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Abstract 

Locating dominating set (LDS) is one of the topics of graph theory.    
A set VD �  of vertices in graph G is called a dominating set if every 

vertex Vu �  is either an element of D or adjacent to some element       
of D [3]. The domination number is the minimum cardinality of 
dominating set and denoted by � �.GJ  Domination set D in graph 

� �EVG ,  is a locating dominating set if for each pair of distinct 

vertices u and v in � � DGV �  we have � � � � ,DvNDuN �� z  and 
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� � ,�zDuN I  � � ,�zDvN I  where � �uN  is the neighboring set 

of u. Locating domination number which is denoted by � �GLJ  is the 

minimum cardinality of locating dominating set [4]. This research 
aims to determine locating dominating set of some joint product of 
graphs and its relation with its basis graphs. Simple graphs used here 
are star graph, helm graph, triangular book graph and prism graph. 

1. Introduction 

Dominating set (DS) was studied mathematically for the first time in 
1960s and rapidly increasing in 1970s. The set VD �  of vertices in graph 

� �EVG ,  is called a DS if each vertex Vv �  is either an element of D or 

adjacent to an element of S [3]. Domination number of G is the minimum 
cardinality of a DS in G, and denoted by � �.GJ  One of the applications of 

DS that we can see in our daily life is at chess game. At the chess game, we 
determine minimum number of queen’s movement to cover all the positions. 

After DS was developed, other theories developed include independent 
dominating set (IDS), total dominating set (TDS), and then in 1987 locating 
dominating set (LDS) was introduced by Slater [4]. LDS is DS with 
additional condition. DS D in graph � �EVG ,  is an LDS if for each        

pair of distinct vertices u and v in � � ,DGV �  we have neighbor of u, v 

intersection with dominator D not having the same value and non-empty; 
denoted by � � � � ,DvNDuN II z  � � �zDuN I  and � � ,�zDvN I  

where � �uN  is the neighboring set of u. Locating domination number which 

is denoted by � �GLJ  is the minimum cardinality of LDS [4]. Slater et al.   

[9-12] firstly studied the concept of LDS, an LDS of order � �GLJ  is called a 

� �GLJ -set. Some studies about domination number can be seen in [13-15]. 

In this paper, we determine the upper bound of locating domination 
number � �GLJ  of the joint product of graphs. The definition of the joint 

product of graphs is taken from [5]. The joint product of graphs G and H 
which is denoted by HGG �  is the graph with � � � � � �HVGVGV *  
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and � � � � � � � � � �^ .̀, HVvGVuuvHEGEGE ��_ UU  The joint product 

of graphs is produced by connecting each vertex on G with each one of H. 

2. Result 

In this section, we have eight theorems about upper bounds of LDS of 
some joint product of graphs. The simple graphs used in this paper are 
triangular book graphs � �,uBT  star graphs � �,uS  helm graphs � �uH  and 

prism graph � �.2,kP  

Theorem 1. For 4tu  and 3tk  of ,ku BtH �  � �kuL BtH �J  

.ku �d  

Proof. The joint product graph ku BtH �  is a connected graph with 

vertex set and edge set, respectively. � � ^ ` ^ 2,1;   � rxaButHV r
sku U  

and ` ^ ` ^ `kryrbus rr ...,,1;2,1;...,,1    UU  and 

� � ^ ` ^ `urxxuraxBtHE rrrku ...,,1;...,,1; 211    � U  

^ ` ^ ` ^ `21
1
1

11
1

1 1...,,1; bbxxurxx urr UUU � �  

^ ` ^ `2,1;...,,1and2,1;    rabksryb rsr UU  

^ ` ^ `utsrxbkray s
trr ...,,1and2,1,2,1;...,,1;     UU  

^ .̀...,,1and...,,1,2,1; ktusryx t
r
s    U  

The cardinalities of ku BtH �  are � � 32 �� � kuBtHV ku  and 

� � .3372 ��� � kuukBtHE ku  

We will show that � � kuBtU kuL �d�J  by choosing ^ ;1
rxD   

` ^ ` ^ `1,1...,,1;1...,,1 baksyur s UU � �  as the dominator set of 

ku BtH �  for 4tu  and 3tk  so that ,kuD �  and the non-

dominator set of ku BtH �  is ^ ` ^ .̀,,,1...,,1; 21
2

2
kuur yxxburxDV U�  �  
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Furthermore, we can determine the intersection between the neighborhood 
� �vN  with � � DGVv ��  and the dominator set D as follows: 

