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Abstract 

Given graphs ( )GG EVG ,=  and ( ),, HH EVH =  an ordered set 

GVU ⊆  is called a resolving set of G if coordinate of distances of 

every vertex in G to vertices in U is different. Metric dimension of G 
is the minimal cardinality of a resolving set of G. An edge-corona      
graph HG ◊  is obtained by joining end vertices of ,gj Ee ∈  

{ }GEj ...,,2,1∈  with all vertices from jth-copy of H. This paper 

discusses some characterization and exact values for metric dimension 
of edge-corona from a connected graph not tree G with an arbitrary 
nontrivial graph H. 
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1. Introduction 

Throughout we use simple graph and finite graph. Given a graph 
( ),, GG EVG =  let GV  be a vertex set of G and let GE  be an edge set of G. 

For a further reference, we can see Chartrand et al. [2]. 

For an ordered set { } ,...,,, 21 Gk VuuuU ⊆=  a representation of GVt ∈  to 

( )UtUr |  is defined to be ( ) ( ) ( ) ( )( ),,...,,,,,: 21 kutdutdutdUtr =|  where 

( )iutd ,  is a distance from a vertex t to a vertex .iu  U is called a resolving 

set for G if for arbitrary two vertices ,, GVts ∈  ( ) ( ).UtrUsr |≠|  A 

resolving set for G with minimum cardinality is called basis for G. Metric 
dimension of G, denoted by ( ),dim G  is the cardinality of a basis in G. 

The results by Chartrand et al. [2] are used in this paper to mention       
the research on metric dimension of graphs obtained by operation of graphs. 
Previous researches on metric dimensions of corona graphs have been      
done, for example, by Iswadi et al. [5] and Yero et al. [7]. In [4], Hou and 
Shiu defined edge-corona operation of graphs and gave some results about 
spectrums of edge-corona graphs, but there is no result about metric 
dimension of edge-corona graphs yet. Recently, in [6], Rinurwati et al. 
studied about local metric dimension of edge-corona graphs. 

Motivated by above results, we study further on edge-corona graphs.         
An edge-corona graph HG ◊  is obtained by joining end vertices of edge 

,Gj Ee ∈  ( ){ }GEj ...,,2,1∈  with all vertices from jth-copy of H. The 

following figures are some examples of edge-corona graphs: 
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           Figure 1. .44 SC ◊                   Figure 2. .44 CS ◊  

This paper discusses some characterization and exact values for metric 
dimension of edge-corona from a connected graph not tree G with an 
arbitrary nontrivial graph H. 

2. Results 

We begin with the following: 

Lemma 1. Let the order and size of a connected graph G and a        
graph H be, respectively, ,31 ≥p  21 ≥q  and ,22 ≥p  .02 ≥q  If jth-copy 

of H, ( );, jj HHj EVH =  { },...,,2,1 1qj ∈  is a subgraph of ,HG ◊  then the 

following hold: 

(a)  If ,, jHVts ∈  then ( ) ( )utdusd HGHG ,, ◊◊ =  for every ∈u  

.jHHG VV −◊  

(b)  If  ∅=UV jH ∩  for some j, then U is not a resolving set for 

.HG ◊  

(c) If U is a basis for ,HG ◊  then UVG ∩  is empty. 

(d) For every connected graph H and resolving set U of ,HG ◊  

jHj VUU ∩=  is a resolving set for .jH  
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Proof. (a) We know that ., jHVts ∈  Let ,Gj Vsz ∈=  and take any 

HGVu ◊∈  and .jHVu ∉  The result can be followed directly from the fact 

that 

( ) ( ) ( ) ( ) ( )uzdztduzdzsdusd HGHGHGHGHG ,,,,, ◊◊◊◊◊ +=+=  

( )., utd HG ◊=  

(b)  We suppose that ∅=UV jH ∩  for some { }....,,1 1qj ∈  Let 

., jHVts ∈  By (a), we have ( ) ( )ytdysd HGHG ,, ◊◊ =  for every vertex 

,Uy ∈  which is a contradiction. 

