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Preface: The 3rd International Conference on Mathematics: Education, Theory, and 
Application (ICMETA) 

We are pleased to introduce conference proceedings of the 3rd. International Conference on 
Mathematics: Education, Theory, and Application which was held on October 20, 2020 in 
Surakarta, Central of Java, Indonesia. Due to the covid-19 pandemic, the conference was held 
online by zoom application. The main objective of this conference is to bring together academic 
scientists, researchers, practitioners, teachers and students to exchange and share their 
experiences and research results on most aspects of science and mathematics, as well as discuss 
practical challenges faced and the solutions adopted. The theme of the 3rd International 
Conference on Mathematics: Education, Theory and Application is "Empowering of Research 
and Learning Mathematics towards 4.0 Industrial Revolution Era". 

At this conference, there are research papers of several researchers from institutions and several 
universities, which was presented in the form of a parallel oral presentation class. Besides paper 
presentation in the parallel class, the committee also invited five keynote speakers, namely Prof. 
Andrea Semanicova-Fenovcikova Ph.D. from the Technical University, Kosice, Slovakia, Prof. 
Shompong Jitman, Ph.D. from Silpakorn University, Nakhon Pathom, Thailand, Prof. Khalil 
Ezzinbi from Cadi Ayyat University, Marrakesh, Prof. Dr. Marsudi W. Kisworo from Perbanas 
Institute and PT. TELKOM, Indonesia, and Dr. Putranto Hadi Utomo from the Department of 
Mathematics, Sebelas Maret University, Surakarta, Indonesia. 

We would like to thank you for the advice and support given by Prof. Martin Baca from 
Technical University, Kosice, Slovakia, Dr. S. Lavanya from the Department of Mathematics, 
Bharati Woman College, Chennai, Tamil Nadu, India, and Professor Widodo from Gadjah Mada 
University, Yogyakarta, Indonesia, for the success of the conference. We  would also like to 
thanks to the organization staff, program committee members, and reviewers. They have worked 
very hard on reviewing papers and providing valuable suggestions for authors to improve their 
work. We would also like to thank the external reviewers, who provided extra assistance in the 
review process, and the authors who contributed their research to the conference. 

The program, which is held every two years, provides the opportunity for all participants to 
interact with each other, can broaden scientific insight and expand communication networks 
among researchers and institutions. We look forward to the participant's experience in the 3rd. 
ICMETA 2020 is paying off and it lasts a long time. 

We also hope to see all of you at the same conference in the next 2 years. 

The Third International Conference on Mathematics
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Odd Harmonious Labeling of Two Graphs Containing Star

Diah Ayu Pujiwati,a) Ikhsanul Halikin,b) and Kristiana Wijayac)

Graph Combinatorics and Algebra Research Group,
Department of Mathematics-Faculty of Mathematics and Natural Sciences,

Universitas Jember (UNEJ),
Jl. Kalimantan 37 Jember 68121 Indonesia.

Abstract. An odd harmonious labeling of a graph G is an injective function f : V (G) → {0,1,2, . . . ,2|E(G)| − 1} such that the

induced function f ∗ : E(G) → {1,3, . . . ,2|E(G)| − 1} defined by f ∗(xy) = f (x) + f (y) is a bijection. A graph that admits odd
harmonious labeling is called an odd harmonious graph. The concept of odd harmonious labeling was initiated by Liang and Bai in
2009. By the result of Liang and Bai, a star is an odd harmonious graph. Motivated by a result, we prove that two graphs containing
star are still odd harmonious. In this case, we prove that a double stars is an odd harmonious graph. The remaining we prove that an
even cycle and a star which is sharing a common vertex is also an odd harmonious graph.

INTRODUCTION

Throughout here, all graphs are simple, undirected, and connected. The graph labeling is an assignment of integers to
the set of vertices or edges or both, subject to certain conditions. Graph labeling was first introduced in the mid1960s.
There are many various of graphs labeling. In the intervening 50 years over 200 graph labelings techniques have been
studied in over 2800 papers. An exhaustive survey of graph labeling can be seen in Gallian [1].

