focus on Ramsey-finite.

Burr et al. [3] proved that if G is a matching, G = mK», then Z(mK,,H) is finite for any graph H. A complete
determination graphs Ramsey (G,H)—minimal is a challenging but difficult problem, even for some small-order
graphs G and H. Some researchers have characterized graphs in %Z(mK,,H ), for some classes graph H and positive
integer m > 1. For H a triangle, #Z(2K,K3) = {Ks,2K3,A}, where A is the graph in Figure 1, was given by Burr et al.
[3]. For H a star K ,, the set Z(2K»,K; ,) for n < 3, was determined by Mengersen and Oeckermann [4]. Later on,
the set of Ramsey minimal graphs for a pair matching and path was given by some researchers, such as 2 (2K, Py)
and Z(2K;, Ps) by Baskoro and Yulianti [2], Z (3K, P;) by Mushi and Baskoro [5], and Z (4K, P;) by Wijaya e al.
[7]. Meanwhile, for H a cycle, the set (2K, C4) was given by Wijaya et al. [8]. For H a complete graph, %Z(2K>,K4)

FIGURE 1. The graph A € Z(2K3,K3).

was determined by, Burr et al. [3], Baskoro and Wijaya [1], and Wijaya et al. [7]. For every connected graph H and
integer m > 1, all disconnected graphs in Z(mK,,H) was given by Wijaya ez al. [9]. In the same paper, Wijaya et al.
[9] gave the relationship between graphs in Z(mK,,H) and in Z((m — 1)K, ,H) and gave a corollary as follows.
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Corollary 1. [9] Let H be a graph and m be a positive integer. If F € % (mK>,H), then for any v € V(F) and any
K3 C F, both graphs F —{v} and F — E(K3) contain a Ramsey ((m — 1)Ky, H)—minimal graph. O

In this paper, we characterize all connected graphs in % (3K;,K3). We do not consider disconnected graphs in
Z(3K>,K3), since by [3, 9], we have obtained them, namely 3K3, K5 U K3, and AU K3, where A is the graph in Figure
1. We also derive the properties of graphs in %Z(3K>,K3). Note that the results related to the properties of graphs in
% (3K,,K3) has been published in Proceeding of International Seminar on Mathematics Education and Graph Theory,
Islamic University of Malang (UNISMA), Indonesia, [6], which is considered to be unofficial publication. Therefore,
for the reader’s convenience, we provide the results in [6] which are used in determining graphs in (3K, K3).

MAIN RESULTS

In this section, we will characterize all connected graphs in %Z(3K;,K3). Before doing that, we derive the necessary
and sufficient condition of graphs belonging to % (3K, H) in the following lemmas.

Lemma 1. [6] Let H be a graph. F — (3K», H) holds if and only if the following four cases are satisfied:

(i) for everyu,v € V(F), F —{u,v} D H,

(ii) for every u € V(F) and triangle Kz in F, F —{u} —E(K3z) D H,
(iii) for every two triangles 2Kz in F, F —E(2K3) D H,

(iv) for every induced subgraph with 5 vertices S in F, F —E(S) D H.

Proof. (=) Let H be a graph and F — (3K, H). Then, every red-blue coloring on the edges of F containing no red
3K, will contains a blue H. It means that the subgraph induced by red edges forms one of four following subgraphs,
namely two stars, a star and triangle, two triangles, or induced subgraph with 5 vertices. The four cases above are
satisfied by the removing all the red edges of F. The removing red edges can be done by delete some vertices or edges
in F. So, the remaining edges, namely the subgraph induced by blue edges contains a graph H. We obtain the cases (i)
- (iv).

(<) Let four cases (i) - (iv) be satisfied. Suppose, on the contrary, that there is a (3K, H)—coloring on F. So, the
removing all red edges on F causes there is no graph H in the remaining edges, contradict all cases. O

Next lemma is a negation of Lemma 1. Therefore, it can be proved in the same fashion.

Lemma 2. [6] Let e be an edge of a graph F. F — e — (3K, H) holds if and only if at least one of the following cases
is satisfied.

(i) There are two vertices u,v € V(F), such that (F —e) — {u,v} 2 H.

(ii) There are a vertex u € V(F) and a triangle K5 in F, such that (F —e) —{u} —E(K3) 2 H.

