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Abstract

Motivated by definition of distance magic labelling, we introduce
a new type of irregular labelling whose evaluation is based on the
neighbourhood of a vertex. We define a distance irregular labelling on
a graph G with v vertices to be an assignment of positive integer
labels to vertices so that the weights calculated at vertices are distinct.
The weight of a vertex x in G is defined to be the sum of the labels of
all the vertices adjacent to x. The distance irregularity strength of G,

denoted by dis(G), is the minimum value of the largest label over

all such irregular assignments. We determine the distance irregularity
strengths of some particular classes of graphs, such as complete

graphs K, for n >3, paths B, for n >4, cycles C, for n=
0,1, 2, 5 (mod8) and wheels W, for n =0, 1, 2, 5 (mod8). We also

present some non-existence results for other classes of graphs.
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1. Introduction

Let G be a finite, simple and undirected graph with vertex set J and edge
set E, where |V | =v and | E| = e. The labelling of a graph is a mapping

that carries a set of graph elements (vertices or edges or both) onto a set of
numbers (usually positive integers). There are many types of graph labellings
that have been introduced (see [4] for a complete survey). One of them is
magic labelling that was first introduced by Sedlacek in 1963 [8]. A magic
labelling of a graph G was defined to be a bijection f from E to a set of
positive integers such that for all distinct edges with different labels, the sum
of all edge labels incident to the vertex is a constant.

Another magic labelling a so-called edge-magic total labelling was
defined to be a labelling on the vertices and edges in which the labels are
the integers from 1 to v + e and where the sum of the labels on an edge and
its two endpoints is a constant [5]. Furthermore, vertex-magic total labelling
was defined to be an assignment of the integers from 1 to v+ e to the
vertices and edges of G so that at each vertex, the vertex label and the labels
on the edges incident at that vertex add to a fixed constant [6]. Moreover, a
graph labelling based on both magic and distance was introduced by Miller et
al. [7]. In this labelling, the 1-vertex-weight of each vertex x in G under a
vertex labelling was defined to be the sum of vertex labels of the vertices
adjacent to x (that is, distance 1 from x). If all vertices in G have the same
weight k, then we call the labelling a 1-vertex-magic vertex labelling [7].
Another type of graph labelling is an irregular assignment. The notion of this
labelling was introduced by Chartrand et al. in 1988 [3]. In the paper, the
problem was proposed, namely, what is the minimum value of the largest
label over all such irregular assignments if the edges of a simple connected
graph of order at least 3 are assigned by positive integer labels such that
the graph becomes irregular, that is, the weight (the sum of edge labels) at
each vertex is distinct? The minimum value of the largest label is called
irregularity strength of the graph [3].

Using similar assignment, but apply to both edges and vertices of a
graph, Baca et al. [2] introduced the irregular total k-labelling. For a graph
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G = (V, E) with vertex set V" and edge set E, a total k-labelling was defined
to be a labelling A : VU E — 1, 2, ..., k. A total k-labelling is defined to be
an edge irregular total k-labelling of the graph G if for every two different
edges e and f of G, there is wt(e) # wt(f), and to be a vertex irregular total
k-labelling of G if for every two distinct vertices x and y of G, there is
wi(x) # wi(y). The minimum k for which the graph G has an edge irregular
total k-labelling is called the total edge irregularity strength of the graph G,
tes(G). Analogously, they defined the ftotal vertex irregularity strength of
G, tvs(G), as the minimum k& for which there exists a vertex irregular total

k-labelling of G [2].
Motivated by the distance magic labelling and (a, d)-distance antimagic

labelling as well as the irregular labelling, we introduce a new graph
labelling based on both irregularity and distance. The domain of the labelling
will be the set of all vertices and the codomain will be 1, 2, ..., k. We call
this labelling a vertex labelling. We define the weight of each vertex x in G
under a vertex labelling to be the sum of vertex labels of the vertices
adjacent to x (distance 1 from x). If all vertices in G have different weights,
then we call the labelling a distance irregular vertex labelling. The
minimum k for which the graph G has a distance irregular vertex labelling
is called the distance irregularity strength of the graph G, denoted by

dis(G). In this paper, we determine the distance irregularity strengths of
some particular classes of graphs, such as complete graphs K, for n >3,
paths P, for n > 4, cycles C,, for n =0, 1, 2, 5 (mod8) and wheels W, for
n=0,1,2,5 (mod8). We also present some non-existence results for other

classes of graphs.
2. Basic Concept

In this section, we present formal definition of the distance irregular

vertex labelling and two observations regarding to the non-existence of


http://repository.unej.ac.id/
http://repository.unej.ac.id/

922 Slamin

the such labelling for graphs that contain vertices with the identical

neighbourhood and almost identical neighbourhood.
Definition 1. A distance irregular vertex labelling of the graph G with v

vertices is an assignment A : V — {1, 2, ..., k} so that the weights calculated

at vertices are distinct. The weight of a vertex x in G is defined as the sum of
the labels of all the vertices adjacent to x (distance 1 from x), that is,