A harmonious labeling was introduced by Graham and Sloane [2] in 1980. A harmonious labeling of a graph G is

an injective function f : V (G) −→ {0,1, . . . , |E(G)|−1} such that the induced function f ∗ : E(G) −→ {0,1, . . . , |
E(G)|− 1}, defined by f ∗(xy) = f (x) + f (y) for each edge xy ∈ E(G), is a bijection. Two various problems of
harmonious la-beling are odd harmonious labeling introduced by Liang and Bai [3] in 2009 and even harmonious
labeling introduced by Sarasija and Binthiya [4] in 2011. In this paper, we focus on odd harmonious labeling of a
graph.

A graph G is an odd harmonious if there exists an injective function f : V (G) −→ {0,1, . . . ,2|E(G)| − 1} such that

the induced function f ∗(xy) = f (x)+ f (y) from the edges of G to the odd integers from 1 to 2|E(G)|−1 is a bijection.
Liang and Bai [3] have obtained the necessary conditions for the existence of odd harmonious labeling of graph, by
theorem below.

Theorem 1. [3] Let G be a graph.
(i) If G is odd harmonious, then G is a bipartite.

(ii) If G is odd harmonious, then 2
√|E(G)| ≤ |V (G)| ≤ 2|E(G)|−1.

Liang and Bai [3] also proved that a cycle Cn is odd harmonious if and only if n ≡ 0 mod 4, K2 is the only one
of complete graph which is odd harmonious, a complete k-partite graph Kn1,n2,...,nk is odd harmonious if and only
if k = 2. Vaidya and Shah [5] proved that the shadow and the splitting graphs of path Pn and star K1,n are odd
harmonious graphs. A star K1,n is a connected graph with one center vertex of degree n and n vertices of degree one.
Many researcher have showed many classes of graph admitted odd harmonious labeling, see [6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16].

In this paper, we investigate whether two graphs containing stars are odd harmonious or not. The first graph is a
double star Sm,n, that is a graph obtained from two stars K1,m and K1,n, where its center vertex is adjacent. So, a double
star Sm,n has m+n+2 vertices and m+n+1 edges. We investigate whether a double stars Sm,n is an odd harmonious
graph for every positive integers m and n or not. We also investigate whether the graphs obtained by a identification
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operation of two graphs, a cycle and star, are odd harmonious or not. The definition of identification of two graphs,
we follow Wijaya and Baskoro [17]. Let G and H be graphs, x ∈V (G) and y ∈V (H). The graph G�x,y H is a graph
obtained from two disjoint graphs G and H by identifying vertices x ∈ V (G) and y ∈ V (H). So, the graph G�x,y H
has (|V (G)|+ |V (H)|−1) vertices and (|E(G)|+ |E(H)|) edges.

ODD HARMONIOUS LABELING OF DOUBLE STARS

Let V (Sm,n) = {ci|1 ≤ i ≤ 2}∪{xi∪y j|1 ≤ i ≤ m, 1 ≤ j ≤ n} be the vertex-set of the double stars Sm,n, where d(c1) =
m+1, d(c2) = n+1, and d(xi) = d(y j) = 1, for each i ∈ [1,m] and j ∈ [1,n]. Let again E(Sm,n) = {c1c2,c1xi,c2y j|1 ≤
i ≤ m,1 ≤ j ≤ n} be the edge-set of the double star Sm,n. We prove that the double stars Sm,n is an odd harmonious
graph for each m and n natural numbers.

Theorem 2. Let m and n be natural numbers. Then a double star Sm,n is odd harmonious.

Proof. First, we consider the case where m = n. An injective function f : V (Sm,n) → {0,1,2, . . . ,2m+ 2n+ 1} is
defined by

f (ck) = k−1, for 1 ≤ k ≤ 2,

f (xi) = 4i−1, for 1 ≤ i ≤ m,

f (y j) = 4 j, for 1 ≤ j ≤ n.

We get the induced edge labels as follows.

f ∗(c1c2) = 1,

f ∗(c1xi) = 4i−1, for 1 ≤ i ≤ m,

f ∗(c2y j) = 4 j+1, for 1 ≤ j ≤ n.

The induced label of edges are {1,3, . . . ,2m+2n+1}. It is bijective function f ∗ : E(Sm,n)−→{1,3, . . . ,2m+2n+1}
defined by f ∗(xy) = f (x)+ f (y).

Next, for m < n, we now define an injective function f : V (Sm,n)→{0,1, . . . ,2m+2n+1} by

f (ck) = k−1, for 1 ≤ k ≤ 2,

f (xi) = 4i+1, for 1 ≤ i ≤ m,

f (y j) =

{
4 j−2, for 1 ≤ j ≤ m+1,
2m+2 j, for m+2 ≤ j ≤ n.

