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Abstract. An independent set or stable set is a set of vertices in a graph in which no two
of vertices are adjacent. A set D of vertices of graph G is called a dominating set if every
vertex u € V(G) — D is adjacent to some vertex v € D. A set S of vertices in a graph G is
an independent dominating set of G if D is an independent set and every vertex not in D is
adjacent to a vertex in D. By locating independent dominating set of graph GG, we mean that
an independent dominating set D of G with the additional properties that for u,v € (V — D)
satisfies N(u) N D # N(v) N D. A minimum locating independent dominating set is a locating
independent dominating set of smallest possible size for a given graph G. This size is called the
locating independent dominating number of G and denoted vr;(G). In this paper, we analyze
the locating independent domination number of graph operations.

1. Introduction
Let G be a nontrivial, finite, simple, undirected and connected graphs, with vertex set V(G),
edge set F(G) and with no isolated vertex, for more detail definition of graph see [1, 2]

A set D of vertices of a graph G = (V, E) is dominating if every vertex in V(G) — D is
adjacent to some vertex in D. The domination number of G, denoted by ~(G), is the minimum
cardinality of a dominating set in GG. A locating-dominating set is a dominating set D that
locates all the vertices in the sense that every vertex not in D is uniquely determined by its
neighborhood in D. The locating domination number of G, denoted by 7 (G), is the minimum
cardinality of a locating dominating set in G. A locating-dominating set of order v (G) is called
an v7,(G)-set The concept of a locating dominating set was introduced and first studied by Slater
[3, 4, 5, 6] and also Waspodo et. al. [8] studied the bound of distance domination number of
edge comb product.

For definition and notation of locating dominating set in [7] explained that the open
neighborhood of a vertex v € V(G) is Ng(v) = {u € V(G);uwv € E(G)} and its closed
neighborhood is the set Ng[v] = Ng(v) U{v}. For a set D of vertex set of G, Ng[D] is the
union of all closed neighborhoods of vertices in D. The degree of v is dg(v) = |Ng(v)|. If the
graph G is a connected graph, we simply write V(G), E(G), N(v), N[v], N[D] and d(v) rather
than V(G), E(G), Ng(v), Ng[v], Na¢|D] and dg(v) , respectively.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1


http://repository.unej.ac.id/
http://repository.unej.ac.id/

AD INTERCOMME IOP Publishing
IOP Conlf. Series: Journal of Physics: Conf. Series 943 (2017) 012027 doi:10.1088/1742-6596/943/1/012027

A dominating set of G and denoted by D, if N[v]ND # () for all vertex v € G, or equivalently,
N[D] = V(G). Any two vertices u and v € V(G) D are located by D if they have distinct
neighbors in D that is, N(u) N D # N(v) N D. If a vertex u € V(G) D is located from every
other vertex in V(G) D, we simply say that u is located by D. A set D is a locating set of G if
any two distinct vertices outside D are located by D. In particular, if S is both a dominating
set and a locating set, then S is a locating dominating set. We remark that the only difference
between a locating set and a locating dominating set in G is that a locating set might have a
unique non-dominated vertex.

A set D of vertices in a graph G is an independent dominating set of G if D is an independent
set and every vertex not in D is adjacent to a vertex in . The definition and notation
of locating independent dominating set of graph G similarly the definition and notation of
locating dominating set, we mean that a locating independent dominating set D of G with the
additional properties that D is an independent set and every vertex not in D is adjacent to a
vertex in D. The locating independent dominating number of a graph G, denoted by v.7(G),
is the minimum cardinality of a locating independent dominating set of graph G. A locating
independent dominating set of order v.7(G) is called an 7r;(G)-set.

2. Main Results
The definition of amalgamation of graph is taken from [9]. Let G; be a simple connected
graph, for ¢ € {1,2,...,t} and t € N and |V(G;)| = k; > 2 for some k; € N. For t > 2 let
{G1,Ga,...,G;} be a finite collection of graphs and each G;, i € {1,2,...,t}, has a fixed vertex
vo; called a terminal. The amalgamation denote by Amal(G;, ve;).

In this section, we determine the exact values of locating independent dominating number of
some special graphs and its operations namely star graph S,,, Amal(S,,v, m), path graph P,,
Amal(P,,v, m), wheel graph W,,, Amal(W,,,v,m), ladder graph L,,, Amal(L,,,v,m).