(c)  We suppose that .∅≠UVG ∩  We will present that GVUU −=1  is 

a resolving set for .HG ◊  Let ,, HGVts ◊∈  with .ts ≠  There are four cases 

to be considered: 

Case 1. ., jHVts ∈  

Using (a), we conclude that there exists a vertex 1UVx jH ∩∈  such that 

( )xsd HG ,◊  is not equal to ( )., xtd HG ◊  

Case 2. ,jHVs ∈  hHVt ∈  and .hj ≠  

Let .1UVu jH ∩∈  Then we have ( ) ( ).,2, utdusd HGHG ◊◊ ≤≤
 

Case 3. ., GVts ∈  

Let jhss =  be a vertex of jj hij sse =  of G, where { }1...,,2,1 phi ∈≠  

for some { },...,,2,1 1qj ∈  and let .jist ≠  Let .UVz jH ′∈ ∩  Thus, we 

have 

( ) ( ) ( ).,,11, ztdstdzsd HGHGHG ◊◊◊ =+<=  
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Case 4. ., GH VtVs j ∈∈  There are two subcases: 

(1) If s is adjacent to t, then jist =  or jhst =  of jj hij sse =  of G,      

for some { }....,,2,1 1qj ∈  Let ;Ghik Esse kk ∈=  { }1...,,2,1 qkj ∈≠  and 

{ }....,,2,1 1phi ∈≠  Let .1UVa kH ∩∈  Let .kj ih sst ==  Then we have 

( ) ( ) ( ) ( ) ( ).,,1,,, atdatdatdtsdasd HGHGHGHGHG ◊◊◊◊◊ >+=+=  

(2) If s is not adjacent to t, then jk hi sst ≠=  or .khst =  We have 

( ) ( ) ( ) ( ).,,,, atdatdtsdasd HGHGHGHG ◊◊◊◊ >+=  

So, 1U  is a resolving set for .HG ◊
 

(d) Let .jHj VUU ∩=  For jUs ∈  or ,jUt ∈  it is obvious that 

( ) ( ).jj UtrUsr |≠|  We suppose that ( )., jH UVts j −∈  It is known that       

U is a resolving set for .HG ◊  We obtain that ( )Usr |  is not the same                

as ( ).Utr |  Using (a), we obtain ( ) ( )atdasd HGHG ,, ◊◊ =  for every 

( ).jHHG VVa −∈ ◊  So, there is a vertex jUa ∈  with ( ) ≠◊ asd HG ,  

( )., atd HG ◊  Therefore, either a is adjacent to s and a is not adjacent              

to t or a is not adjacent to s and a is adjacent to t. In Case 1, we                
have ( ) ( ) 1,, ==◊ asdasd jHHG  and ( ) ( ).,2, atdatd jHHG ≤=◊  It is 

analogous for cases when a is not adjacent to s and a is adjacent to t. Thus, 

jU  is a resolving set for .jH   

Theorem 2. Let the order and size of a connected graph (not a tree) G 
and a graph H be, respectively, ,31 ≥p  31 ≥q  and ,22 ≥p  .12 ≥q  Then 

( ) ( ).dimdim 1 HqHG ≥◊  

Proof. We consider that W is a minimum resolving set for .HG ◊  From 

Lemma 1(c), we obtain .∅=GVW ∩  Then, by Lemma 1(b), we have for 
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every { },...,,2,1 1qj ∈  there is a set WW j ⊆∅≠  such that ∪ 1
1 .q

j jWW ==  

Moreover, by Lemma 1(d), we obtain that jW  is a resolving set for .jH  

Therefore, 

( ) ( ) ( )∑ ∑= =
≥===◊ 1 1

1 1 1 .dimdimdim
q
j

q
jj HqHWWHG  

Then we obtain the lower bound on ( ).dim HG ◊  
 

Theorem 3. Let the order and size of a connected graph (not a tree) G 
and a graph H be, respectively, ,31 ≥p  31 ≥q  and ,22 ≥p  .12 ≥q  If 

diameter of ( )HHD  is smaller than or equal to two, then 

( ) ( ).dimdim 1 HqHG =◊  

Proof. Let jHj VW ⊂  be a resolving set for jH  and let ∪ 1
1 .q

j jWW ==  

We will prove that W is a resolving set for .HG ◊  There are four cases to be 

considered: 