So, we obtain the induced function f ∗ : E(Sm,n)→{1,3, . . . ,2m+2n+1} as follows.

f ∗(c1c2) = 1,

f ∗(c1xi) = 4i+1, for 1 ≤ i ≤ m,

f ∗(c2y j) =

{
4 j−1, for 1 ≤ j ≤ m+1,
2m+2 j+1, for m+2 ≤ j ≤ n.

It is easily seen that f ∗ is bijection. Hence, Sm,n is odd harmonious for any natural numbers m and n.

For example, an odd harmonious labeling of a double star S4,4 is depicted in Figure 1.

ODD HARMONIOUS LABELING OF Cm �x,y K1,n

There are two non-isomorphic graphs of Cm �x,y K1,n for each x ∈ V (Cm) and y ∈ V (K1,n). Since the cycle Cm is a
regular graph, these differences is determined by the identification vertex of a star K1,n, namely when y is either the
center or a pendant vertex of K1,n. Two next theorem prove that two non-isomorphic graphs of Cm �x,y K1,n for each
x ∈V (Cm) and y ∈V (K1,n) are odd harmonious only if m is even. Before we discuss these theorem, we prove that for
m odd, the graph Cm �x,y K1,n is not odd harmonious for each x ∈V (Cm) and y ∈V (K1,n) by the following lemma.
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FIGURE 1. An odd harmonious labeling of S4,4.

Lemma 3. If m is odd then Cm �x,y K1,n is not odd harmonious for each x ∈V (Cm) and y ∈V (K1,n).

Proof. Suppose m is odd. Then Cm �x,y K1,n is not bipartite graph for each x ∈V (Cm) and y ∈V (K1,n). According to
the contrapositive of Theorem 1(i), Cm �x,y0

K1,n is not odd harmonious.

Theorem 4. Let y0 be the center of K1,n. Then for each x ∈V (Cm), the graph Cm �x,y0
K1,n is odd harmonious if and

only if m is even.

Proof. First we prove that if Cm �x,y0
K1,n is odd harmonious then m is even. Suppose to the contrary that m is odd.

By Lemma 3, Cm �x,y0
K1,n is not odd harmonious, a contradiction. Hence, it should be m even.

Next, we prove that for m even, Cm�x,y0
K1,n is odd harmonious, by given odd harmonious labeling of Cm�x,y0

K1,n.
Let V (Cm�x,y0

K1,n) = {z}∪{xi|1 ≤ i ≤ m−1}∪{y j|1 ≤ j ≤ n} be the vertex-set of Cm�x,y0
K1,n, where d(z) = n+2,

d(xi) = 2, and d(y j) = 1 for i ∈ [1,m− 1] and j ∈ [1,n]. In this case, z is the identified vertex by xm ∈ V (Cm) and
y0 ∈V (K1,n). Let again E(Cm �x,y0

K1,n) = {zx1,zxm−1}∪{xixi+1|1 ≤ i ≤ m−2}∪{zy j|1 ≤ j ≤ n} be the edge-set of
Cm �x,y0

K1,n.
We break up the proof into two cases.

(i) For m ≡ 0 mod 4. Let f : V (Cm �x,y0
K1,n)→{0,1, . . . ,2m+2n−1} be an injective function defined by

f (z) = 0,

f (xi) =

⎧⎨
⎩

i, for i odd and 1 ≤ i ≤ m
2 −1,

i+2, for i odd and m
2 +1 ≤ i ≤ m−1,

i, for i even.

f (y j) = 2m+2 j−1, for 1 ≤ j ≤ n.

Therefore for each xy ∈ E(Cm �x,y0
K1,n), we obtain f ∗(xy) = f (x)+ f (y) as follows.

f ∗(zxi) =

{
1, for i = 1,

m+1, for i = m−1,

f ∗(xixi+1) =

{
2i+1, for 1 ≤ i ≤ m

2 −1,
2i+3, for m

2 ≤ i ≤ m−2,

f ∗(zy j) = 2m+2 j−1, for 1 ≤ j ≤ n.

It is easy to see that f ∗ is bijective from the edge-set E(Cm �x,y0
K1,n) to the set of odd integers {1,3, . . . ,2m+

2n−1}.