Lemma 2.1. For any graph G of order n, the lower bound of locating independent domination
number of amalgamation graph Amal(G,v,m) is yr; (Amal(G,v,m)) > m(yr:(G) — 1) + 1.

Proof. The graph Amal(G,v,m) is a connected graph of order |V (Amal(G,v,m))| = (p(G) —
1)m + 1 and size |E(Amal(G,v,m))| = (¢(G))m.

To prove the lemma above, we claim that vr; (Amal(G,v,m)) > m(v.:(G) — 1) + 1. To
convince this, assume that vz, (Amal(G,v,m)) < m(yLi(G) — 1) + 1. The intersection between
the neighborhood N(v) with v € V(G) — D will be empty set. Thus, it is a contradiction. See
Figure 1 for illustration. O

Theorem 2.2. For n > 3, the locating independent domination number of Sy, is yri(Sp) = n.

Proof. Star graph S, is a connected graph with vertex set V(S,) = {A} U {z;;1 < i < n}
and edge set E(S,) = {Az;;1 < i < n}. The order and size of S,, are |V (S,)| = n+ 1 and
|E(Sn)| = n.

We claim that ~vr; (S,) > n. To convince the proof, assume that 77;(S,) < n. Let the
dominator vertex set of Sy, for n > 3, be D = {x;;1 < i < n — 1}, thus |[D| = n — 1, and let
non-dominator vertex set of S, forn > 3, be V—D = {A}U{x, }. Then we get the intersection
of the neighborhood N (v) with v € V(G) — D and dominator set D, in the following.

NA)ND = {231 <i<n-—1}

N(z,)ND =10
It can be seen that the intersection between the neighborhood N(v) with v € V(G) — D, for
N(zn) N D = (. Thus, the dominator set D do not dominate all vertices in V(S,). It concludes

that, by assuming 77;(S,) < mn, it will not comply the condition of locating independent
dominating set. Therefore, the lower bound of locating independent domination number of
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Figure 1. Amalgamation of Wheel Graph Amal(W,,,v, m)

Sy is v£i(Sy) > n. Furthermore, we will show that the upper bound of locating independent
domination number of S,, is v7;(Sn) < n. Choose D = {z;;1 < i < n} as the dominator set of
Sh, for n > 3, thus |D| = n. Choose V — D = {A} as the non-dominator set of S,, for n > 3.
We will get the intersection between the neighborhood N (v) with v € V(G) — D and dominator
set D, in the following.

N(A)ND = {z;;1 <i < n}

It can be seen that the intersection between the neighborhood N (v) with v € V(G) — D are all
different, and it is not empty set. The dominator set D does not dominate all vertices in V (S,).
It can be concluded that, for v7,(S,) < n, it will comply the condition of locating independent
dominating set. Thus v7;(S,) < n. Hence, then the locating independent domination number
of Sy, is vri(Sn) = n. O

Theorem 2.3. Let G be an amalgamation graph of star S, withn > 3 and m > 3. Then locating
independent domination number of Amal(Sy,,v,m) is vr; (Amal(Sy,v,m)) =m(n —1) + 1.

Proof. The graph Amal(S,,v,m) is a connected graph with V(Amal(S,,v,m)) = {z} U
{A1<i<m} U {x;;;1 <i<m;1<j<n—1}and E(Amal(Syp,v,m)) = {xA;1 <i<m}
U {Aiz; ;1 <i<m;1 < j<n-—1}. The order of this graph is |V (Amal(Sy,,v,m))| = nm +1
and the size is |E(Amal(S,,v,m))| = nm. To prove the above theorem ~yr;(Amal(S,,v,m)) =
m(n — 1) + 1, we will show that the lower bound ~r;(Amal(Sy,v,m)) > m(n — 1) + 1 and the
upper bound 7yz;(Amal(Sy,,v,m)) < m(n—1) + 1.