� � ^ ` ^ ` ^ `,,1...,,1;1...,,1; 1
1

2 baksyurxDbN sr UUI � �   

� � ^ ` ^ `,,,,1...,,1; 1
1

1
11

1
��  usu xxbaksyDxN UI  

� � ^ ` ^ ` ^ ` ,1...,,1;1...,,1; 1
12 � �  urbksyxDxN srr UUI  

� � ^ ` ^ `,1...,,1; 1
2 bksyDxN su UI �   

� � ^ ` ^ .̀,1...,,1; 1
1 baurxDyN rk UI �   

Based on the explanation above, the intersection between the 
neighborhood � �vN  with � � DGVv ��  and the dominator set D are 

different and are also not an empty set, so that we can say that the dominator 
set D dominates all the vertices on ku BtH �  and fulfill the condition of 

LDS. Thus, � � kuBtH kuL �d�J  for 4tu  and .3tk   

Since � � uHuL  J  [8] and � � uBtuL  J  [7], the relation between LDS 

of ku BtH �  with its basic graph is � � � � � �kLuLkuL BtHBtH J�Jd�J  for 

4tu  and .3tk  

Theorem 2. For 4tu  and 3tk  of ,ku SH �  � � d�J kuL SH  

.1�� ku  

Proof. The joint product graph ku SH �  is a connected graph with 

vertex set and edge set, respectively. � � ^ ` ^ 2,1;,   � rxbaSHV r
sku U  

and ` ^ `kryus r ...,,1;...,,1   U  and � � ^ `UuraxSHE rku ...,,1;1   �  

^ ` ^ ` ^ ` ^ `krbyxxurxxurxx rurrrr ...,,1;1...,,1;...,,1; 1
1

11
1

121  �  � UUU  

^ ` ^ ` ^ ` ^ ,2,1;...,,1and2,1;...,,1;     ryxusrbxkrayab t
r
s

r
sr UUUU  

.̀...,,1and...,,1 ktus    The cardinalities of ku BtH �  are � �ku SHV �  

32 �� ku  and � � .1252 ��� � kuukSHE ku  
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We will show that � � 1��d�J kuSH kuL  by choosing  D  

^ ` ^ ` ^ `bksyurx sr UU 1...,,1;1...,,1;1 � �  as the dominator set of 

ku SH �  for 4tu  and 3tk  so that ,1�� kuD  and the non-

dominator set of ku SH �  is ^ ` ^ `.1...,,1;,,, 221 �  � urxyxxaDV rkuu U  

Furthermore, we can determine the intersection between the neighborhood 
� �vN  with � � DGVv ��  and the dominator set D as follows: 

� � ^ ` ^ ` ^ `,1...,,1;1...,,1;1 bksyurxDaN sr UUI � �   

� � ^ ` ^ `,,,1...,,1; 1
1

1
1

1 bxxksyDxN usu ��  UI  

� � ^ ` ^ ` ^ ` ,1...,,1;1...,,1;12 � �  urbksyxDxN srr UUI  

� � ^ ` ^ `,1...,,1;2 bksyDxN su UI �   

� � ^ ` ^ .̀1...,,1;1 burxDyN rk UI �   

Based on the explanation above, the intersection between the 
neighborhood � �vN  with � � DGVv ��  and dominator set D are different 

and also not an empty set, so that we can say that the dominator set D 
dominates all the vertices on ku SH �  and fulfills the condition of LDS. 