(ii) For m ≡ 2 mod 4, let an injective function f : V (Cm �x,y0
K1,n)→{0,1, . . . ,2m+2n−1} be defined by

f (z) = 0,

f (xi) =

⎧⎪⎨
⎪⎩

i, for i odd and 1 ≤ i ≤ m−3,
m+1, for i odd and i = m−1,

i, for i even and 2 ≤ i ≤ m
2 −1,

i+2, for i even and m
2 +1 ≤ i ≤ m−2,

f (y j) =

{
2m−1, for j = 1,

2m+2 j−1, for 2 ≤ j ≤ n.
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Then, by f ∗(xy) = f (x)+ f (y), we obtain f ∗ : E(Cm �x,y0
K1,n)→{1,3, . . . ,2m+2n−1} as follows.

f ∗(zxi) =

{
1, for i = 1,

m+1, for i = m−1,

f ∗(xixi+1) =

⎧⎨
⎩

2i+1, for 1 ≤ i ≤ m
2 −1,

2i+3, for m
2 ≤ i ≤ m−3,

2m+1, for i = m−2,

f ∗(zy j) =

{
2m−1, for j = 1,

2m+2 j−1, for 2 ≤ j ≤ n.

We obtain R f ∗ = {1,m+1}∪{3,5, . . . ,m−1}∪{m+3,m+5, . . . ,2m−3,2m+1}∪{2m−1,2m+3,2m+5, . . . ,2m+
2n− 1} = {1,3, . . . ,2m+ 2n− 1} which is the same as codomain of f ∗. Since |R f ∗ | = |D f ∗ | = m+ n, we conclude
that f ∗ is bijective.

As an illustration, Figure 2 presents an odd harmonious labeling on C8 �x,y0
K1,6.

Theorem 5. Let y be the vertex of degree 1 of K1,n. Then for each x ∈ V (Cm), the graph Cm �x,y K1,n is an odd
harmonious if and only if m is even.

Proof. By Lemma 3, we enough prove that for m even, Cm �x,y K1,n is odd harmonious, by given odd harmonious
labeling of Cm �x,y K1,n. Let V (Cm �x,y K1,n) = {z}∪{xi|1 ≤ i ≤ m− 1}∪{y0}∪{y j|1 ≤ j ≤ n− 1} be the vertex-
set of Cm �x,y K1,n, where xi has degree 2, y0 has degree n, y j has degree 1, and z has degree 3, where z is the
identified vertex by x ∈ V (Cm) and y ∈ V (K1,n). Suppose now E(Cm �x,y K1,n) = {zx1}∪{zxm−1}∪{xixi+1|1 ≤ i ≤
m−2}∪{zy0}∪{y0y j|1 ≤ j ≤ n−1} is the edge-set of Cm �x,y K1,n.

Suppose an injective function f : V (Cm �x,y K1,n)→{0,1, . . . ,2m+2n−1} is defined by

f (z) = m+1,

f (y j) =

{
m, for j = 0,

m+2 j+1, for 1 ≤ j ≤ n−1.

The label of the vertices xi, we break up into two cases.
For m ≡ 0 mod 4

f (xi) =

⎧⎨
⎩

i−1, for i odd and 1 ≤ i ≤ m−1,
i−1, for i even and 2 ≤ i ≤ m

2 ,
i+1, for i even and m

2 +2 ≤ i ≤ m−2.

For m ≡ 2 mod 4

f (xi) =

⎧⎨
⎩

i−1, for i odd and 1 ≤ i ≤ m
2 ,

i−1, for i even and 2 ≤ i ≤ m−2,
i+1, for i odd and m

2 +2 ≤ i ≤ m−1.

We get f ∗ : E(Cm �x,y K1,n)→{1,3, . . . ,2m+2n−1} as follows.

f ∗(zxi) =

{
m+1, for i = 1,

2m−1, for i = m−1,

f ∗(xixi+1) =

{
2i−1, for 1 ≤ i ≤ m

2 ,
2i+1, for m

2 +1 ≤ i ≤ m−2,

f ∗(zy0) = 2m+1,

f ∗(y0y j) = 2m+2 j+1, for 1 ≤ j ≤ n−1.

It is easily seen that f ∗ a bijection. We conclude that Cm �x,y K1,n is odd harmonious.

For example, an odd harmonious labeling of C8 �x,y K1,7 can be seen in Figure 2.
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FIGURE 2. An odd harmonious labeling of C8 �x,y0
K1,6 and C8 �x,y K1,7.
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