Case 1. ., jHVts ∈  Because ( ) ,2≤HD  we obtain ( ) ( )jj WtrWsr |≠|  

for every { },...,,2,1 1qj ∈  so ( ) ( ).WtrWsr |≠|  

Case 2. ,jHVs ∈  ,hHVt ∈  and .hj ≠  Let .jHVa ∈  Thus, we obtain 

( ) ( ).,2, atdasd ≤≤
 

Case 3. ., GVts ∈  For  every ,jHVa ∈  we  find ( ) ( )stdasd ,1, ≤=  

( ) ( ).,, atdasd =+  

Case 4. jHVs ∈  and .GVt ∈  If s is adjacent to t, then jij stt ==  or 

jhh stt ==  of jj hij sse =  of G. Let ,hWa ∈  for some .hj ≠  Hence, we 

obtain ( ) ( ) ( ).,,1, atdatdasd >+=  Furthermore, if s is not adjacent to t, 

for ,hWa ∈  then we obtain ( ) ( ) ( ) ( ).,,,, atdasdstdasd =+>  Therefore, 
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for every ,HGVts ◊∈≠  we have ( ) ( ),WtrWsr |≠|  so ( ) ≤◊ HGdim  

( ).dim1 Hq  Combining with Theorem 2, we conclude that ( ) =◊ HGdim  

( ).dim1 Hq   

We recall a well known lemma below to present a consequence of 
Theorem 3. We note that nmK ,  is a complete bipartite graph of order ,nm +  

mK  is a complete graph of order m, and nK  is an empty-graph of order n. 

Lemma 4 [2]. Given a connected graph G, order of G is .4≥p  

( ) ( )2dim −= pG  if and only if baKG ,=  ( );1, ≥ba  ( ),ba KKG +=  

( ),2,1 ≥≥ ba  or ( )( ) ( ).1,,1 ≥+= baKKKG ba ∪  

Corollary 5. Let the order and size of a connected graph (not a tree)     
G and a connected graph H be, respectively, ,31 ≥p  31 ≥q  and ,42 ≥p  

.42 ≥q  Diameter of H is smaller than or equal to two. 

( ) ( )2dim 21 −=◊ pqHG  if and only if 

baKH ,=  ( );1, ≥ba    ( ) ( )2,1, ≥≥+= baKKH ba  

or ( )( ) ( ).1,,1 ≥+= baKKKH ba ∪  

A special condition of Theorem 3 is given in the following results. 

Corollary 6. Let the order and size of a connected graph (not a tree)        
be, respectively, 31 ≥p  and .32 ≥q  If 2,1 pFH ≅  or 2,1 pQH ≅  with 

,72 ≥p  then 

( ) .5
22dim 2

1 ⎥⎦
⎥

⎢⎣
⎢ +=◊ pqHG  

A fan graph, denoted by ,2,1 pF  is a joint graph ,21 pPK +  where 1K  is 

a trivial graph with one vertex and 2pP  is a path graph with 2p  vertices [4]. 

A wheel graph, denoted by ,2,1 pW  is a joint graph ,21 pCK +  where 1K  is a 

trivial graph with one vertex and 2pC  is a cycle graph with 2p  vertices [6]. 
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Theorem 7. Let the order and size of a connected graph (not a tree) G 
and a graph H be, respectively, ,31 ≥p  31 ≥q  and ,22 ≥p  .12 ≥q  Let ω  

be the cardinality of isolated vertices in H. Let λ  be the cardinality of 
connected components in H with order greater than or equal to two: 

( )
( )
( )
( )⎪⎩

⎪
⎨
⎧

=λ−
=ω≥λλ−

≥ω≥λ−λ−
≤◊

.01
,01

,111
dim

21

21

21

forpq
andforpq

andforpq
HG  

Proof. We consider that 1≥ω  and .1≥λ  Let ( ) { }λ∈ ...,,2,1,jA  

be th -connected component of ,jH  ( ) jp  is one of vertices of ( ) jA     

and HGj VP ◊⊆  with {( ) { }},...,,2,1; λ∈= jj pP  { }....,,2,1 1qj ∈  If 

,2≥ω  let jb  be one of isolated vertices of ,jH  and { }.jj bQ =  If ,1=ω  

then we consider .∅=jQ  Now, we will show that ( )∪ ∪1
1

q
h hh QPW ==  

resolves a graph .HG ◊  Let ,, HGVts ◊∈  .ts ≠  We consider ., Wts ∉  

So, there are four cases to be considered: 