W) = Y A,

The distance irregularity strength of G, denoted by dis(G), is the

minimum value of the largest label k over all such irregular assignments.

In this labelling, the vertex labels are not necessarily different. Figure 1
illustrates an example of a distance irregular vertex labelling of the graph G
with the distance irregularity strength 2.

3 4 2
O—@

0‘0

7 ~

Figure 1. An example of graph G with dis(G) = 2.

We note that not every connected graph has a distance irregular vertex
labelling as a consequence of the following observation:

Observation 1. Let # and w be any two distinct vertices in a connected
graph G. If u and w have identical neighbours, i.e., N(u) = N(w), then G

has no distance irregular vertex labelling.
The observation can be easily seen as both vertices # and w should have

the same weights. Consequently, some classes of graphs have no distance

irregular vertex labelling, such as:
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¢ Complete bipartite graphs K,, , forany m, n > 3.
o Complete multipartite graphs H,, , forany m, n > 2.

e Stars on n +1 vertices §,, for n > 2.
e Trees 7,, for any n > 3 that contain vertex with at least two leaves.

Observation 2. Let u and w be any two adjacent vertices in a connected
graph G. If N(u)—{w} = N(w) — {u}, then the labels of u and w must be

distinct, that is, Mu) # Mo).

Proof. Let N(u)-{w}= N(w)-{u} for two adjacent vertices
u, w e V(G). Then

wiu) = Mw)+ ) A(y)

yeN (u)—{w}

and
wt(w) = Mu) + ZyeN . {u}x(y).

Since Mw) + ZyeN(u)—{w} My) = Mu)+ ZyeN(W)_{u}k(y), thus if
Mu) = Mw), then wit(u) = wt(w) which is impossible in distance irregular

labelling. U

3. Main Results

We start this section with the lemma that gives the lower bound on the
distance irregularity strength of connected graphs that have distance irregular

vertex labelling.

Lemma 1. Let G be a connected graph on v vertices with minimum
degree & and maximum degree A containing no vertices with identical

neighbours. Then
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dis(G) > {LH]

A

Proof. Let G be a connected graph on v vertices containing no vertices
with identical neighbours. Let & be the minimum degree of vertices in G and
A be the maximum degree of vertices in G. The smallest weight value
among the weights of vertices of G is 8. Since the weight of every vertex
must be distinct and G has v vertices, the largest weight value among the
weights of vertices of G is at least v + & — 1. This weight is obtained from
the sum of at most A integers. Thus, the largest label that contributes to this
v+ - 1—‘

A g

weight must be at least [

In the next theorems, we present the distance irregularity strengths of
some natural classes of graphs, namely, complete graphs, paths, cycles, and
wheels.

Theorem 1. Let K, be a complete graph with n > 3 vertices. Then
dis(K,) = n.

Proof. Let K, be a complete graph with »n >3 vertices. Let
u, we V(K,) and u # w. Since every vertex of K,, is adjacent to all other
vertices, N(u) —w = N(w) —u. By Observation 2, A(u) # M(w). Thus, the
labels of all vertices in K, must be distinct. Consequently, dis(K,,) > n.
Assigning the n vertices of K, with the consecutive integers 1, 2, ..., n as

the labels result in different vertex-weights:

nn=1 . nn-1) nn-1)
5 1, > N, — 5 n.

This labelling gives the largest label n, that is, dis(K, ) < n. Combining with
dis(K,) > n, we conclude that dis(K,)) = n. O

By Observation 1, path on 3 vertices P has no distance irregular vertex
labelling. However, for n > 4, path P, admits the distance irregular vertex

labelling and its distance irregularity strength is determined below.
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Theorem 2. Let P, be a path with n > 4 vertices. Then dis(P,) = {g—l

Proof. Let B, be a path with n >4 vertices. First, we show the

lower bound on the distance irregularity strength of path P,. By Lemma 1,

dis(P,) > [n * 21 — 1—‘ = (%—l To show the upper bound, we consider 3 cases.