Firstly, we will show that vz; (Amal(Sp,v,m)) > m(n — 1) + 1. By Lemma 2.1, we have
vLi(Amal(Sy,,v,m)) = m(vL;(Sn) — 1) + 1. Since by Theorem 2.2 we have ~y1;(S,) = n, thus we
get so v (Amal(Sy,v,m)) > m(n — 1)+ 1. Furthermore, we will show that the upper bound of
locating independent domination number of v;(Amal(Sy,v,m)) < m(n — 1) + 1. We consider
D(Amal(Sy,v,m)) = {z} U{z;;;1 < i <m;l < j < n—1} as the dominator set of Amal
(Sn,v,m) for n > 3 and m > 3. It is clearly to see that |D| = m(n — 1)+ 1, and the dominator
set D dominates all vertices of G = Amal(Sy,,v, m). By definition, we have the non-dominator
set of Amal(Sy,v, m) forn > 3 and m > 3 is V(Amal(S,,v,m))—D(Amal(Sp,v,m)) = {A4;;1 <
i < m}. The intersection between the neighborhood N (v) with v € V(G) — D(G) and dominator
set D(G) is as follows.
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N(A)ND ={x} {w;ij;1<i<m;1<j<n-—1}

It can be seen intersection between the neighborhood N(v) with v € V(G) — D(G) and the
obtained dominator set D are uniques and it is not empty set. Thus, it can be concluded that
vri(Amal(S,,v,m)) < m(n — 1) + 1. D also complies the condition of locating independent
dominating set. Hence, the lower bound and upper bound of locating independent domination
number respectively, are vyz; > m(n — 1) + 1 and vz; < m(n — 1) + 1. It conludes the locating
independent domination number of Amal(Sy,v, m) is yr;(Amal(Sy,v,m)) =m(n—1)+1. O

2
Theorem 2.4. For n > 4, locating independent domination number of P, is yr;(Py) = [gnl

Proof. Path graph P, is a connected graph with vertex set V(P,) = {z;;1 < i < n} and
edge set E(P,) = {zxiy1;1 < i < n —1}. The order and size of P, are |V (P,)| = n and
|[E(P,)| =n—1. ) )

We claim that vz; (P,) > [gn] To convince the proof, assume that vz;(F,) < [g} Let

2
the dominator vertex set of P,, for n > 4, D = {z;;4 = 0 mod 2;¢ > 2} those |D| = (?n]

and non-dominator vertex set of P, forn > 4is V — D = {x9} U {x;;7 = 1 mod 2}. Then we
get the intersection of the neighborhood N(v) with v € V(G) — D and dominator set D, in the
following.

N(z;) N D = {x;;i =0 mod 2;i > 2}
N(l‘l)ﬂD:@
N(ZL‘Q)QDzm

It can be seen that the intersection between the neighborhood N(v) with v € V(G) — D,
for N(x1), N(z2) N D = (). Thus, the dominator set D do not dominate all vertices in V(F,).

2
It concludes that, by assuming vr;(P,) < [g}, it will not comply the condition of locating

independent dominating set. Therefore, the lower bound of locating independent domination

2
number of P, is yr;(P,) > (?n} Furthermore, we will show that the upper bound of locating
2
independent domination number of P, is vr;(P,) < [g} Choose D = {z;;i = 0 mod 2} as

2
the dominator set of P,, for n > 4, thus |D| = (gn] Choose V. — D = {z;;i = 1 mod 2} as

the non-dominator set of P, for n > 4. We will get the intersection between the neighborhood
N(v) with v € V(G) — D and dominator set D, in the following.

N(z;) N D = {x;;i = 0 mod 2}

It can be seen that the intersection between the neighborhood N(v) with v € V(G) — D are
all different, and it is not empty set. The dominator set D does not dominate all vertices in

2
V(P,). It can be concluded that, for vz;(P,) < [gn], it will comply the condition of locating

2
independent dominating set. Thus v7;(P,) < [gnw Hence, then the locating independent

a

2
domination number of P, is y5;(P,) = [g}

Theorem 2.5. Let G be a amalgamation graph of path (P,) with n > 4 and m >
Then locating independent domination number of Amal(P,,v,m) is vr; (Amal(P,,v,m))

m(I 2] 1)+ 1.

[
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Proof. The graph Amal(P,,v,m) is a connected graph with V(Amal(P,,v,m)) = {z} U
{zijil <i<m;l <j <n—1} and E(Amal(Pn,v,m)) = {azi1;1 < i <m} U {z @151 <
i <m;l < j <n—2}. The order of this graph is |V (Amal(P,,v,m))| = nm —m + 1 and
the size is |E(Amal(P,,v,m))| = nm — m. To proof the above theorem ~yr;(Amal(P,,v,m)) =

2 2
m((gn} — 1) + 1, we will show that the lower bound ~r,(Amal(P,,v,m)) > m([gnw —1)+1
2
and the upper bound ~yr;(Amal(P,,v,m)) < m((gn} -1)+1