Case 1. Gj Vss ∈=  with jiss =  or jhss =  of edge ;jj hii sse =  

,, Ghi Vss jj ∈  { };...,,2,1, 1phi ∈  { };...,,2,1 1qj ∈  and .jHVt ∈  Then 

for every vertex WVa hH ∩∈  with ,jh ≠  we obtain ( ) ( ) ( )asdstdatd ,,, +=  

( )., asd>  

Case 2. Gj Vss ∈=  with jiss =  or jhss =  of edge ;jj hij sse =  

,, Ghi Vss jj ∈  { };...,,2,1, 1phi ∈  { };...,,2,1 1qj ∈  and .jHVt ∉  For every 

vertex ( ),jHVWa ∩∈  we have ( ) ( ).,1, atdasd <=  

Case 3. jHVs ∈  and ., jhVt hH ≠∈  For every vertex ,jHVWa ∩∈  

we obtain ( ) ( ).,2, atasd ≤≤  
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Case 4. ., jHVts ∈  Let s be not an isolated vertex in .jHV  There exists 

a vertex jHVWa ∩∈  such that a is adjacent to s, thus ( ) 21, <=asd  

( )., atd=  So, for any two vertices HGVst ◊∈,  with ,st ≠  we get 

( ) ( ),WtrWsr |≠|  and consequently, ( ) ( ).1dim 21 −λ−≤◊ pqHG  If ,0=ω  

then we  take ∪ 1
1

q
j jPW ==  and we get ( ) ( ).dim 21 λ−≤◊ pqHG  If ,0=λ  

then we take ∪ 1
1

q
j jQW ==  so that we get ( ) ( ).1dim 21 −≤◊ pqHG  So, this 

completes the proof.  

Corollary 8. Let the order and size of a connected graph (not a tree)     
G and a connected graph H be, respectively, ,31 ≥p  31 ≥q  and ,22 ≥p  

.02 ≥q  Then 

( ) ( )1dim 21 −=◊ pqHG  if and only if .2pKH ≅  

Theorem 9. Let the order and size of a connected graph (not a tree)      
G and a connected graph H be, respectively, ,31 ≥p  31 ≥q  and ,22 ≥p  

.12 ≥q  Then 

( ) ( )1dim 21 −=◊ pqHG  if and only if H is isomorphic with .2pK  

Furthermore, if H is not isomorphic to ,2pK  then ( ) ( ).2dim 21 −≤◊ pqHG  

Proof. Since ( ) ,1dim 22 −= pK p  by Theorem 3, we obtain ( )HG ◊dim  

( ).121 −= pq  On the other hand, we consider .2pKH ≅/  Let ,HVA ⊆  

,HVx ∈  and ( ) { }.toadjacentis: xyAyxN A |∈=  Let HVcb ∈,  and 

{ }.,\, cbVA Hcb =  Because the graph H is connected and ,2pKH ≅/       

there exist at least two vertices b, c of HV  such that ( ) ( ).,, cNbN cbcb AA ≠  

Let jHjj Vcb ∈,  be jth-copy of ,, HVcb ∈  respectively. Let =W  
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( { }).,2
1 jj

p
j H cbV j∪ = −  Now, we show that W resolves a graph .HG ◊  Let 

HGVgf ◊∈≠  but ., Wgf ∉  We have three cases as follows: 