(iii) There are two triangles 2K3 in F, such that (F —e) — E(2K3) 2 H.

(iv) There is an induced subgraph with 5 vertices S in F, such that (F —e) —E(S) 2 H. O

Lemma 3. [fF € Z(3K»,H), then a (3K»,H)—coloring of F — e contains exactly a red 2K, for every e € E(F).

Proof. Let e € E(F) and @) be a (3K,,H)—coloring of F —e. For a contradiction, suppose that the red subgraph
of F — e contains at most a K».We define ¢ as coloring on all edges of F such that @(x) = ¢;(x) for x € E(F —¢)
and ¢@(e) = red. Thus, under coloring ¢, F contains at most a red 2K,. Hence, ¢ is a (3K»,H)—coloring of F, a
contradiction. O

For H = K3, by the previous lemmas, we have the following observation.

Observation 1. Let F € #(3K3,K3). Then, the following cases are satisfied:
« the minimum degree of F, §(F) > 2,
« F is not a tree,
« every edge e € E(F) is contained in some K3 in F,
« every vertex v € V(F) is contained in some K3 in F. O



Lemma 4. Let F € #(3K2,K3).

V(F)| >17.

Proof. Let F be a graph in Z(3K,,K3). By Lemma 1 (iv), F — E(K5) must contain a triangle. To form a triangle, we
must involve two vertices other than vertices in Ks. Hence, |V (F)| > 7. O

We, now, give a class of graphs in Z(3K3,K,) for any positive integer n > 3.
Theorem 1. Let n > 3 be a positive integer. The only connected graph of order n+4 in Z(3K»,K,) is Ky+4.

Proof. ltis easily noticed that the complete graph K,,; 4 satisfies four conditions in Lemma 1. Thus, K14 — (3K2,Kj,).
Next, let e be an edge in K, 4. Then, K,,+4 — e = K, 12 + K». So, there exists a K5 in K, 4 — e, such that (K14 —e) —
E(Ks) = K,_3 + K5+ K> does not contain a graph K,,. Therefore, for every e € E(Ky14), Kyr4 —e - (3K2,K,,). Since
K14 is the graph with the maximum number of edges, Kj,+4 is the only graph of order n+4 in Z(3K»,K,). O

By Theorem 1, we have the following corollary.
Corollary 2. The only connected graph of order 7 in #(3K2,K3) is K7. O

Next, we construct all graphs of order greater than 7, F € 2(3K>, K3). Clearly, F contains a triangle K3. By Corollary
1, F — E(K3) must contain a 2K3,Ks, or A. There are 8 possibilities, namely F contains the graph B;,Bs,...,B7, or Bg
as depicted in Figure 2.

£ Px ;O
’ s
Q// Q/ Q/ Q/ (P/ /
1 I 17 17, /
B By

FIGURE 2. The possibilities of F — E(K3) must contain a 2K3,Ks, or A.

First, we will construct a graph of order 8 in % (3K,,K3). We can see that to construct a graph of order 8 in
Z(3K»,K3) is enough to consider F containing By, By, B3, B4, or Bs. Next theorem, we consider the graphs Cg(1,2),
Fy, and F, in Figure 3. The graph Cg(l 2) is a circulant graph with the vertex set {vo,v1,...,v7} in which the i’ vertex
is adjacent to the (i + j)™ and (i — j)"* vertices for each i € [0,7] and j € {1,2}.

QTH

FIGURE 3. The graphs of order 8 in Z(3K;,K3).

FIGURE 4. A red-blue coloring on edges of Cg(1,2)

Theorem 2. The graphs Cs(1,2), F1, and F; are the only connected graphs of order 8 in #(3K2,K3).

Proof. We can show easily that the graphs Cg(1,2), Fj, and F, satisfy Lemma 1. The proof of the minimality of
Cs(1,2), F1, and F, is described as follows. We color all edges of Cg(1,2) by red and blue so that all red edges
are depicted by dash lines. Observe that such a coloring induces a red 2K, and blue K3 (drawn in bold line). Thus,
removing an arbitrary bold line edge e in K3 results in a (3K;, K3)—coloring of Cg(1,2) — e. Since the circulant graph
Cs(1,2) is aregular graph of degree 4, for any e € E(Cg(1,2)), a (3K2, K3)—coloring of Cg(1,2) — e can be represented
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FIGURE 6. The construction of graph F of order 8 in Z (3K, K3) by applying Corollary 1 and Lemma 1 when F D Bj.

in Figure 4. In the same fashion it can be done for the other edges of Cg(1,2). Meanwhile, some red-blue coloring of
Fy and F, are depicted in Figure 5, where the bold lines represent the removed edge.