Thus, � � 1��d�J kuSH kuL  for 4tu  and .3tk   

 

Figure 1. Join product of 3H  and .3Bt  
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Figure 2. LDS of .34 BtH �  

Since � � uHuL  J  [8] and � � uSuL  J  [6], the relation between LDS 

of ku SH �  with its basic graph is � � � � � � 1�J�Jd�J kLuLkuL SHSH  

for 4tu  and .3tk  

Theorem 3. For 2tu  and 3tk  of ,ku SBt �  � � .kuSBt kuL �d�J  

Proof. The joint product graph ku SBt �  is a connected graph with 

vertex set and edge set, respectively. � � ^ `U2,1;   � raSBtV rku  

^ ` ^ ` ^ `kryburx rr ...,,1;...,,1;   UU  and � � ^ ` ^ ;21 srku xaaaSBtE U �   

` ^ ` ^ ` ^ 2,1;2,1;...,,1;...,,1and2,1      ryarbakibyusr srrr UUU  

`ks ...,1,and  ^ ` ^ .̀...,,1and...,,1;...,,1; ksuryxurbx srr    UU  

The cardinalities of ku SBt �  are � � 3�� � kuSBtV ku  and 

� �ku SBtE � � �.13 ��� kuuk  

We will show that � � kuSBt kuL �d�J  by choosing ^ `baD ,1  

^ ` ^ 1̀...,,1;1...,,1; � � usyurx sr UU  as the dominator set of 

ku SBt �  for 2tu  and 3tk  so that ,kuD �  and the non-dominator 

set of ku SBt �  is ^ .̀,,2 ku yxaDV  �  Furthermore, we can determine 

the intersection between the neighborhood � �vN  with � � DGVv ��  and 

dominator set D as follows: 
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� � ^ ` ^ ` ^ `,1...,,1;1...,,1;,12 � �  ksyurxbaDaN sr UUI  

� � ^ ` ^ `,1...,,1;,1 �  ksybaDxN su UI  

� � ^ ` ^ .̀1...,,1;,1 �  urxbaDyN rk UI  

Based on the explanation above, the intersection between the 
neighborhood � �vN  with � � DGVv ��  and dominator set D are different 

and also not an empty set, so that we can say that the dominator set D 
dominates all the vertices on ku SH �  and fulfills the condition of LDS. 

Thus, � � kuSBt kuL �d�J  for 2tu  and .3tk   

Since � � nBtuL  J  [7] and � � nSnL  J  [6], the relation between LDS 

of ku SBt �  with its basic graph is � � � � � �kLuLkuL SBtSBt J�Jd�J  for 

2tu  and .3tk  

Theorem 4. For 4, tku  of ,2,ku PH �  � � .22, ��d�J kuPH kuL  

Proof. The joint product graph 2,ku PH �  is a connected graph with 

vertex set and edge set, respectively. � � ^ ` ^ 2,1;2,   � rxaPHV r
sku U  

and ` ^ 2,1;...,,1   ryus r
sU  and `ks ...,,1  and � �  � 2,ku PHE  

^ `uraxr ...,,1;1  ^ ` ^ ` ^ `UUUU 11
1

1
1

121 1...,,1;...,,1; urrrr xxurxxurxx �  �  

^ ` ^ `11
1

1
1

1 1...,,1; krr yykryy U� � ^ ` ^ ` ^ ;1...,,1; 2122
1

2
1

2
rrkrr yyyykryy UUU � �  

` ^ ` ^ ,...,,1,2,1;...,,1and2,1;...,,1 usryxusraykr t
l

r
s

r
s      UU  

.̀...,,1and2,1 klt    The cardinalities of 2,ku PH �  are � �2,ku PHV �  

12 �� ku  and � � .5342, kuukPHE ku �� �  

We will show that � � 22, ��d�J kuPH kuL  by choosing  D  

^ ` ^ 1̀...,,1;1...,,1; 11 � � ksyurx sr U  as the dominator set of 

2,ku PH �  for 4, tku  so that ,2�� kuD  and the non-dominator 

set of 2,ku PH �  is ^ ` ^ 1̀...,,1;,,,, 22121 �  � urxyyxxaDV rkkuu U  
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^ .̀1...,,1;2 � ksysU  Furthermore, we can determine the intersection 

between the neighborhood � �vN  with � � DGVv ��  and the dominator set 

D as follows: 