Case 1. jbf =  and .jcg =  Because ( ) ( ),,, cNbN cbcb AA ≠  we obtain 

( ) ( ).WgrWfr |≠|  

Case 2. Gj Vsf ∈=  with jisf =  or jhsf =  of edge ;jj hij sse =  

,, Ghi Vss jj ∈  { },...,,2,1, 1phi ∈  { },...,,2,1 1qj ∈  and .jHVg ∈  We have 

( ) ( ) ( )( ) ( )( ) ( ).,,1,,, sfdsfdsfdfgdsgd >+=+=  If jHVf ∈  and 

hHVg ∈  with ,jh ≠  then for every vertex ( { }),, jjH cbVs j −∈  we have 

( ) ( ).,2, sgdsfd ≤≤  

Case 3. GVgf ∈,  with jij ssf ==  or jhj ssf ==  of edge =je  

;jj hi ss  ;, Ghi Vss jj ∈  { };...,,2,1, 1phi ∈  { };...,,2,1 1qj ∈  and .gf ≠  

Let .jsf =  Then, for every vertex ( { }),, jjH cbVs j −∈  we have ( )sfd ,  

( ).,1 sgd<=  Therefore, for any two different vertices ,, HGVgf ◊∈  we 

get ( ) ( ).WgrWfr |≠|  So, ( ) ( ).2dim 21 −≤◊ pqHG   

The above bound is tight as we have presented in Corollary 5. 

Theorem 10. Let the order and size of a connected graph (not a tree)      
G and a connected graph H be, respectively, ,31 ≥p  31 ≥q  and ,22 ≥p  

.12 ≥q  Then 

( ) ( )( ).1dimdim 21 −+≤◊ HKqHG  

Proof. Let jHK +2  be a subgraph of HG ◊  graph which is formed by 

connecting every end vertices jis  and jhs  of edge Ghij ESSe jj ∈=  with 

all vertices in .jH  For every edge ,Gj Ee ∈  let jU  be a basis of jHK +2  

and ∪ 1
1 .q

j jUU ==  By Lemma 1(c), we obtain that jis  and ihs  do not 
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belong to any basis for .2 jHK +  Hence, there is no vertex from G that 

contained in U. In other words, .∅≠GVU ∩  Now, we will prove that U is  

a resolving set for .HG ◊  Given two vertices ,, HGVts ◊∈  there are four 

cases to be considered: 

Case 1. ., jHVts ∈  There exists jUx ∈  such that ( ) ≠+ xsd jHK ,2  

( ).,2 xtd jHK +  This leads to ( ) ( ).,, xtdxsd HGHG ◊◊ ≠  

Case 2. jHVs ∈  and ,hHVt ∈  .hj ≠  Let .jUy ∈  We obtain 

( ) ( ).,32, ytdysd HGHG ◊◊ ≤<≤  

Case 3. Let ,jj hij sse =  Ghik Esse kh ∈=  with .kj ≠  Let ,ss ji =  

,ts jh =  us ki =  and .vs kh =  Suppose s and t are adjacent to the vertices of 

.jHV  There are two subcases: 

Subcase 1. ut =  and .vs ≠  Thus, for every vertex ,jUx ∈  we obtain 

( ) ( ) ( )xvdvsdxsd HGHGHG ,1,1, ◊◊◊ =+<=  

and ( ) ( ).,, xtdxsd HGHG ◊◊ =  

Subcase 2. ut ≠  and .vs ≠  Hence, for every vertex ,jUx ∈  we 

obtain 

( ) ( ) ( ) 1,1,1, +≤+<= ◊◊◊ usdutdxsd HGHGHG  

( ) ( )vxduxd HGHG ,, ◊◊ <=  

and ( ) ( ).,, xtdxsd HGHG ◊◊ =  

Case 4. jHVs ∈  and .GVt ∈  There are two subcases: 

Subcase 1. s is adjacent to t. Then jist =  or .jhst =  For every vertex 

,kUx ∈  ,jk ≠  { },...,,2,1 1qk ∈  we obtain 
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( ) ( ) ( ).,1,, xtdxtdxsd HGHGHG ◊◊◊ >+=  

Subcase 2. s is not adjacent to t. Then kist =  or khst =  with kj ≠  for 

some { }....,,2,1 1qk ∈  Hence, there exists kUx ∈  adjacent to t. Thus, we 

have 

( ) ( ) ( ).,1,, xtdtsdxsd HGHGHG ◊◊◊ >+=  

Therefore, for any two vertices HGVts ◊∈,  with ,ts ≠  we obtain ( ) ≠|Usr  

( ),Utr |  consequently, ( ) ( ).dimdim 21 HKqHG +≤◊   

Theorem 11. Let the order and size of a connected graph (not a tree)      
G and a connected graph H be, respectively, ,31 ≥p  31 ≥q  and ,72 ≥p  