Let x; be the vertices of P, and x;x; . be the edges of P,.
Case 1. For n = Omod 4.

Label the vertices and edges using the formula:

%— 2HJ fori=1.3, .., 11,
M) =

fori=2,4,.. n

N ~.

This labelling provides vertex-weights:

i fori=1,3,..,n—-1,
n+2—-i, fori=24,..n

wi(x;) = {

Case 2. For n = 2 mod 4.

Label the vertices and edges using the formula:

n_ LLJ fori=1,3,and 5,

%—Z{l_zj—l fori=7,9,...n—1,
Mx;) =
fori=2,4,...,n-2,

-1 for i = n.
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This labelling provides vertex-weights:

i
i
n+l-—
wi(x;) = 2
n+1-1i
2

Case 3. For n = 1 mod 2.

Slamin

fori=13,.. n—-3,
fori =2, 4,
fori=6,8,...n-2,

for i = n.

For n =5, 7, 9 and 11, label the vertices and edges as follows:

P ={2,1, 2, 2, 3} that provides vertex-weights {1, 4, 3, 5, 2}.

P, ={2,1,3,2,3,2,4} that provides vertex-weights {l, 5, 3, 6, 4, 7, 2}.

R =1{,1,2,3,53,52,4} that provides vertex-weights {1, 3, 4, 7, 6

10, 5, 9, 2}.

B1=1{2,1,2,2,6,3,4,4,5,2,6}

{1, 4,3,8,510,7,9, 6,11, 2}.

that provides vertex-weights

For n > 13, label the vertices and edges by using the formula:

n+l |i+1 ) n+13

> —t 4J for'a="1, 34..5 2{—J+1,

n+l |i+1 .| n+13 i+13

2 _t 4 J_l forl_z\‘ 4 J+3,2L 4 J"'S)...,n:
Max;) = LZEZJ fori=2,4,..,n-5,

n;S fori=n-3,

2 fori=n-1.
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This labelling provides vertex-weights:

1 fori =1,
n+1-i/2 fori=24,.., 2{”*413}
n—if2 fori=2f P13 o o3y,
4 4
i+3 .
wt(x;) = 5 fori=3,5,..,n—06,
{3714—1131 fori =n—4,
n2—1 fori=n-2,
2 for i = n.

For each case, the labellings provide different weights for each vertex

and the largest label is Irg-l which leads to dis(P,) < { %-I Combining with

the lower bound, we conclude that dis(P,) = IV%—‘ for n > 4. O

The following theorem presents the distance irregularity strength of a
cycle with n vertices C,, for n>5. For n =3, C; = K3, thus dis(C3)=

dis(K3) = 3. For n =4, by Observation 1, C4 has no distance irregular

vertex labelling.

Theorem 3. Let C,, be a cycle with n>5 vertices for n=

0,1, 2,5 (mod8). Then dis(C,) = [” ;” 11.

Proof. Let C,, be a cycle with n > 5 vertices for n =0, 1, 2, 5 (mod 38).
First, we show the lower bound on the distance irregularity strength of

a cycle C,. Since C, is a regular graph of degree 2, by Lemma 1,


http://repository.unej.ac.id/
http://repository.unej.ac.id/

928 Slamin

n+1

dis(C,,) 2( —I To show the upper bound, we consider cases, for

n=0,1,2,5(mod8). Let x; be the vertices of C, and x;x;,; for

i=12,.,n—-1and x,x be edges of C,.
Case 1. For n = 1mod4 (n =1, 5 mod 8).

Label the vertices and edges by using the formula:

”;1—2[&} fori=1,3, .. n—2,
A(x;) = % fori=2,4,..,n—1,
1 for i = n.
This labelling provides vertex-weights:
2 for i =1,
wi(x;) = <i fori=3,5,..,n,

n+3—i fori=2,4,..,n—-1.
Case 2. For n = 0 mod 8.

Label the vertices and edges using the formula:

%+1 fori =1,

n i+1 . n

Z-I‘ 5 -1 f0r1—3,5,...,§+1,

g—Zr_S;n/zJ—l fori:§+3,% 5, ..,n—1,
Mx;) =

é for i = 2, 4,...,%+2,

n i-3-n/2 . n n

Z—Z{TJ—I forl—2+4,2+6,...,n 2,

1 for i = n.
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This labelling provides vertex-weights:

2

n

—+2

2+

i
Wt(xi): n 14

E— 1

n+3-—i

37n+4—1

Case 3. For n = 2 mod 8.