2
Firstly, we will show that vr; (Amal(P,,v,m)) > m([%} — 1)+ 1. By Lemma 2.1, we
have vr;(Amal(P,,v,m)) = m(yri(P,) — 1) + 1. Since by Theorem 2.4 we have ~y5;(P,) =
2
[gn], thus we get so vr;(Amal(P,,v,m)) > m([€n1 — 1) + 1. Furthermore, we will show

that the upper bound of locating independent domination number of vr;,(Amal(P,,v,m)) <

2
m([?n} — 1) + 1. We consider D(Amal(P,,v,m)) = {x} U{x;;;1 < i < m;j = 0 mod

2} as the dominator set of Amal (P,,v,m) for n > 4 and m > 3. It is clearly to see that

2
|D| = m( (?n] —1) +1, and the dominator set D dominates all vertices of G = Amal(P,, v, m).

By definition, we have the non-dominator set of Amal(P,,v,m) for n > 4 and m > 3 is
V(Amal(P,,v,m)) — D(Amal(P,,v,m)) = {z;;;1 < i < m;j = 1 mod 2}. The intersection
between the neighborhood N (v) with v € V(G) — D(G) and dominator set D(G) is as follows.

N(z; ;)N D ={z},{z;;;1 <i<m;j =0 mod 2}
It can be seen intersection between the neighborhood N (v) with v € V(G) — D(G) and the
obtained dominator set DD are uniques and it is not empty set. Thus, it can be concluded that
2
vLi(Amal(P,,v,m)) < m( [g} — 1)+ 1. D also complies the condition of locating independent

dominating set. Hence, the lower bound and upper bound of locating independent domination

2 2
number respectively, are yp; > m((—n] —1)+1 and vz; < m([?n] — 1) + 1. It conludes

the locating independent domination number of Amal(P,,v,m) is vyr;(Amal(P,,v,m)) =

m([%”w ENRY g

Theorem 2.6. For n > 3, the locating independent domination number of Ly, is vri;(Ly) = n.

Proof. Ladder graph L, is a connected graph with vertex set V(L) = {z;;1 < i < n} U
{yi;1 < i < n} and edge set E(Ly) = {ziziv1;1 < i <n—1} U{yyir1;1 <i<n-—-1} U
{ziyi; 1 <i < n}. The order and size of L,, are |V (Ly)| = 2n and |E(Ly)| = 3n — 2.

We claim that ~7; (L) > n. To convince the proof, assume that vr;(L,) < n. Let
the dominator vertex set of L,, for n > 3, be D = {z;51 < i < n—1;i = odd} U
{yi;1 < i < n—1;i = even}, thus |D| = n — 1, and let non-dominator vertex set of L,
form >3, beV —D ={z;;1 <i<nji=-even} U {y;;1 <i<n;i=odd} U {x,;n=o0dd} U
{yn,n = even}. Then we get the intersection of the neighborhood N (v) with v € V(G) — D and
dominator set D, in the following.

N(xz))ND ={xi—1,zit1,¥i}; 2<i<n—2;i=even
N(xzn) N D ={xy_1}; n = even

(Tp1)N D = {xn—27yn—1}; n = odd
(xn) N D =0; n=o0dd

(1) N D = {1, 42}

(

N
N
N
N(yi) "D ={xi,yi—1,yi+1}; 3<i<n—2;i=odd
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N(yn) N D ={yn—1}; n = o0dd
N(yn—1) N D = {xy_1,Yn—2}; n = even
N(yn) N D = 0; n = even

It can be seen that the intersection between the neighborhood N(v) with v € V(G) — D,
for N(z,) N D = ) for n odd and N(y,) N D = @ for n even. Thus, the dominator set D do
not dominate all vertices in V(L,). It concludes that, by assuming ~vz;(L,) < n, it will not
comply the condition of locating independent dominating set. Therefore, the lower bound of
locating independent domination number of L,, is vz;(Ly,) > n. Furthermore, we will show that
the upper bound of locating independent domination number of L, is vz;(L,) < n. Choose
D ={z;;1<i<mn;i=o0dd} U{y;1 <i<mn;i=even} as the dominator set of L, for n > 3,
thus |D| = n. Choose V. — D = {A} as the non-dominator set of S,, for n > 3. We will get the
intersection between the neighborhood N(v) with v € V(G) — D and dominator set D, in the
following.