� � ^ ` ^ `,1...,,1;1...,,1; 11 � �  ksyurxDaN sr UI  

� � ^ ` ^ `,,1...,,1; 1
1

1
1

11
��  usu xxksyDxN UI  

� � ^ ` ^ ` ,1...,,1;1...,,1;112 � �  urksyxDxN srr UI  

� � ^ `,1...,,1;12 �  ksyDxN su I  

� � ^ ` ^ `,,1...,,1; 1
1

1
1

11
��  krk yyurxDyN UI  

� � ^ ` ^ ` ,1...,,1;1...,,1; 112 � �  ksyurxDyN srs UI  

� � ^ .̀1...,,1;12 �  urxDyN rk I  

Based on the explanation above, the intersection between the 
neighborhood � �vN  with � � DGVv ��  and the dominator set D are 

different and also not an empty set, so that we can say that the dominator      
set D dominates all the vertices on 2,ku PH �  and fulfills the condition of 

LDS. Thus, � � 22, ��d�J kuPH kuL  for .4, tku   

Since � � nHuL  J  [8] and � � uPuL  J 2,  [6], the relation between     

LDS of 2,ku PH �  with its basic graph is � � � � �Jd�J uLkuL HPH 2,  

� � 22, �J kL P  for .4, tku  

Theorem 5. For 2tu  and 4tk  of ,2,ku PBt �  � � d�J 2,kuL PBt  

.1�� ku  

Proof. The joint product graph 2,ku PBt �  is a connected graph with 

vertex set and edge set, respectively. � � ^ `U2,1;2,   � raPBtV rku  

^ ` ^ `krsyurx r
sr ...,,1and2,1;...,,1;    U  and � � ^ `212, aaPBtE ku  �  
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^ ` ^ `UUU 1...,,1and2,1;...,,1and2,1; 1 �    � ksryyusrxa r
s

r
ssr  

^ ` ^ ` ^ 2,1,2,1;...,,1;2,1; 21
1     sryakryyryy s

trrr
r
k

r UU  and  t  

` ^ 2,1,...,,1;...,,1   suryxk s
trU  and .̀...,,1 kt   The cardinalities of 

2,ku PBt �  are � � 222, �� � kuPBtV ku  and � � ukPBtE ku 22,  �  

.172 ��� ku  

We will show that � � 12, ��d�J kuPBt kuL  by choosing  D  

^ ` ^ ` ^ `1
1 1...,,1;1...,,1; aksyurx sr UU � �  as the dominator set of 

2,ku PBt �  for 2tu  and 4tk  so that ,1�� kuD  and the non-

dominator set of 2,ku PBt �  is ^ ` ^   � syyyxaDV skku ,,,, 221
2 U  

.̀1...,,1 �k  Furthermore, we can determine the intersection between            

the neighborhood � �vN  with � � DGVv ��  and the dominator set D as 

follows: 

� � ^ ` ^ ` ^ `,1...,,1;1...,,1; 1
1

2 aksyurxDaN sr UUI � �   

� � ^ ` ^ `,1...,,1; 1
1 aksyDxN su UI �   

� � ^ ` ^ `,,,1...,,1; 1
1

1
11

1
��  krk yyaurxDyN UI  

� � ^ ` ^ ` ^ ` ,1...,,1;1...,,1; 1
12 � �  ksayurxDyN srs UUI  

� � ^ ` ^ .̀1...,,1; 1
2 aurxDyN rk UI �   

Based on the explanation above, the intersection between the 
neighborhood � �vN  with � � DGVv ��  and the dominator set D are 

different and also not an empty set, so that we can say that the dominator set 
D dominates all the vertices on 2,ku PBt �  and fulfills the condition of LDS. 