Label the vertices and edges using the formula:

1 + 2aparCat
4 2
g—zl—’_f/zJﬂ
Mxi) =1
2
n+2 , i—nf2
4 4

This labelling provides vertex-weights:

2

%+2+i

wi(x;) =

~.

3(n+2)_l.
2
n+3-i

fori =1,
for i = 2,
fori=3,5,...,%+1,
fori=4,6,...,%+2,
fori:%+3,%+5,.,n—l,
fori=%+4,g+6,.,n.
n
fori=13, .., =
ori=1,3, =X
. x, _
forl—2+2,2+4,...,n 1,
. n
forz-2,4,...,§+1,
. n n
forl—§+3,§+5,...,n.
fori =1,
fori=2,4,...,g—1,
n
for i = .y —
ori=235, "5
fori=%+l,§+3,-,n,
fori=g+2,%+4,.,n—1

For each case, the labellings provide different weights for

929

each
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n+1

vertex and the largest label is [ —‘ which leads to dis(C,)) < PI ; l—l.

2
n=0,12,5(mod 8). O

Combining with the lower bound, we conclude that dis(C,,) = Irn - l-l for

Theorem 4. Let W, be a wheel with n >S5 rim vertices for n =

0,12, 5 (mod 8). Then dis(W,) = [” ; 11.

Proof. Let W, be a wheel with »>35 rim vertices for n =
0,1, 2,5 (mod8). Let k be the largest label of W, and ¢ be the center
of W,. The optimal weights of vertices W, are A(c)+ 2, Mc)+3, ...,

Mc)+n+1, wt(c). Thus, dis(W,)=k > max{{ M) -'3_ n 1—‘, [th(c)—l} Since

k is the largest label which is the average of the sum of labels of center and 2
n+1

rim vertices, it implies that A(c) < [ —‘ <k As n>35, it follows that

kz{“”§”+ﬂ>[%?}Tm&kz[udg”+ﬂ:

k>

_M@;n+q

2
3

["+l—l+n+1

\

v
[\

\
o
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"]

Therefore, k > [n ; 1—‘.

Assigning the n rim vertices of W, as the labels of vertices of cycle

C,, presented in the proof of Theorem 3 and k to the center results in

dis(W,) < V; 1—‘. Combining with dis(W,,) > (n ; 1—‘, we conclude that
dis(Wn):[n;I—‘. O

4. Conclusion

We conclude this paper with the following open problem:

Open Problem 1. Determine the distance irregularity strengths of some
particular families of graphs.

Open Problem 2. Generalize the distance irregular labelling of graphs
where the weight sum of each vertex includes the label of the vertex itself

(closed version).

Open Problem 3. Expand the distance irregular labelling of graphs to

the distance at least 2.

Open Problem 4. Characterize the relationship between distance

irregular labelling and (a, d)-distance antimagic labelling.

References

[1] S. Arumugam and N. Kamatchi. On (a, d) -distance antimagic graphs, Australas.
J. Combin. 54 (2012), 279-287.

[2] M. Baca, S. Jendrol, M. Miller and J. Ryan, On irregular total labellings, Discrete
Math. 307 (2007), 1378-1388.

[3] G. Chartrand, M. S. Jacobson, J. Lehel, O. R. Oellermann, S. Ruiz and F. Saba,
Irregular networks, Congr. Numer. 64 (1988), 187-192.


http://repository.unej.ac.id/
http://repository.unej.ac.id/

932
[4]

[5]

Slamin
J. A. Gallian, A dynamic survey of graph labeling, Electron. J. Combin. (2016),
#DS6.

A. Kotzig and A. Rosa, Magic valuations of finite graphs, Canad. Math. Bull.
13 (1970), 451-461.

J. A. MacDougall, M. Miller, Slamin and W. D. Wallis, Vertex-magic total
labelings of graphs, Util. Math. 61 (2002), 3-21.

M. Miller, C. Rodger and R. Simanjuntak, Distance magic labelings of graphs,
Australas. J. Combin. 28 (2003), 305-315.

J. Sedlacek, Problem 27, Theory of graphs and its applications, Proc. Syms.
Smolenice, 1963, pp. 163-164.


http://repository.unej.ac.id/
http://repository.unej.ac.id/