N(z))ND ={x;—1,%i+1,¥i}; 2<i<n—2;i = even
N(xzn) N D ={xp_1,yn}; n = even

N(y1) N D = {z1,y2}

N(y:) "D = {xi, yi—1,vi+1}; 3 < i < nji = odd
N(yn) N D = {Zn,yn—1}; n = odd

It can be seen that the intersection between the neighborhood N (v) with v € V(G)— D are all
different, and it is not empty set. The dominator set L does not dominate all vertices in V' (Ly,).
It can be concluded that, for vr;(L,) < n, it will comply the condition of locating independent
dominating set. Thus 77;(Ly,) < n. Hence, then the locating independent domination number
of L, is yri(Lyn) = n. O

Theorem 2.7. Let G be a amalgamation graph of ladder (L, ) with n > 2 and m > 2, then
locating independent domination number of Amal(Ly,v,m) is yr; (Amal(L,,v,m)) = nm.

Proof. The graph Amal(L,,v,m) is a connected graph with V(Amal(L,,v,m)) = {y1} U
{1 <i<ml1 <j<m}U{y,;1<i<n—-11<j<m}and E(Amal(Lyp,v,m))
= {pahil <j<mpU{yyhl <j<mpU{algylpl <i<n-L1<j<mbu
{xgxgﬂ;l <i<n-11<j<m}uU {yfﬂylj-w;l <i<mn-—2;1<j<m}. The order of this
graph is |V (Amal(Ly,v,m))| = 2nm — m + 1 and the size is |E(Amal(L,,v,m))| = 3nm — 2m.
To prove the above theorem ~r;(Amal(L,,v,m)) = nm, we will show that the lower bound
vri(Amal(Ly,v,m)) > nm and the upper bound ~yr;(Amal(Ly,v,m)) < nm.

Firstly, we will show that ~z; (Amal(L,,v,m)) > nm. By Lemma 2.1, we have
vri(Amal(Ly,v,m)) = m(yri(L,) — 1) + 1. Since by Theorem 2.6 we have 7yr;(L,) = n, thus
we get so yri(Amal(Ly,v,m)) > m(n — 1) + 1. Furthermore, we will show that the upper
bound of locating independent domination number of vr;(Amal(Ly,,v,m)) < nm. We consider
D(Amal(Ly,v,m)) ={z;1<i<n;1<j<mii=odd}U{y);1<i<n;1<j<m;i=even}
as the dominator set of Amal (L,,v,m) for n > 2 and m > 2. It is clearly to see that
|D| = nm, and the dominator set D dominates all vertices of G = Amal(Ly,v,m). By
definition, we have the non-dominator set of Amal(L,,v,m) for n > 2 and m > 2 is
V(Amal(Ly,,v,m)) — D(Amal(L,,v,m)) = {y1} U {251 < i < n;1 < j < m;i = even} U
{y};3 <i <n;1 <j < m;i=odd}. The intersection between the neighborhood N(v) with
v € V(G) — D(G) and dominator set D(G) is as follows.

N(y)ND ={af,y};1 < j<m}
N(@)nD={z],2},y3}; 1<j<m

(
(
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N@h)nD={z] 2l 9/} 4<i<n-21<j<mi=even
N(zi)ND ={z! |, yh}; 1<j<m;n=even

N nD={al,yl vl 1 3<i<n1<j<mii=odd
N(yn) N D = {an,y;,_1}; 1 < j <msn =odd

It can be seen intersection between the neighborhood N(v) with v € V(G) — D(G) and the
obtained dominator set D are uniques and it is not empty set. Thus, it can be concluded that
vri(Amal(Ly,v,m)) < nm. D also complies the condition of locating independent dominating
set. Hence, the lower bound and upper bound of locating independent domination number
respectively, are vr; > nm and ~v7; < nm. It conludes the locating independent domination

number of Amal(Ly,,v,m) is yr;(Amal(Ly,v,m)) = nm. O

3. Concluding Remarks

In this paper, we have determined the exact values of locating independent dominating
number of some graph operations, namely ladder graph S,,, Amal(S,,v, m), path graph P,,
Amal(P,,v,m), wheel graph W,,, Amal(W,,v,m), ladder graph L,,, Amal(L,,v,m). As we
have mentioned in introduction, to prove weather an locating independent dominating number
is a hard problem. Thus, it still gives the following open problem.

Open Problem 3.1. Let G be any connected graph, determine sharper lower bounds of vr;(G)
in term of the degrees of the graph?
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