Thus, � � 12, ��d�J kuPBt kuL  for 2tu  and .4tk   

Since � � uBtuL  J  [7] and � � uPuL  J 2,  [6], the relation between    
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LDS of 2,ku PBt �  with its basic graph is � � � � �Jd�J uLkuL BtPBT 2,  

� � 12, �J kL P  for 2tu  and .4tk  

Theorem 6. For 3, tku  of ,ku SS �  � � .1��d�J kuSS kuL  

Proof. The joint product graph ku SS �  is a connected graph with 

vertex set and edge set, respectively. � � ^ ` ^ `urxbaSSV rku ...,,1;, � � U  

^ `kryr ...,,1;  U  and � � ^ ` ^ `UU krbyuraxSSE rrku ...,,1;...,,1;    �  

^ ` ^ ` ^ ` ^     suiyxurbxkrayab srrr and...,,1;...,,1;...,,1; UUU  

.̀...,,1 k  The cardinalities of ku SS �  are � � 2�� � kuSSV ku  and 

� � � � .12 ��� � kuukSSE ku  

We will show that � � 1��d�J kuSS kuL  by choosing  D  

^ ` ^ ` ^ `bksyurx sr UU 1..,,1;1..,,1; � �  as the dominator set of 

ku SS �  for 3, tku  so that ,1�� kuD  and the non-dominator set     

of ku SS �  is ^ .̀,, ku yxaDV  �  Furthermore, we can determine the 

intersection between the neighborhood � �vN  with � � DGVv ��  and the 

dominator set D as follows: 

� � ^ ` ^ ` ^ `,1...,,1;1...,,1; bksyurxDaN sr UUI � �   

� � ^ ` ^ `,1...,,1; bksyDxN su UI �   

� � ^ ` ^ .̀1...,,1; burxDyN rk UI �   

Based on the explanation above, the intersection between the 
neighborhood � �vN  with � � DGVv ��  and the dominator set D are 

different and also not an empty set, so that we can say that the dominator set 
D dominates all the vertices on ku SS �  and fulfills the condition of LDS. 

Thus, � � 1��d�J kuSS kuL  for .3, tku   

Since � � uSuL  J  [6], the relation between LDS of ku SS �  with its 

basic graph is � � � � � � 1�J�Jd�J kLuLkuL SSSS  for .3, tku  
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Theorem 7. For 3tu  and 4tk  of ,2,ku PS �  � � d�J 2,kuL PS  

.2�� ku  

Proof. The joint product graph 2,ku PS �  is a connected graph with 

vertex set and edge set, respectively. � � ^ ` ^ `urxaPSV rku ...,,1;2,   � U  

^ `ksryr
s ...,,1and2,1;   U  and � � ^ `UuraxPSE rku ...,,1;2,   �  

^ ` ^ ` ^ `UUU kryyryyksryy rr
r
k

rr
s

r
s ...,,1;2,1;1...,,1and2,1; 21

11   �  �  

^ 2,1;  rayr
s  and ` ^ .̀...,,1and2,1,...,,1;...,,1 ktsuryxks s

tr     U  

The cardinalities of 2,ku PS �  are � � 122, �� � kuPSV ku  and 

� � .522, kuukPSE ku �� �  

We will show that � � 22, ��d�J kuPS kuL  by choosing  D  

^ ` ^ 1̀...,,1;1...,,1; 1 � � ksyurx sr U  as the dominator set of 

2,ku PS �  for 3tu  and 4tk  so that ,2�� kuD  and the non-

dominator set of 2,ku PS �  is ^ ` ^ .̀1...,,1;,,, 221 �  � ksyyyxaDV skku U  

Furthermore, we can determine the intersection between the neighborhood 
� �vN  with � � DGVv ��  and the dominator set D as follows: 