Let F € #(3K,,K3) be a connected graph of order 8. Then, F contains the graph By, By, B3, Ba, or Bs, in Figure
2. First, we consider F 2O By, where V(By) = {vy,v2,...,vg} as depicted in Figure 6. By Corollary 1, F — {v3} must
contain a 2K3,Ks, or A but it does not contain a graph B3, Bs, or Bs. So, there are two possibilities, namely the graph
By, or By as depicted in Figure 6. Moreover, we consider F 2 Bj. Since for every v € V(Bj;) and triangle in By,
both graphs F — {v} and F — E(K3) contain a 2K3 € %#(2K>,K3), then we apply Lemma 1. By Lemma 1, F — E(S)
must contain a triangle K3, for V(S) = {v1,v3,vs,ve,vs}. So, up to isomorphism, F' must contain a triangle with the
set {va,v3,va} or {v2,v7,v3} as depicted by the graph By;(a) or By (b), respectively, in Figure 6. For F D Bj;(a),
by Lemma 1, F — E(S) must contain a triangle Kz, for V(S) = {v2,v3,vs,v7,vg}. Up to isomorphism, the triangle
K3 in F — E(S) is formed by the vertex set {v4,vs,vs} or {vi,v3,va} as depicted by the graph By (a;) or Bji(az),
respectively, in Figure 6. Otherwise, F is not minimal. The graph Bj;(az) is isomorphic to the graph Fi. Now, we
consider F D Bjj(a;). By Lemma 1, F — E(S) must contain a triangle K3, for V(S) = {v2,v3,vs,v6,vs}. By the
minimality, up to isomorphism, the triangle K3 in F is only formed by the vertex set {v{,v7,vg} which is isomorphic
to Cg(1,2). For F D By (b), it can be done in the same fashion.

Furthermore, we consider F contains the graph Bj,. By Corollary 1, for a triangle K3 with the set {vi,v3,v4},
F — E(K3) must contain a 2K3,Ks, or A, but it does not contain the graph Bs,By4,Bs, or Bj;. Hence, F — E(K3)
contains the graph A as depicted by the graph Bi»(a) in Figure 6. Next, by Corollary 1, for a triangle K3 with the set

020025-4



V(K3) ={vs,ve,v7}, F — E(K3) must contain a 2K3, Ks, or A. By the minimality, F — E(K3) contains a 2K3 as depicted
by the graph Bi»(a;), in Figure 6. The graph Bia(a;) is isomorphic to F». In the same argument, it can be done for F
containing By, B3, Ba, or Bs. Thus, the graphs of order 8 in Z(3K,,K3) are Cg(1,2),F1, and F. O

W WLw
ARG A

FIGURE 7. The graphs of order at least 9 in Z(3K5,K3).

Next theorem, we consider all graphs in Figure 7, namely F3, Fy, ..., Fis.

FIGURE 9. Some red-blue coloring on edges of Fy, Fs, and Fg, where the dash line represents the red color.

020025-5



Fy

Fy

F12

Fy

FIGURE 10. Some red-blue coloring on edges of F7, Fg, ..., Fi5, where the dash line represents the red color.

Theorem 3. The graphs F3,Fy, ..., Fis5 are the only connected graphs of order at least 9 in #(3K2,K3).

Proof. 1t is easily noticed that the graphs F3, Fy, ..., F14, and Fj5 satisfy Lemma 1. The proof of the minimality of the
graphs F3,Fy, ..., Fia, and Fis is depicted in Figure 8, 9, and 10. Furthermore, let F' be a graph of order at least 9 in
%(3K>,K3). Then, F contains B, for i € [1,8] (see Figure 2). Next, we apply Corollary 1 and Lemma 1 such that four
conditions in Lemma 1 are satisfied. These can be done in the same fashion as the graphs of order 8 in Z(3K»,K3). [
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