.62 ≥q  Diameter of H is greater than or equal to six or :2pCH ≅  

( ) ( )[ ]( ).1dimdim 21 −+=◊ HKqHG  

Proof. We consider W is a basis for .HG ◊  By Lemma 1(c), we obtain 

,∅=GVW ∩  so ∪ 1
1 ,q

j jWW ==  with .jHj VW ⊂  By using Lemma 1(b), 

we have ∅≠jW  for every { }....,,2,1 1qj ∈  Furthermore, we will show 

that for every jH WVu j −∈  holds ( ) ( ).1...,,1,1≠| jWur  There are two 

cases: 

Case 1. H is a cycle graph of order .72 ≥p  If ( ) ( )1,1=| jWxr  for some 

,jH WVx j −∈  then as ,72 ≥p  there are two vertices jH WVts j −∈,  such 

that ( ) 1, >usd jH  and ( ) ,1, >utd jH  for every .jWu ∈  So, ( ) =◊ utd HG ,  

( ) 2, =◊ usd HG  for every .jWu ∈  This is a contradiction, since by using  

Lemma 1(a), we have ( ) ( )utdusd HGHG ,, ◊◊ =  for every .jWWx −∈
 

Case 2. Diameter of H is greater than or equal to six. Let s and t be two 
vertices in .jH WV j −  Because W is a resolving set for ,HG ◊  we obtain 

that ( )Wsr |  is not equal to ( ).Wtr |  By Lemma 1(a), it is mentioned that 
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( ) ( )utdusd HGHG ,, ◊◊ =  for every vertex .jHHG VVu −∈ ◊  So, there      

is a vertex jWx ∈  such that ( )xsd HG ,◊  is not equal to ( ),, xtd HG ◊  

consequently, either x is adjacent to t and x is not adjacent to s or x                   
is not adjacent to t and x is adjacent to s. Moreover, we consider that            
there is a vertex jH WVy j −∈  such that ( )Wyr |  is equal to ( ).1...,,1,1          

If there exists vertex jWu ∈  such that ( ) ,1, >uzd jH  then for every 

( { }),, zyWVc jH j ∪−∈  there is a vertex jWx ∈  such that z is adjacent to 

x. Therefore, the diameter of jH  is lower than or equal to five. Furthermore, 

if for every ,jH WVz j −∈  there is a vertex jz Wx ∈  such that zx  is 

adjacent to z, then the diameter of H is lower than or equal to four. So,           
if diameter of H is greater than or equal to six, then for every vertex 

jH WVy j −∈  holds ( ) ( ).1...,,1,1≠| jWyr  

We use jHK +2  as the subgraph of HG ◊  which is formed by 

connecting every end vertices ,is  hs  of edge hij sse =  of G, to every  

vertex in .jH  From Cases 1 and 2 above, we obtain that for every           

vertex jH WVy j −∈  holds ( ) ( ) ( ).1...,,1,1≠|=| jjj WyrWsr  Therefore, 

jW  is a resolving set for .2 jHK +  So, for every { }1...,,2,1 qj ∈  holds 

( ) .1dim 2 jj WHK ≤−+  Therefore, ( ) ( ( ) ).1dimdim 21 −+≤◊ jHKqHG  

The proof is complete.  

The following is a consequence of Theorem 11. 

Corollary 12. Let the order and size of a connected graph (not a tree) G 
be, respectively, 31 ≥p  and .32 ≥q  The following hold: 

 (i)  If ,72 ≥p  then ( ) .15
22dim 2

12 ⎟
⎠
⎞

⎜
⎝
⎛ −⎥⎦

⎥
⎢⎣
⎢ +=◊ pqPG p  

(ii)  If ,72 ≥p  then ( ) .15
22dim 2

12 ⎟
⎠
⎞

⎜
⎝
⎛ −⎥⎦

⎥
⎢⎣
⎢ +=◊ pqCG p
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