� � ^ ` ^ `,1...,,1;1...,,1; 1 � �  ksyurxDaN sr UI  

� � ^ `,1...,,1;1 �  ksyDxN su I  

� � ^ ` ^ `,,1...,,1; 1
1

1
1

1
��  krk yyurxDyN UI  

� � ^ ` ^ ` ,1...,,1;1...,,1; 12 � �  ksyurxDyN srs UI  

� � ^ .̀1...,,1;2 �  urxDyN rk I  

Based on the explanation above, the intersection between the 
neighborhood � �vN  with � � DGVv ��  and the dominator set D are 

different and also not an empty set, so that we can say that the dominator       
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set D dominates all the vertices on 2,ku PS �  and fulfills the condition of 

LDS. Thus, � � 22, ��d�J kuPS kuL  for 3tu  and .4tk   

Since � � uSuL  J  and � � uPuL  J 2,  [6], the relation between LDS of 

2,ku PS �  with its basic graph is � � � � � � 22,2, �J�Jd�J kLuLkuL PSPS  

for 2tu  and .4tk  

Theorem 8. For 3tu  and 4tk  of ,2,2, ku PP �  � � d�J 2,2, kuL PP  

.2�� ku  

Proof. The joint product graph 2,2, ku PP �  is a connected graph with 

vertex set and edge set, respectively. � � ^ 2,1;2,2,   � rxPPV r
sku  and 

` ^ `ksryus r
s ...,,1and2,1;...,,1    U  and � � ^ ;12,2,

r
s

r
sku xxPPE � �  

2,1 r  and ` ^ ` ^ ` ^ ;...,,1;2,1;1...,,1 1
21

1
r
s

r
srr

r
u

r yyurxxrxxus �  � UUU  

2,1 r  and ` ^ ` ^ ` ^ ;...,,1;2,1;1...,,1 21
1

k
l

i
jii

r
m

r yxmiyyiyyks UUU   �  

.̀...,,1and2,1,...,,1,2,1 klknji      The cardinalities of 2,2, ku PP �  

are � � � �kuPPV ku � � 22,2,  and � � .3342,2, kuukPPE ku �� �  

We will show that � � 22,2, ��d�J kuPP kuL  by choosing  D  

^ ` ^ 1̀...,,1;1...,,1; 11 � � ksyurx sr U  as the dominator set of 

2,2, ku PP �  for 3tu  and 4tk  so that ,2�� kuD  and the non-

dominator set of 2,2, ku PP �  is ^ ` ^ 1̀...,,1;,,, 22121 �  � urxyyxxDV rkkuu U  

^ .̀1...,,1;2 � kryrU  Furthermore, we can determine the intersection 

between the neighborhood � �vN  with � � DGVv ��  and the dominator set 

D as follows: 

� � ^ ` ^ `,1...,,1;, 11
1

1
1

1 �  � ksyxxDxN suu UI  

� � ^ ` ^ `,1...,,1;, 11
1

1
1

1 �  � urxyyDyN rkk UI  
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� � ^ `,1...,,1;12 �  msyDxN su I  

� � ^ `,1...,,1;12 �  urxDyN rk I  

� � ^ ` ^ `,1...,,1;1...,,1; 112 � �  ksyurxDxN srr UI  

� � ^ ` ^ ` .1...,,1;1...,,1; 112 � �  ksyurxDyN jrs UI  

Based on the explanation above, the intersection between the 

neighborhood � �vN  with � � DGVv ��  and the dominator set D are 

different and also not an empty set, so that we can say that the dominator            

set D dominates all the vertices on 2,2, ku PP �  and fulfills the condition of 

LDS. Thus, � � 22,2, ��d�J kuPP kuL  for 3tu  and .4tk   

Since � � uPuL  J 2,  [6], the relation between LDS of 2,2, ku PP �  with 

its basic graph is � � � � � � 22,2,2,2, �J�Jd�J kLuLkuL PPPP  for 3tu  and 

.4tk  

3. Concluding Remarks 

In this paper, we have determined upper bound of locating domination 
number of some joint product of graphs .HG �  But, it still gives the 
following open problem: 

Open problem 1. For a connected graph G, determine � �GLJ  in any of 

the operation graphs. 
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